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Introduction

The aim of this thesis is to present some macroscopic models for supply chains
and networks able to reproduce the goods dynamics, successively to show, via sim-
ulations, some phenomena appearing in planning and managing such systems and,
finally, to deal with optimization problems. The analyzed macroscopic models are
based on the conservation laws, which are represented by special partial differential
equations where the variable is a conserved quantity, physically a quantity which
can neither be created nor destroyed. The main idea is to look at large scales so
to consider the processed parts as small particles which flow in a continuous way
and to assume the conservation of their density.

Depending on the observation scale supply networks modeling is characterized
by different mathematical approaches: discrete event simulations and continuous
models. Since discrete event models (see [11]) are based on considerations of
individual parts, their main drawback is, however, an enormous computational
effort. Then a cost-effective alternative to them is continuous models, described
by some partial differential equation. The first proposed continuous models date
back to the early 60’s and started with the work of [4] and [15], but the most
significant in this direction was [10], where the authors, via a limit procedure on
the number of parts and suppliers, have obtained a conservation law ([3], [9]),
whose flux involves either the parts density or the maximal productive capacity.

Then, in recent years continuous and homogenous product flow models have
been introduced, for example in [8], [14], [10], [17], [18], and they have been built in
close connection to other transport problems like vehicular traffic low and queuing
theory. Extensions on networks have been also treated in [13], [19], [20].

In this thesis, starting by the historical model of Armbruster - Degond - Ring-

hofer, we have compared two different macroscopic models, i.e. the Klar model,
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based on a differential partial equation for density and an ordinary differential
equation to capture the evolution of queues, and a continuum-discrete model,
formed by a conservation law for the density and an evolution equation for process-
ing rate. Both the models can be applied for supply chains and networks.

A supply network is characterized by a set of interconnected suppliers which,
in general, consist of a processor and, if we deal with the Klar model, a buffer
or a queue. Each processor is characterized by a maximum processing rate fu;,
length L;, and processing time 7. The quantity % represents the processing
velocity. To study the dynamics at the connection points or junctions, some special
parameters are introduced; in particular when the number of incoming suppliers
is greater than the outgoing ones, we consider the priority parameters (qi, ..., qn),
where ¢; € |0, 1[ determines a level of priority at the junction of incoming suppliers,
while, on the contrary, we consider the flux distribution parameters (aq, ..., am),

m
where a; € 10, 1], with Z aj = 1, indicates the percentage of parts addressed from

j=1
an incoming supplier to an outgoing one. At junctions, a way to solve Riemann

problems, i.e. Cauchy problems with constant initial data on each arc, is prescribed
for the continuum-discrete model and a solution at junctions guaranteeing the
conservation of fluxes is defined.

We have to notice some differences between the Klar and continuum-discrete
model. In fact, the first one considers the formation and propagation of queue,
under the assumption that the processing rate u; is constant, while the second
one do not taking account of queues but describes the evolution of x; which is
a time-spatial dependent function. It is evident that the two models complete
each other. In fact, the approach of Klar is more suitable when the presence
of queue with buffer is fundamental to manage goods production. On the other
hand, the mixed continuum-discrete model is useful when there is the possibility
to reorganize the supply chain, i.e when the productive capacity can be readapted
for some contingent necessity. In order to make a comparison of the two models,
some numerical results are shown via simulations.

Moreover, an optimization problem of sequential supply chains modeled by the
Klar approach has been treated. The aim is to find the configuration of production
according to the supply demand minimizing the queues length, i.e. the costs of

inventory, and obtaining an expected pre-assigned outflow. The control problem is

ii
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solved introducing and minimizing a cost functional which takes into account the
final flux of production and the queues representing the stores. The functional is
not linear, so to find its minimum, a mathematical technique has been introduced.
It is based on the choice of an input flow which is a piecewise constant function,
with a finite number of discontinuities. Considering on each of them an infini-
tesimal displacement which generates traveling temporal shifts on processors and
shifts on queues, we are able to compute numerically the value of the variation of
functional respect to each discontinuities. Finally, we use the steepest-descent al-
gorithm to find, via simulations, the optimal configuration of input flow, according
to the pre-fixed desired production.

This work is organized as follow.

Chapter 1 deals with hyperbolic systems of conservation laws, introducing basic
definitions and giving the tools to prove existence and uniqueness of solutions.
Chapter 2 presents the main macroscopic models for supply chains and networks,
based on conservation laws. Chapter 3 is devoted to numerical methods used to
discretize the proposed models in Chapter 2. Chapter 4, finally, compares, via
simulations, the models for both chains and networks, and describes how to use
the introduced optimization technique on Klar model to obtain a wished outflow

minimizing the queues of the processed parts.

iii



Chapter 1
Conservation Laws

In this chapter we present some basic definitions about system of conserva-
tion laws which are special partial differential equations where the variable is a
conserved quantity. The models for supply chain networks we deal are based on

conservation laws.

1.1 Definitions

Definition 1 A system of conservation laws in one space dimension is a system
of the form
yur + 0z f1 (u) =0

(1.1)

Opun, + amfn (u) =0
it can be written as

Opu+ Op f (u) =0, (1.2)

where u = (uq,....up) : [0,400[ Xx R — R™ is the “conserved quantity” and f =
(f1yeefn) : R® — R"™ is the flux.

Remark 2 (The scalar case). If n = 1, u takes value in R and f : R — R,

then (1.2) is a single equation. In this case, we say that (1.2) is a scalar equation.

In the last case, integrating (1.2) on an arbitrary space interval [a, b],
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\ 4

Figure 1.1: Conservation of flux.

b
4 [utnar = /f (t,2)), dz = [ (u(t0)) — [ (u(t,0)) =

= [inflow at a] — [outflow at b]

holds. This relationship shows that the quantity u is neither created nor de-
stroyed, i.e. in any interval [a, b] the total amount of u can change only due to the
quantity of u entering and exiting respectively at x = a and = = b.

We always assume f to be smooth, thus, if u is a smooth function, then (1.2)

can be rewritten in the quasi linear form

ut + A (u)ug =0, (1.3)

where A (u) is the Jacobian matrix of f at wu.

Definition 3 The system (1.3) is said “hyperbolic” if, for every u € R™, all the
eigenvalues of the matriz A (u) are real. Moreover (1.3) is said “ strictly hyper-
bolic” if it is hyperbolic and if, for every u € R"™, the eigenvalues of the matrix

A (u) are all distinct.

It is clear that equations (1.2) and (1.3) are completely equivalent for smooth
solutions. Instead, if u has a jump, the (1.3) is in general not well defined, since
there is a product of a discontinuous function A (u) with the distributional deriva-
tive, which is in this case a Dirac measure. Hence (1.3) is meaningful only within

a class of continuous functions.

Example 4 (Gas dynamics). The Euler equations describing the evolution of a
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non viscous gas take the form

py + (pv), =0, (conservation of mass),
2 _ ‘
(pv), + (pv? + p)w =0, (conservation of momentum),

(pE), + (pEv +pv), =0, (conservation of energy),

where p is the mass density, v is the velocity while E = e + % is the energy
density per unit mass. The system is closed by a constitutive relation of the form
p=p(p,e), giving the pressure as a function of the density and the internal energy.

The particular form of p depends on what gas we consider.

A basic feature for the nonlinear system (1.2) is that the classical solutions
may not exist for some positive time, even if the initial datum is smooth. This
can be shown by the method of characteristics, briefly described for a quasilinear

system. Consider the Cauchy problem

{ ut + a (t,z,u)uy = h(t,z,u), (1.4)

u(0,2) =u(z),
and, for every y € R, the curves z (¢,y), u (t,y) solving

 —a
=
z(0,y) =y,
u(0,y) =u(y).

The curves t — x (¢,y) when y € R are called characteristics.

t,a:,u),

t? x’ u) Y

(1.5)

The implicit function theorem implies that the map

(t,y) = (tz(t,y)) (1.6)

is locally invertible in a neighborhood of (0, z¢) and so it is possible to consider the
map u (t,z) = u(t,y (t,x)) where y (¢,x) is the inverse of the second component

of (1.6). It is easy to check that w (¢, z) satisfies (1.4).

Example 5 Consider the scalar inviscid Burgers’ equation

U + <u22)x_0 (1.7)
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with the initial condition

_ 1
1422

u(0,2) = up (x) (1.8)

For t > 0 small, the solution can be found by the method of characteristics; if u is

smooth, the (1.7) can be rewritten as
up + uug = 0,

from which we get that the directional derivative of the function u = u (t,x) along
the vector (1,u) vanishes. Therefore the solution u to this Cauchy problem must

be constant along the characteristic lines in the (t,x)-plane:

t— (t,x +tug(z)) = (t,x + t
T+ tug (x x .
’ 0 ’ 1+ 22

Fort < T = \%—7, these lines do not intersect together and so the solution is

u(t,z+ ! ) ! (1.9)

1+22) 1422

classical

Indeed, att = %, since the characteristics intersect together, a classical solution

8

NI In fact, the map

cannot exist for t >

x—>x+1+x2

is not one-to-one and (1.9) no longer defines a single valued solution of the Cauchy

problem.

According to achieve a global existence result, we must deal with weak solu-

tions.

Definition 6 Fiz ug € Li,. (R;R") and T > 0. A function u : [0,T] x R — R" is

a weak solution to the Cauchy problem

{ ut+f(u)m207

1.10
u(0,z) = up (), ( )

if u is continuous as a function from [0,T] into LlloC and if, for every C* function

¥ with compact support contained in the set |—oo, T[ x R, it holds

T
/ /{u'wt—l—f(u)-wz}da:dt—i—/uo (2) - 1 (0, 2) dz = 0. (1.11)
0 R R
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Figure 1.2: The characteristic for the Burgers equation in the (¢, z)-plane.

Remark 7 As consequence of the fact that u is continuous as a function from
[0,T) to L}, and of equation (1.11), we note that a weak solution u to (1.10)
satisfies

u(0,z) =wug (xz) forae xzeR

Since weak solutions may develop discontinuities in finite time, we introduce

some notations to treat them.

Definition 8 A function u = wu (t,z) has an approximate jump discontinuity at
the point (1,€) if there exist vectors u~, ut € R™ and A\ € R such that

. 1
hm )
r—0t T

/ / lu(r+t,&+z)—U(t,z)|dedt =0,

where
u”, if x <A,

(1.12)
ut, if x> At

Ut,z)= {
The function U is called a shock traveling wave.

The following theorem holds.

Theorem 9 Consider a bounded weak solution u to (1.2) with an approximate

Jgump discontinuity at (7,£). Then

Aut —u")=f(u®) = f(u). (1.13)
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Figure 1.3: Superposition of characteristic curves for a Burgers equation.

Equation (1.13), called Rankine-Hugoniot condition, gives a condition on dis-
continuities of weak solutions of (1.2) relating the right and left states with the
“speed” A of the “shock”. In fact considering the scalar case, (1.13) is a single
equation and, for arbitrary u~ # u™", we have

fuh) —fu)

ut —u—

A:

)

while for a n X n system of conservation laws, (1.13) is a system of n scalar

equations.

Example 10 Consider the Burgers equation

2
W+<2> =0 (1.14)
xT
with the initial condition

uo@ﬂ—-{ 1—|z|, if ze[-1,1], 1.15)

0, otherwise.
The corresponding characteristics are shown in Fig.1.3. Therefore for 0 <t < 1,
the function
I if —1<z <t
u(t,z) =1 =2 ft<az<<l,
0, otherwise,
1$ a classical solution to 1.14. In this case the Rankine-Hugoniot condition reduces
to
{(W)2 {(U‘)Q}
2 - 2 + -
A= vt
ut —u~ 2
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—_

Figure 1.4: Solution to Burgers equation.

If t > 1, then the function
r+1 ;
el ] <gp< 14421,
u(t,z) =< L / -
0, otherwise,
satisfies the Rankine-Hugoniot condition at each point of discontinuity and so a
weak solution to the Cauchy problem, given by (1.14) and (1.15), exists for each

positive time (as shown in Fig.1.4).

Example 11 Let the function ug defined by
1, if x>0,
up () == ,
0, if z<0.
For every 0 < a < 1, the function u, : [0, +00[ x R — R defined by
0, if =<9,
wa = a, if 4 <a< SR
, (1+a)t
17 Zf €T Z Taa

is a weak solution (shown in Fig.1.5) to the Burgers equation (1.14).

1.2 Admissibility conditions

As shown in the previous example, in presence of discontinuities, the definition
of weak solution does not guarantee uniqueness to the Cauchy problem. Therefore,
the notion of weak solution must be supplemented with admissibility conditions,

motivated by physical considerations.
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><V

Figure 1.5: A solution u

1.2.1 Admissibility Condition 1

Definition 12 (Vanishing viscosity) A weak solution uw = u (t,x) to the Cauchy

problem
=0
we S (W, =0, (1.16)
u(0,2) = ug (x),
is admissible if there exists a sequence of smooth solutions u® to
up + A )u, =eul, (A=DFf) (1.17)

which converges to u in Lioc ase — 07T,

Unfortunately, it is very difficult to provide uniform estimates to the parabolic
system (1.17) and characterize the corresponding limits as ¢ — 07. From the
above condition, however, it can be deduced other conditions which can be more

easily verified in practice.

1.2.2 Admissibility Condition 2

Now, arising from physical considerations, we introduce the entropy-admissibility

condition.

Definition 13 A C' function n : R® — R is an entropy for (1.2) if it is convex

and there exists a C function q : R* — R such that

Dn(u) - Df (u) = Dg (u) (118)



Admissibility conditions

for every uw € R™. The function q is said an “entropy flux” for n. The pair (n,q)
is said “entropy-entropy flux pair” for (1.2).

Definition 14 (Entropy inequality) A weak solution u = u (t,z) to the Cauchy
problem (1.16) is said entropy admissible if, for every C' function ¢ > 0 with
compact support in [0, T x R and for every “entropy-entropy flux pair” (n,q), it
holds

T
/ / (n(w) g, +q(w) ) dadt >0 (1.19)
0 R

We consider now an entropy admissible solution v and a sequence of entropy-
entropy flux pairs (7,,q,) such that n, — n and ¢, — ¢ locally uniformly in
u € R If ¢ > 0is a C! function with compact support in [0, 7 x R, then

T
/ / (my (W) @y + v () ) dadt > 0 (1.20)
0 R

for every v € N. Passing to the limit as ¥ — +o0 in (1.20), we obtain that

T
/0 /R (0(u) gy +q(u) @) dedt >0 (1.21)

From this, we can call a C% function 7 an entropy if there exists a sequence
of entropies 7, converging to 1 locally uniformly. Moreover a C° function ¢ an
entropy if there exists a sequence of entropies ¢,, entropy flux of n,,, converging to

q locally uniformly.

Remark 15 Consider the scalar Cauchy problem as in (1.16), where f : R — R
is a C' function. Then the relation between C' entropy and entropy fluz is given
by

' (u) f' (u) = ¢ (u). (1.22)
Therefore if we take a C' entropy n, every corresponding entropy flux q has the

following expression

where ug s an arbitrary element of R.

Definition 16 A weak solution u = u (t,z) to the scalar Cauchy problem (1.16)

satisfies the Kruzkov entropy admissibility condition if
T
| [ A= sam = 1) () = £ ()} da > 0

9
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SR

=
g TR,

Figure 1.6: The condition (1.23) in the case u~ < u™.

for every k € R and every C' function ¢ > 0 with compact support in [0,T] x R.

Theorem 17 Let u = u (t,x) be a piecewise C* solution to the scalar equation
(1.16). Then u satisfies the Kruzkov entropy admissible condition if and only if
along every line of jump x = £ (t) the following condition holds. For every a € [0, 1]

{ flavt + (1 -—a)u™) >af (") +(1—a) f(u), if u” <uF, (1.23)

flawt +(1—a)u ) <af(uh)+(1—a)f(u7), if u” >u,

where u™ = u (£, £ (t) =) and u™ = u (¢, £ (t) +).

The (1.23) implies that, if u~ < u™ (respectively u~ > u™) then the graph
of f remains above (below) the segment connecting (u™, f (u™)) to (u™, f (u™)) as
shown in Fig.1.6 (Fig.1.7).

1.2.3 Admissibility Condition 3

Definition 18 (Lax Condition) A bounded weak solution u = u (t,x) to the Cauchy
problem (1.16) is Lax admissible if, at every point of approximate jump, the speeds

corresponding to the left and right states u™, u™ satisfy
py (u*) >\ (u*,zﬁ) >\ (u*) (1.24)

for some i € {1,...,n}.

10
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El R

u’
Figure 1.7: The condition (1.23) in the case u™ > u™.

1.3 Riemann Problem

Let Q C R™ be an open set, let f : 2 — R™ a smooth flux and consider the

system of conservation laws

u + f (u), =0, (1.25)

supposed to be strictly hyperbolic.

Definition 19 A Riemann problem for the system (1.25) is the Cauchy problem
for the initial datum (Heaviside)

up () = (1.26)

{u, if <0,

ut, if x>0,

where u~,ut € Q C R™.

To solve Cauchy problems, the solution of Riemann problem assumes a key
role. In fact, to prove existence we use the wave-front tracking method consisting

in the following steps:

1. approximate the initial condition with piecewise constant solutions;

2. at every point of discontinuity, solve the corresponding Riemann problem;

11
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3. approximate the exact solution to Riemann problems with piecewise constant
functions and piece them together to get a function defined until two wave

fronts interact together;

4. repeat inductively the previous construction, starting from the interaction

time;

5. prove that the functions so constructed converge to a limit function and

prove that this limit function is an entropy admissible solution.

Denote by A (u) the Jacobian matrix of the flux f and with A\ (u) < -+ <
An (u) the n eigenvalues of the matrix A (u). For strictly hyperbolic systems, one
can find bases of right and left eigenvectors, {r1 (u),....,m, (u)} and {l1 (u),...., I (u)}
depending strictly on u, such that

L. |ri (u)| =1 for every uw € Q and i € {1,...,n};

2. for every i,j € {1,...,n},

L, if =y,
li-'f'j =
0, ifi#j.

We introduce the following notation. If ¢ € {1,...,n}, then the directional

derivative of \; (u) in the direction of r; (u) is given by

o iy D0

Definition 20 We say that the i-characteristic field, i € {1,...,n}, is genuinely
nonlinear if

ri-Ai(u) #0 Yue Q.
We say that the i-characteristic field, (i € {1,...,n}) is linearly degenerate if

ri-Ai(u) =0 Yue

If the i-th characteristic field is genuinely nonlinear, then, for simplicity, we
assume that r; - A; (u) > 0 for every u € Q.

We consider three cases.

12
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1. Centered rarefaction waves. For u~ € , i € {1,...,n} and o > 0, we denote

by R; () (u~) the solution to
du _ ..
{ do —Ti (“_)’ (1.27)

Let ¢ > 0. Define u™ = R;(5) (u~) for some i € {1,...,n}. If the i-th

characteristic field is genuinely nonlinear, then the function

u-, if x <X\ (u7)t,
u(t,z): =< Ri(o)(u™), ifz=X(Ri(o)(w))t, ocel0,5], (1.28)
ut, if >N (uh)t,

is an entropy admissible solution to the Riemann problem
Ut + f (u):p = O)
u(0,z) = ug (x),
with ug defined in (1.26). The function u (¢, x) is called a centered rarefaction

wave.

2. Shock waves. Fix u~ € Q and i € {1,...,n}. For some oy, there exist smooth

functions S; (u—) = S; : [—00,00] — Q and \; : [—00,00] — R such that:

(2) £(Si(0)) = f(u™) =i (0) (Si (6) — u) for every o € [~00,00);
(b) |%| =1,

() Si (0) =u, A (0) = Ai (u™);

(d) Lo =i (u7);

(&) Lo g =1Lr; Ni(u);

Let ¢ < 0. Define u™ = S; (). If the i-th characteristic field is genuinely

nonlinear, then the function
T ) <\ (o tu
u(t,z) = B if z <o) (1.29)
ut, if x>\ (0)t,

is an entropy admissible solution to the Riemann problem

{ ut + f (u), =0,
u(0,z) = uo (),

with ug defined in (1.26). The function u (¢, x) is called a shock wave.

13
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(a) Remark 21 If we consider d < 0, then (1.29) is again a weak solution,

but it does not satisfy the entropy condition.

3. Contact discontinuities. Fix u~ € Q, i € {1,...,n} and o € [—0¢, 0. Define
ut = S;(¢). If the i-th characteristic field is linearly degenerate, then the

function

w(t,z) = { vt e <At (1.30)

uty if x> N (u)t,
is an entropy admissible solution to the Riemann problem
Uy + f (U’)x = Oa
u(0,2) = ug (z),

with ug defined in (1.26). The function u (¢,z) is called a contact disconti-

nuity.

Remark 22 If the i-th characteristic field is linearly degenerate, then

for every o € [—0p,00].

Definition 23 The waves defined in (1.28), (1.29) and (1.30) are called waves of
the i-th family.

For each 0 € R and i € {1,...,n}, let us consider the function

{ R;(0) (w), if o>0,

(1.31)
Si (O’) (UQ) , 7,f o< 0,

¥ (o) (uo) =

where ug € . The value o is called the strength of the wave of the i-th
family, connecting ug to ¥, (o) (up). It follows that ¥, () (up) is a smooth function.

Moreover let us consider the composite function

U (01,.cy0n) (u7) =0, (on) 0+ 01y (01) (u7), (1.32)

where v~ € Q and (o1, ....,0,) belongs to a neighborhood of 0 in R™. It is
possible to calculate the Jacobian matrix of the function ¥ and to prove that it is
invertible in a neighborhood of (0, ..., 0). Hence we can apply the Implicit Function

Theorem and prove the following result.

14
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Theorem 24 For every compact set K C §, there exists 6 > 0 such that, for
every u~ € K and for every ut € Q with [u™ —u~| < § there erists a unique

(01, .oy 0n) in @ meighborhood of 0 € R™ satisfying
(01, op) (u7) =ut.

Moreover the Riemann problem connecting uw~ with u™ has an entropy admissible
solution, constructing by piecing together the solutions of n Riemann problems.
Example 25 The 2 x 2 system of conservation laws

U
14+ w1 +ug

U2
14+ w1 +ug

L =0, [ug], + [ ] =0, up,up > 0.  (1.33)

|

is justified by the study of two components chromatography. Writing (1.33) in the
quasi linear form (1.3), the eigenvalues and the eigenvectors of the corresponding

2 x 2 matriz A (u) are found to be

_ 1 _ 1
M (W) = G A2 (W) = Ty
—Uul -1
’"““):wﬁ(_uz)’ r2<u>=;§(_1).

The first characteristic field is genuinely nonlinear, the second is linearly degener-
ate. In this example, the two shock and rarefaction curves S;, R; always coincide,

fori=1,2. Their computation is easy, because they are straight line (see Fig.1.8):
Ry (0)(u) =u+or(u), R2(o)(u)=u+ory(u). (1.34)

Observe that the integral curves of the two vector fields r1 and ro are respectively
the rays through the origin and the lines with slope —1. Now consider two states
uT = (uf,u;) and ut = (uf,u;) To solve the Riemann problem (1.26) for the
system (1.25) we first compute an intermediate state u* such that u* = Ry (o) (u™),

ut = Ry (o) (u*) for some o1, 02. By (1.84), the components of u* satisfy
uf +uy =uf +ug,  ufuy =ujuj.

The solution of the Riemann problem thus takes two different forms, depending on

the sign of

o= \/(ul_)2 + (u2_)2 - \/(U{)Q + (ub)?.

15
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i

s 4

Figure 1.8: Shock and rarefaction curves.

Case 1: o1 > 0. Then, the solution consists of centered rarefaction waves of the

first family and of a constant discontinuity of the second family:

u, if $<M(u),

w(tx) = sut+ (1 —=s)u*, if §=M(su"+(1—-5s)u"), (1.35)
u®, if A(u*) <% <A (ut),
ut, i > g (ut),

where s € [0,1].
Case 2: 01 < 0. Then, the solution contains a compressive shock of the first family
(which vanishes if o1 = 0) and a contact discontinuity of the second family:
u”, if §<A(um,u"),
u(t,x)=1q u*,  if Ad(um,u*) <% <A(ut), (1.36)
uw*, if A (ut) < ¥ <A (ut),

Observe that Ay (u*) = A (ut) = (14 uy 4+ ug)~*, because the second characteris-
tic field is linearly degenerate. In this special case since the integral curves of rq

are straight lines, the shock speed in (1.86) can be computed as
1
A (u”,u) = / A (su*+ (1—s)u”)ds=
0

1
= /0 [(1+s(uf +u3)+ (1—s) (uf—ku;))]%dsz
1
(1 + i+ ud) (1+uf+u5)'

16
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Figure 1.9: Shock wave

1.3.1 The Non-Convex Scalar Case

Consider now the Riemann Problem (1.35)-(1.36) assuming f as uniformly

convex function and G = (f')"".

Theorem 26 (Solution of Riemann’s problem)

o Ifu™ > u™, the unique weak solution of the Riemann Problem is

77 7 < )\’
w(te)y=4 " (1.37)
ut, >\
e f () — f ()
u")— fu
A= . 1.38
ut —u~ (1.38)
o Ifu~ < u™, the unique weak solution of the Riemann Problem is
u”, < f(u),
u(t,z) =4 G(§), f(u)<§<f(uf), (1.39)
ut, > f(uh).

Remark 27 In the first case the states u™, u™ are separated by a shock wave with
constant speed \. In the second case the states u™, ut are separated by a (centered)

rarefaction wave.

Remark 28 Assume f is uniformly concave. In this case, if u™ > u™ (respectively
u~ < ul) the unique weak solution of the Riemann Problem is a rarefaction wave

(a shock wave).
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U= G(x/t)
A
\\\\%

Figure 1.10: Rarefaction waves.

In the scalar case, the construction of solutions to Riemann problems can be
done not only in the genuinely nonlinear case, i.e. for convex or concave flux or
linearly degenerate case, i.e. affine flux.

Then, consider a scalar conservation law:
U + f (u)x = Oa

with f : R — R smooth. Given (u_,u4) the solution to the corresponding

Riemann problem is done in the following way.

If uo < ug we let f be the largest convex function such that for every u €
[u_,uy], it holds:

flu) < fw);
If u_ > uy we let f be the smallest concave function such that for every
u € [uy,u_], it holds:

f(u) = f(u);
Both the cases are shown in Fig.1.11.
Then the solution to the Riemann problem with data (u_,u.) is the solution
for the flux f to the same Riemann problem. As we can see in this case, the flux f
is in general not strictly convex or concave but may contain some linear part. Then
the solution to the corresponding Riemann problems may contain combinations of

rarefactions and shocks.

18



Riemann Problem

from f—

U4 U_

Figure 1.11: Definition of f.

Figure 1.12: Definition of «

For simplicity we will show the following special case.

Fix the scalar conservation law:

us + (ug)a: = 07

and u_ > 0.

If uy > wu_, then f coincides with f and the solution to the corresponding
Riemann problem is given by a single rarefaction wave.

If uy < u_, then we have to distinguish two cases. First, for every u define
a(u) < u to be the point such that the secant from (a(u), f(a(u)) to (u, f(u)) is
tangent to the graph of f(u) = u3 at a(u) (Fig.1.12);
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shock
rarefaction

Figure 1.13: Solution to the Riemann problem with u_ > 0 and u™ < a (u).

In formulas:

D = fa(w).
then

W)

u—a(u) =3 ( )7

and one can easily get two solutions, i.e. the trivial one a(u) = u and a(u) =

(M

Now if uy > a(u_) then again f coincides with f and the solution is given by
a single shock. Instead, if uy < a(u-), the solution to the Riemann problem is

given by the function:

U_, ifm<%u_t,
u(t,r) =9 —/Z, if 2u_t <z <3(uy)’t,
U, if ©>3(uy)?t.

which is formed by a shock followed by a rarefaction attached to it, as shown
in Fig.1.13.
In the case u_ < 0, the construction is symmetric with respect to the case

u_ > 0, while for u_ = 0 the solution is always given by a rarefaction.

1.4 Functions with Bounded Variation

Now we give some basic notions about functions with bounded variation.
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If we consider an interval J C R and a function w : J — R, the total variation

of w is defined by

N
Tot.Var. w = sup Z lw (z;) —w(xj—1)| ¢, (1.40)
j=1

where N > 1, the points z; belong to J for every j € {0,..., N} and satisfy

o< << ITN.

Definition 29 We say that the function w : J — R has bounded total variation if
Tot.Var. w < 4o00. We denote with BV (J) the set of all real functions w : J — R

with bounded total variation.

The total variation of a function w is a positive number. Moreover if w is a
function with bounded total variation, this implies that it is a bounded function,
but the converse is false. The following Lemma and Theorems show important

properties of such functions.

Lemma 30 Let w:J — R be a function with bounded total variation and T be a

point in the interior of J. Then, the limits
lim w(x), lim w(z)
T—T T—TT

exist. Moreover, the function w has at most countably many points of discontinuity.

Theorem 31 (Helly) Consider a sequence of functions wy, : J — R™. Assume

that there exist positive constants, C and M, such that:

1. Tot.Var. w, < C for every n € N;

2. |wp (x)| < M for everyn € N and x € J.
Then there exist a function w: J — R™ and a subsequence wy, such that

1. limg_y oo Wy, () = w(z) for every x € J;
2. Tot.Var. w < C;

3. |w(x)] < M for every x € J.
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Theorem 32 Consider a sequence of functions wy, : [0,4+o0o[xJ — R™. Assume

that there exist positive constants C, L and M such that:

1. Tot.Var. wy(t,-) < C for everyn € N and t > 0;
2. |lwy (t,x)] < M for everyn € N and x € J and t > 0;
8. [;|wn (t,z) — wn (s,2)|dz < Lt — s| for every n € N and t,s > 0.

1

Then there exist a function w € Lj .

such that

([0,400 x J;R™) and a subsequence wy,

o7l
1. wp, —win L,

([0, +00 x J;R™) as k — 4o00;

2. [;|w(t,z) —w(s,x)|dx < Lt —s| for every t,s > 0.
Moreover the values of w can be uniquely determined by setting
w(t,x) = ylirgrg1+ w(t,y)

for everyt > 0 and x €lnt J. In this case we have

1. Tot.Var. w(t, ) < C for every t > 0;

2. lw(t,z)| < M for every x € J and t > 0.

1.5 BYV Functions in R"

Now, we describe briefly the L! theory for BV functions (CitaZion). Let © be
an open subset of R” and consider w :  — R. We denote with B(Q2) the o-algebra
of Borel sets of 2 and with B.(2) the set

{B € B(Q) : B compactly embedded in 2} . (1.41)

Definition 33 We say that p : B.(2) — R is a Radon measure if it is countable
additive and () = 0. We denote with () the set of all Radon measures on €.

The following theorem holds.
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Theorem 34 Fiz a Radon measure p € IMM(Q). There exist two positive and
unique Borel measures pt, u= : B(Q) — [0, +00] such that

WE) =p"(E) - p (E) (1.42)
for every E € B.(2).

Definition 35 Fiz a Radon measure p € M(2) and consider the total variation
of p defined by |u| := p* + u=. We say that p has bounded total variation if
lu| () < 400 and we denote with IMy(QL) the set of all Radon measures with

bounded total variation.
Remark 36 Notice that 9,(S2) is a Banach space with respect to the norm
il gy = Il (50
Definition 37 We say that w : Q — R has bounded total variation if
1. we LYQ);

2. the i-th partial derivative D;w exists in the sense of distributions and belongs
to My(2), for everyi=1,...,n.

The total variation of w is given by
n
> IDw| ().
i=1

We denote with BV (Q) the set of all functions defined on Q with bounded total

variation.

Remark 38 The space BV (Q)) is a Banach space with respect to the norm

llwll 1@y + D [Diw] ().
i=1

Remark 39 Let w € LY(Q). Then w € BV(Q) if and only if there exists ¢ €

(0, +00) such that
/ w div pdz
Q

for every ¢ € C°(Q;R™). In this case one can choose the constant ¢ equal to the

< csup |¢ ()]
e

total variation of w.

23



Wave-Front Tracking and Existence of Solutions

Remark 40 If Q) is an interval of R, then the two descriptions of BV functions
are not completely equivalent. The most important difference is that if we change
the values of a BV function w in a finite set, then the total variation of w changes
but remain finite if we consider the first description, while it does not vary in the
second case. Therefore, if we are interested only in the L' equivalence class, then

we can assume that a BV function w is right continuous or left continuous.

1.6 Wave-Front Tracking and Existence of Solutions

This section deals with the existence of an entropy admissible solution to the

Cauchy problem

{ et [f(u)l: =0 (143

u(0,-) = a(-),
where f : R® — R” is a smooth flux and @ € L' (R") is bounded in total
variation. In order to prove existence, we construct a sequence of approximate
solutions using the method called wave-front tracking algorithm.
We start considering the scalar case, while, for the system case, we will give

some references.

1.6.1 The Scalar Case

We assume the following conditions:

(C1) f:R — R is a scalar smooth function;

(C2) the characteristic field is either genuinely nonlinear or linearly degenerate.

The construction starts at time ¢ = 0 by choosing a sequence of piecewise

constant approximations (1, ), of @ such that

Tot.Var. {u, } < Tot.Var.{u}, (1.44)

o] oo < |7l oo (1.45)

and
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f

Figure 1.14: A piecewise constant approximation of the initial datum satisfying
(1.45) and (1.46).

1
[ty =l < o (1.46)

for every v € N (see Fig.1.14).

Fix v € N. By (1.44), 4, has a finite number of discontinuities, say =1 <
-+ < zpy. For each ¢ = 1,..., N, we approximately solve the Riemann Problem
generated by the jump (@, (z;—),u,(z;4+)) with piecewise constant functions of

T—x;

the type ¢(**), where ¢ : R — R. More precisely, if the Riemann Problem

generated by (@, (z;—), 4, (x;+)) admits an exact solution containing just shocks

or contact discontinuities, then ¢(*5%) is the exact solution, while if a rarefaction
wave appears, then we split it in a centered rarefaction fan, containing a sequence of
jumps of size at most %, traveling with a speed between the characteristic speeds
of the states connected. In this way, we are able to construct an approximate
solution w, (¢,x) until a time ¢;, where at least two wave fronts interact together

(see Fig.1.15).

Remark 41 In the scalar case, if the characteristic field is linearly degenerate,
then all the waves are contact discontinuities and travel at the same speed. There-

fore, the previous construction can be done for every positive time.

Remark 42 Notice that it is possible to avoid that three of more wave fronts
interact together at the same time slightly changing the speed of some wave fronts.
This may introduce a small error of the approximate solution with respect to the

exact one.
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Figure 1.15: The wave front tracking construction until first time of interaction.

At time ¢t = t1, uy(t1,-) is clearly a piecewise constant function. So we can
repeat the previous construction until a second interaction time ¢ = to and so on.
In order to prove that a wave-front tracking approximate solution exists for every

t € [0,T], where T" may be also +00, we need to estimate
1. the number of waves;
2. the number of interactions between waves;
3. the total variation of the approximate solution.

The first two estimates are concerned with the possibility to construct a piece-
wise constant approximate solution. The third estimate, instead, is concerned with

the convergence of the approximate solutions towards an exact solution.

Remark 43 The two first bounds are nontrivial for the vector case and it is nec-

essary to introduce simplified solutions to Riemann problems and/or non-physical

waves.

The next lemma shows that the number of interactions is finite.

Lemma 44 The number of wave fronts for the approximate solution u, is not
increasing with respect to the time and so u, is defined for every t > 0. Moreover

the number of interactions between waves is bounded by the number of wave fronts.

Lemma 45 The total variation of u,(t,-) is not increasing with respect the time.
Therefore for each t > 0

Tot.Var.u,(t,-) < Tot.Var.u (1.47)
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The following theorem holds.

Theorem 46 Let f : R — R be smooth and i € L' (R) with bounded variation.
Then there exists an entropy-admissible solution u(t,z) to the Cauchy problem
(1.43) defined for every t > 0. Moreover,

a (& ) oo < [l ()] oo (1.48)

for every t > 0.

1.6.2 The System Case

For systems, since more types of interaction may happen, the construction of
wave-front tracking approximations is more complex. In particular the bounds on
number of waves, interactions and BV norms are no more directly obtained.

In this case, in order to show the basic ideas for obtaining the needed bounds,
we start giving some total variations estimates for interaction of waves along a
wave-front tracking approximation.

The constants in the estimates depend on the total variation of the initial
datum, which is assumed to be sufficiently small.

Consider a wave of the i-th family of strength o;, ¢ # j, and indicate by o7,
(k € {1,...,n}) the strengths of the new waves produced by the interaction.

Then it holds

}ai—aﬂ—k‘aj—aﬂ—i— Z lo| < Cloil|ojl, (1.49)
ki,
For the case @ = 7, let us indicate by o; 1 and o; 2 the strengths of the interacting

waves, then it holds

loi1+ 052 — 0| + Z ot < Cloialloizl- (1.50)

ki
It is possible now, fixing a parameter d,, to split rarefactions in rarefaction
fans with shocks of strength at most §,. Also, only if the product of interacting
waves is bigger than §,, at each interaction time, the new Riemann Problem can
be exactly solved eventually splitting the rarefaction waves in rarefaction fans.

Otherwise, the Riemann Problem is only solved with waves of the same families
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of the interacting ones, the error being transported along a mnon-physical wave,
traveling at a speed bigger than all waves. In this way, it is possible to control the
number of waves and interactions and then let J, go to zero [6].

Consider now a wave-front tracking approximate solution w, and let x4 (¢),
of family i, and strength o,, indicate the discontinuities of u, (). We say two
discontinuities are interacting if x, < xg and either ¢, > ig or i, = ig and at least
one of the two waves is a shock. Define the Glimm functional computed at u, (t)

as:

Y (uy (t)) = Tot.Var. (uy, (t)) + C1Q (uy (t))

where (7 is a constant to be chosen suitably and

Q (uy (£)) =D |oal 0B
where the sum is over interacting waves. It can be proved that Y is equivalent
to the functional measuring the total variation. Clearly such functional changes
only at interaction times.
Using the interaction estimates (1.49) and (1.50), at an interaction time ¢, we

get

|Tot.Var. (u, (t4)) — Tot.Var. (u, (t—))| < C'|o| |0y,

Q (uy (F4)) = Q (uy (7)) < ~Ci o lo;| + C |o| o] Tot.Var. (u, (£-)).

Therefore

Y (uy () = Y (uy ((-)) < |0i] |o] [C = C1 + C Tot. Var.u, (i—)] .

On the other side, for every t:

Tot.Var. (uy, (t)) <Y (uy (1)) .

Then choosing C; > C and assuming that Tot.Var.(u, (0)) is sufficiently small,
one has that Y is decreasing along a wave-front tracking approximate solution and

so the total variation is controlled.
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1.7 Uniqueness and Continuous Dependence

In this section it will show a method, based on a Riemannian type distance on
L', to prove uniqueness and Lipschitz continuous dependence by initial data for
solutions to the Cauchy problem, controlling how their distance varies in time for
any two approximate solutions u, u/. For simplicity we only consider the scalar
case, while for the system case the approach is illustrated in [7]. By existing
various alternative methods, this one presented here is more suitable to be used
for networks.

The basic idea is to estimate the L'-distance viewing L' as viewing L! as a
Riemannian manifold. We consider the subspace of piecewise constant functions
and “generalized tangent vectors” consisting of two components (v, §), where v €
L' and £ € R" describe respectively the L' infinitesimal displacement and the
infinitesimal displacement of discontinuities.

For example, take a family of piecewise constant functions  — u?, 6 € [0, 1],
each of which has the same number of jumps, say at the points x(f < e < Ty

Assume that the following functions are well defined (see Fig.1.16)

0+h .0
L' (x) = lim v () — v’ (z)
h—0 h

)

and also the numbers

Then we say that v admits tangent vectors

(09,5") € Tp=L' (R;R") x R".

? is not differentiable w.r.t. the usual differential

[u9+"(z)—u6(z)]
h

In general such path § — u
structure of L', in fact if 5% # 0, as h — 0 the ratio does not
converge to any limit in L!.

The L'-length of the path v : 8§ — u? can be computed in the following way:

7l = /01 Hu"‘ ‘Ll o + g:l /01 ‘uﬁ (zg+) —uf (xﬁ—)) ‘gg‘ df. (1.51)
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Figure 1.16: Construction of “generalized tangent vectors”.

According to (1.51), in order to compute the L!'-length of the path v, we

integrate the norm of its tangent vector which is defined as follows:

N
1w, Ol =l + > [Augl [€4],
B=1

where Aug = u(xg+) — u(xg—) is the jump across the discontinuity 3. Let

us introduce the following definition.

Definition 47 We say that a continuous map v : 0 — u’=~(0) from [0,1] into

LlloC is a reqular path if the following holds. All functions u’ are piecewise constant,
with the same number of jumps, say at a:(f < e < :z:?v and coincide outside

some fixed interval |—M,M[. Moreover, v admits a generalized tangent vector

D~ (0) = (ve,fe) €Tyg) = L' (R;R™) x RN, continuously depending on 0.

Let Q (u,u’) the family of all regular paths v : [0,1] — 7 (¢) with v (0) = u,
v (1) = u/, where u and u’ are two piecewise functions. The Riemannian distance

between u and v’ is given by

d (u,u') =inf {||v||z1,7 € Q (v, u)}.

To define d on all L', for given u,u’ € L' we set
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Uniqueness and Continuous Dependence

d(u, ) = inf {||yllp + Ju—al[ + ||Ju = @]

@, % piecewise constant functions, v € Q (u,u’) }

It is easy to check that this distance coincides with that one of L'. (For the
system case, see [7]).

Now, studying the evolution of norms of tangent vectors along wave-front
tracking approximations, let us estimate the L! distance among solutions. Let
Yo (0) = u? be a regular path joining u = u® with v’ = u', where u, v/ are piece-
wise constant functions. Define u’ (¢, z) to be a wave-front tracking approximate
solution with initial data u’ and let v, (6) = u? (¢, ).

It is possible to check that v, is a regular path for each regular path v, and

t > 0. If we can prove

el < Thvollzr s (1.52)

then for every ¢ > 0

Hu(t’) _ul (ta ')HLI < l};ltfH’YtHLl < 1%f|’70|’L1 = HU(O,) _ul (07 ')HLI' (153)

To obtain (1.52), hence (1.53), it is enough to prove that, for every tangent
vector (v, &) (t) to any regular path v, one has:

[1(v, &) DI < [I(v,) (0] (1.54)

i.e. the norm of a tangent vector does not increase in time. Moreover, if (1.53)
is established, then uniqueness and Lipschitz continuous dependence of solutions
to Cauchy problems is straightforwardly achieved passing to the limit on the wave-
front tracking approximate solutions.

Let us now estimate the increase of the norm of a tangent vector. In order to
achieve (1.54), we fix a time ¢ and treat the following cases:

Case 1. no interaction of waves takes place at t;

Case 2. two waves interact at ¢;
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Uniqueness and Continuous Dependence

In Case 1, denote by xg, o3 and &g, respectively, the positions, sizes and shifts
of the discontinuities of a wave-front tracking approximate solution. Following [7]

we get:

% /|v<t,x>|dx+;|sg»|oﬁ| -

- Z( (™) —5) \WHZ i —A(p7)) [oT] p +
+ZD)\ ( +) (sz’gngﬁ) losl,

where og = pJr — p~, pt=p(z3E) and similarly for v=. If the waves respect

the Rankine-Hugoniot conditions, then

DM (") (07 0) = ()~ ) [+ (= A (0) m
B

and

% /’”(t’x)’dWF;\ﬁﬁHUﬁ! <0. (1.55)

In the wave-front tracking algorithm the Riemann-Hugoniot condition may be
violated for rarefaction fans. However, this results in an increase of the distance
which is controlled in terms of % (the size of a rarefaction shock) and tends to zero

when v — oo.

For the Case 2, first, we have the following:

Lemma 48 Consider two waves, with speed A1 and Ao respectively, that interact
together at t producing a wave with speed \s. If the first wave is shifted by &, and
the second one by &4, then the shift of the resulting wave is given by

A3 — Ao Al — A3

&1+

QZM—& AL — Ay

& (1.56)
Moreover we have that
Aps€s = Ap1&y + Apaés (1.57)

where Ap; are the signed strengths of the corresponding waves.

32



Uniqueness and Continuous Dependence

Finally, we observe that from (1.57) it follows

|Apsés| = |Apq | [€1] + |Apa] o],

from which

1, E)] < I, ) ()] (1.58)
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Chapter 2

Macroscopic models for supply

chain and networks

In this chapter, starting by the Armbruster-Degond-Ringhofer model, we present
the Gottlich-Herty-Klar model and a continuum-discrete model for supply chains

and networks.

2.1 The Armbruster-Degond-Ringhofer model

Consider a production line formed by M suppliers Sy, ...Sas, in which a certain
good is processed by each supplier and is fed in the next one.

Labeling the processed part by index mn, we denote by 7 (m,n) the time at
which the part n passes from m —1 to m supplier. Then, in order to model generic
supply chain, the goal is to derive rules governing the evolution of each 7 (m,n).
A hierarchy of models is available for this purpose, but the focus is centralized
on the so called fluid models, which replace the individual parts by a continuum
and use rate equations for the flow of product through a supplier (see [1], [5] for
an overview). For a large number of parts, these are computationally much less
expensive than discrete event simulation models, but they necessarily represent an
approximation to the actual situation.

Then we derive a fluid dynamic model, namely a conservation law for a partial
differential equation, out of very simple principles governing the evolution of the

times 7 (m,n). Basically we assume that each supplier works as a single processor
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The Armbruster-Degond-Ringhofer model

characterized by its processing time 7' (m) as well as its maximal production rate
(capacity) p (m) and a buffer queue in front of it. The processing policy is supposed
to be ‘first come first served’; T' (m) represents the time which is needed to produce
a single part while p (m) is defined as the maximal amount of parts per unit time
which can handled by each single processor m = 0,...M — 1. In this model both
T (m) and p(m) are fixed.

We denote by a,, n = 1,2,.., the time part number n arrives at the end of
queue and by b, the 'release time’, i.e. the time part number n reaches the front
of the queue and is fed into the processor. If the queue is full, the interval between

two consecutive times b,, will be given by the processing rate p (m), i.e.

1
bn = bn—l + —
p(m)
will hold as long as a, < b,—1 + ﬁ holds, meaning that part number n has

already arrived when we want to feed it into the processor m. Instead, if the queue
is empty, we wait that part n arrives to the end of queue and immediately feed it
1

into the processor. In this case the condition a,, > b,_1 + meD) will imply b, = ay,.

Then, combining the two previous, we obtain the relation:

1
b, = br— — 7. 2.1
If T'(m) is the processing time to finish the part, we denote by e, = b, + T (m)
the time the part leaves the processor and enters the next queue. So, the (2.1) can

be re-write as:

en:max{an—l—T(m),en_l—i-M(lm)}. (2.2)

which represents the basic relationship between the arrival times a, and the
exit times e,.
Referring now to the previous definition of 7 (m,n) and using the obvious

change of notation a,, — 7 (m,n) and e,, — 7 (m + 1,n) we obtain from (2.2)

T(m+1,n) = maX{T(m,n)—I—T(m),T(m—l—l,n—l)+'u(lm)}, (2.3)

v

1,m=0,..,.M—1.
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The Armbruster-Degond-Ringhofer model

The (2.3) needs initial and boundary conditions which are:

7(0,n) =74(n),n>0, 7(m,0)=7"(m), m=0,..M, (2.4)

where 74 (n) simply denotes the arrival time of part n in the first processor
and 7! (m) denotes the time the first part has arrived at supplier S,,. The (2.3)
and (2.4) define completely a discrete event simulation model. So, 71 (m + 1) —
71 (m) — T (m) denotes the time the first part has waited in the buffer in front of
processor at Sy, while, assuming a constant service rate p in the past,

1 (m,0) [r7 (m + 1) — 77 (m) — T (m)] would be the number of parts in the queue
at the time part number 0 arrives. This definition indicates that, for an actual
simulation, we have to start somewhere. But this issue will be resolved once the
problem is formulated in terms of a conservation law. Then, given the times
7 (m,n), conservation of the number of parts is expressed via the introduction of
the Newell-curves (see [10], [24]), which describe how the information of (2.3) can
be organized to facilitate the computation of performance measures, e.g. the Work
in Progress (WIP). In this context, the N-curve U (m,t) at supplier S, is given
by the number of parts which have passed from processor Sy,_1 to S;, at any time

t, i.e by

U(m,t):iﬂ(t—T(m,n)), t >0, (2.5)
n=0

where H is the Heavyside function, i.e.
0 ify<O
H@%—{

1if y>0

The WIP W (m,t) of processor Sy, the total number of parts (including all
parts in the queue as well) actually produced at S,, at time ¢, is given by the

difference of two consecutive N-curves:

W (m,t)=U(m,t) —U(m+1,t) + K (m), m=0,..M, (2.6)

where the time independent constants K (m) are determinated by initial situ-

ation. If each of processors S, has a given minimal processing time 7' (m) then
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The Armbruster-Degond-Ringhofer model

T(m+1,n) > 7 (m,n) + 7T (m) will hold and this implies that W (m,¢) can never
become negative.

Considering the first derivative of W (m,t) with respect to ¢, we obtain:

d d d
- _ = 1 = 2.
o W (m,t) dtU (m,t) dtU (m+1,t) (2.7)

Y st—T(mmn) =Y s(t—7(m+1n)) =
n=0

n=0

= F(m,t)—F(m+1,t),

where, by definition, the flux F' (m,t) from processor S,,—1 to Sy, is given by
the first derivative of U (m,t) and it can be interpreted as a superposition of J-
distributions. To avoid this inconvenience, the (2.7) is replaced by a conservation
law with a simple constitutive relation between the density p and the flux f,
in which continuous averaged quantities are considered and the dependence on
individual parts is completely removed.

By a reformulation of the problem, necessary to prevent analytical difficulties,
it can be shown that the asymptotic limit leads to a partial differential equation.
First, we map (2.7) onto a grid in an artificial spatial variable z, called the ‘Degree
of Completion’ (DOC). We define a mesh 0 = zp < ..... < zp = X and replace
F (m,t) by F (zm,t). So the parts enter and leave the supply chain respectively
at the DOC' z = 0 and DOC' x = X. Next, multiplying the flux by an arbitrary
smooth test function v (t), the integral

[e.9]

/T zp(t)F(a:m,t)dt—nZ;)/T

f(m)

)w(tﬁ(t—T(mvn))dt =>4 (r(m,n))
" (2.8)

I(m

holds. Then we can rewrite the (2.8) into a Riemann sum as

[ 0OF @ tyde =Y 0 (n.) Bt (1) (o7 (1)
T n=0

f(m)

where the increment is given by the difference of 7 (m,n) in the index n, i.e.

A, (m,n) =7 (m,n+ 1) —7(m,n), and, as consequence from (2.8), the function
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f (zm, 7 (m,n)) is provided by the inverse of A, 7 (m,n). For a A, 7 (m,n) small,

ie. Ap7(m,n) — 0, we obtain the approximate relation

/°° w<t>F<xm,t>dm/°° 0 (0) f (1)

(m) mi(m)

where the function f is the approximate flux for ¢t = 7 (m,n) and z = z,, i.e.

1

m,n+1) —7(m,n)’

f(@m,7(m,n)) = 7_( n>0, m=0,.., M. (2.9)

Assuming now that the arrival times 7 are continuously distributed, i.e. ex-
pressed in terms of continuous variables such as 7 (z,y), we rewrite the approxi-
mate flux as f (z,7 (z,y)) = m. In the similar way, it is possible to find an
approximate of part density p.

We can observe that the N-function U (x,t), the antiderivative of the flux,

satisfies the relations

(a) ij (,7(z,y)) = 0OU (x,7)0yT =1, (2.10)
(b) %U(CU,T(I‘,@/)) = 0, U (z,7)+ 0U (x,7) OpT.

In analogy to (2.6) setting p(x,t) = K (z) — 0;U (x,t), with K an arbitrary
function, and since O,U (x,7) = f (z, ), the (2.10) becomes

%U (x,7(x,y)) = K () — p(x,t) + [ (x,7) Op7.

Moreover the (2.10-a) implies that %U (x,7 (z,y)) can be set to an arbitrary
chosen function K (x), since it is a function of the DOC variable x only. So for a
continuum 7 (z,y) we set p(x,t) = g:; p and f satisfy a conservation law of the
form Oip + O, f = 0.

Thus, on a discrete level, the approximate density is given by

Tm+1,n+1)—7(mn+1)
hp (T(m+1,n+1)—7(m+1,n))
withn >0, m=0,...M — 1, hp, := Tpptr1 — Tpn-

p (T, 7(m+1,n)) = (2.11)

The definitions in (2.9) and (2.11) allow to derive a simple constitutive relation

between flux and density as shown in the following theorem.
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The Armbruster-Degond-Ringhofer model

Theorem 49 Let the arrival times T (m,n) satisfy the time recursion (2.3) and
let the approximate density p and flux f be defined by (2.11) and (2.9). Then the ap-
proximate flux can be written in terms of the approximate density via a constitutive

relation of the form

f(@m, 7 (m,n)) = min{u(m— 1,n),

with n >0, m=1,2,....

hm—-1p (xm—la T (m? n)) }
T(m—1) ’

Proof. The proof was done by Armbruster et al. and it can be found in [2].

Now, it will be shown that the approximate density p and flux f, defined by
(2.11) and (2.9), satisfy a conservation law of the form 9,p + 0, f = 0, asymptoti-
cally, i.e. for a large time and nodes scales (N, M — 00). Moreover the asymptotic
validity can be divided into three parts: scaling, interpolation and weak formula-

tion.

2.1.1 Scaling and dimensionless formulation

We define the average processing time Ty as

=
To=17 > T (m),
m=0
and so M7y describes the time a part spent to be processed in the empty

system without any waiting times. Then, Ty is used as a scale basis over all time

scales, and we denote all scaled variables and functions by the subindex s.

T(m,n) = MTors(m,n), T (m)="ToTs(xy), w(m,n)= (2.12)
_ Hs (Tm, 7s (m +1,n))
To ‘

Consider a regime where M >> 1 and set ¢ = 45 << 1. Inserting (2.12) into
(2.3), forn=0,1,.. and m =0,..M — 1 we get:

rs(m+1Ln+1)= (2.13)

9
max {Ts (m,n+1) +eTs(wm), 75 (m + 1,n) + ts (Tm, 7s (m +1,n)) } 7
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where the initial and boundary condition, respectively 7';4 =75(0,n) and 71 =
75 (m,0), are scaled in the same way as 7 (m,n).

It is assumed that the differences between two consecutive arrival times 7 are
of the same order as the average processing time Ty. This is reasonable since

otherwise the total WIP would either go to zero or infinity. So it is set

A, (myn) = 7(myn+1)—7(m,n) =ToAnsts (Mm,n),

Apt(myn) = 7(m+1,n)—7(m,n)=ToAnsts (Mm,n),

giving

Ts (m+1,n) = Tg (m,n)+5AmsTs (m7n)a

Ts(myn+1) = 75(m,n)+elps7s (Mm,n).
Then, scaling the density p (2.11) and the flux f (2.9) we get

Pt = gt (oo )

M t
P(Q«"at) = YPS xam )

where X is the length of the DOC interval. Finally

fs(wm;Ts(man)):m, m=20,..,.M, n=0,1,..

2.14)
XApsTs(m, (
pS (xm,']—s (m—i—l,n))zmm, mZO,..,M, ’17,:0,1,...

2.1.2 Interpolation and weak formulation

In this section, it will be show the asymptotic validity of a conservation law in
the regime situation, which is considered supposing M >> 1 or ¢ = ﬁ << 1. The

goal is an initial boundary value problem for the conservation law

Op+ O f =0, f:min{/j’(x7t)ap}a f((),t) :fA (t)v (2'15>

together with some initial condition p (z,0) = pq (¢).
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Several complications appear in this approach; in fact, the main difficulty aris-
ing from M — oo, or equivalently ¢ — 0, is that the flux function f can become
discontinuous due to the assumption of different maximal capacities. Consider the
following bottleneck scenario: if processor x,, has a higher capacity than x,,1, i.e.
(1) < 1 (xm), a queue in front of x,, 1 will grow. But, since mass still has to
be conserved, this discontinuity has to be compensated by a J-distribution in the
density p which, hence, will not be a classical function. To deal with this issue, an
asymptotic analysis for the Newell-curve U (m,t) (2.5) is performed. Denoting the
approximation of U by w, setting p (z,t) = —0,u (z,t) and integrating the (2.15)

once respect to x, we get

(t) = @)
(2.16)

The last equation allows for shock solutions appearing as a J-distribution in

Owu (z,t) — min {p (z,t) , —0yu}, 11I(I)17 u(x,t) = g? (), %9’4

u. In this case, although the z-derivative of u becomes unbounded, the flux (i.e.
Owu (z,t)) will be bounded because of the min—function. It is possible to show
that, in the limit ¢ — 0, u satisfies the hyperbolic problem in (2.16) weakly in
space x and time t. First we have to define the interpolants in the form of scaled
functions us and ]78 An effective method towards a continuum is a piecewise
constant interpolation in space and time. Then, the next theorem will show that

the N-curve u; satisfies the (2.16) weakly in = and ¢ as € — 0.

Theorem 50 Given the scaled density and flux at the discrete points Ty, Ts (m,n),
as defined in (2.13). Let the scaled throughput times Ts (x,,) stay uniformly bounded,
i.e. hy = O (g) holds uniformly in m. Assume finitely many bottlenecks for a fi-
nite amount of time, i.e. let Ay, 75 (m,n) be bounded for e — 0 expect for a certain
number of nodes m and a finite number of parts n, which stays bounded as € — 0.
Then, for ¢ — 0, and maxh,, — 0 the interpolated N-function and flur us, f;

satisfy the initial boundary value problem

O = fo, fo=min{p,~0,0}, t>7(z), 0<z<X, (2.17)
t
Us (w,?g (x)) =0, lim us(z,t) = / A (s)ds
z—0~ 75(0,0)

in the limit € — 0, weakly in x and t.
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Proof. The proof was done by Armbruster et al. and it can be found in [2].

Then, through this theorem, it is proved the asymptotic validity of the inte-
grated conservation law (2.17), for any N-curve v and any flux f, derived from an

arbitrary sequence 7 via the definitions (2.9) and (2.11) and the interpolants us,

[s-
Moreover, considering the unscaled variables, Theorem (50) implies that den-

sity p (x,t) can be approximately computed as p = —d,u.

2.2 The Gottlich-Herty-Klar model

In this section, we present a model for large queuing supply chain networks
based on the work of Armbruster, Degond and Ringhofer [2]. Mainly, we formulate
a PDE network problem and a separate modeling of the queues, taking advantage
of existence theory of the network problem.

First, we state the definition of a supply chain network describing the connec-

tion between it and the suppliers.

Definition 51 . A supply chain network is a finite, connected directed, simple
graph consisting of arcs J = {1,...., N} and vertices V.= {1,...,N —1}. Each
supplier j is modeled by an arc j, which is again parameterized by an interval
[aj,b;]. We use a1 = —o0 and by = +oo for the first respectively the last supplier

in the supply chain.

First we consider the special case where each vertex is connected to exactly
two arcs. As shown in Fig.2.1, we conventionally assume that b; = a;_;. Then,
we state that a supplier j is defined by a processor and a queue in front of it, i.e.
at © = a; (for simplicity we assume that the first supplier consists of a processor
only).

Each processor j is characterized by a maximum processing capacity pu;, its
length L; and the processing time 7. The rate % defines the processing velocity.
The evolution of parts inside the processor j is modeled by the function p; (z,1)

indicating the density of parts in j at point x and time ¢.
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L 2=
A 4
A J

A I Js

\4

Figure 2.2: Relation between flow and density

The dynamics of each processor on an arc j are governed by an advection

equation as in ((the previous Section)):

op; (v,t) + O min {,uj, %pj (:v,t)} =0, Vz € [aj,b], teR"

(2.18)
Py (z,0) = Pj0 (), Vo € [ajvbj]
Note that we use the flux functions derived in ((the previous Section))
+ - L
f : RO - [Oa M] ) f (p) = min § K, fﬂ ’ (219)

where the maximal rate for the processor is a positive constant p. Clearly, f

is Lipschitz with constant L; = %

Remark 52 Usually, an inflow profile fi(t) for the supply chain is given. This
profile can be translated into initial data py (z,0) := py o (b1 —t) = f1 (t) on artifi-

cial first arc, where it’s assumed (1, > max f1 and % =1.
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Each queue is a time-dependent function ¢t — ¢; (t) and buffered demands for
the generic processor j when the capacity of processor j — 1 is different from the
demand of processor j (in fact, in this case the queue ¢; increases or decreases its
buffer).

Mathematically, we require each queue g; to satisfy the following equation:

8tQj (t) = fj—l (pj—l (bj—ht)) - fj (pj (aj?t)) , J=2, o N (2'20)

Due to the advection, we can define the flux on the outgoing arc j as

55 (0, (ay.1)) = { min { fi—1 (pj_1 (bj—1.1)) s 1j} 4 (1) =0 (2.21)
4 q; (t) >0
where the flux f; (pj (aj,t)) is dependent on the capacity of the queue. The
(2.21) allows for the following interpretation: if the outgoing buffer is empty, we
process as many parts as possible but at most y;, while if it contains some parts,
then we process at maximal possible rate, i.e. again ;.
Finally, we have the following coupled system of partial and ordinary differen-

tial equations on a network

Brp; (x,1) = — O, min {Mj, %pj (z, t)} (2.222)

0, (2,0) = py (@) (2.220)

Aq; (t) = fi-1(pj_1 (bj-1,1)) — fj (p; (aj,1)) (2.22¢)
g (0) = gjo (2.22d)

ey min { fj—1 (pj—1 (bj—1,1)) , 115} ¢ (t) =0 o
fi (p; (aj 1)) = { N () >0 (2.22¢)

Consider the very special flux function in (2.19), the Riemann problem for
(2.18) and (z,t) € R x R™ admits one of the following two solutions. Let the

initial data such as
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() pp forx <0
. ) =
Pio p, forz>0

with p;, p, € R(J{. Then, for p; < p, the solution p; is given by

(z,t) = P _OO<%§%:£(M
Pr = z

(2.23)

while for p, < p;, if p; < p; or p, > p; the solution is the same, i.e. (2.23).

Otherwise, in the case p, < u; < p;, the solution will be

01 — 00 < T < fj(pl)_pfj
= p—uy
Filp) =1y i —f5(pr)
p(x,t) =19 K W<%_ﬁ
i —fi(er)
Pr %;%—<%<w

. b —Fi(pr) Filp)—p;
where it holds s and T 1.

We can introduce the following definition:

(2.24)

Definition 53 (Network solution) A family of functions {,oj,qj }jeJ is called
an admissible solution for a network as in 2.1 if, for all j, p; is a weak entropic

solutions [22] to (2.18), q; is absolutely continuous and, in the sense of traces for

p;s, equations (2.20) and (2.21) hold for a.e. t.

In particular, considering a single vertex v € V with incoming arc j = 1 and

outgoing arc j = 2 and constant initial data p; o (x) < pj, there exists an admissible

solution {p;, ps, g2} which has the form:

p1(z,t) = py g

pro 0< I <1= F2(2)=F2(p1.0)

H2—P1,0
fi (P1,0) < Mo 5 1< x’tto and 7 <1
po (T,t) = P2,0 1<7<o0
f2(M2)*f2(P2 0)
0<$<l="——"2"
J1(p1o) > o 2 - ”27’;2’0
\ P20 I< % <o

45
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Figure 2.3: Geometry of a vertex with multiple incoming and outcoming arcs

@O = w0+ [ fi(pr0) = o(ps art. ) dr (2:25¢)

2,0
#2—f1(P1,0)'
For a network as in Fig.2.1 with initial values ¢; (0) = 0 and initial data

where tg =

{ .0 (a;)}] where each p; is a step function, there exists an admissible solution
{pj,qj }j to the network problem (2.22a) to (2.22e) whose construction is based

on wave-front tracking algorithm.

2.2.1 Modeling general networks

Consider now a generic number of vertices v € V with m, incoming and n,
outcoming arcs (as, for example, in Fig.2.3).

We denote by d, and J, the set of arc indexes of incoming and outcoming
arcs. If we have more than one outgoing arc, we need to define and successively
to model the distribution of the goods from the incoming arcs. Assuming that
for each vertex v a matrix A, := A («a; ;) € R™*™ is given, hence, the total flux

willing to go to arc j € 6, is given by
> aijfi (p; (bi—t)).
€8y

Moreover we assume that, for all i € §,, and j € &, the matrix A satisfies:

0<aq;,; <1,

Z Q5 = 1.

jesyt
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Then, the supply chain network is modeling by (2.18) and,for each junction

(vertex) v, by the following equation for the queues

Vi€day © g (t) =Y aijfi(p; (bi—t) = fi (pj (aj+,1)), (2.26)

i€dy

and the boundary values Vj € §,",

min {Sesm @i (o (b=, 1) 1} a5 (8) =0

14 g (t) >0
(2.27)

Starting by the empty queue, if the outgoing flux is a percentage of the sum

fi (pj (aj+,1)) =

of all incoming fluxes given by A, the queue remains empty, while if it is equal to
the maximal processing capacity, the queue increases. Finally if the queue is full,
it is always reduced with a capacity determined by A, and the capacities of the
connected arcs.

Note that due to the positive velocity of the occurring waves the boundary
conditions are well-defined. Moreover, due to (2.26) and the assumptions on A,

the total flux at each vertex v is conserved for all times t > 0, i.e.

Z (Qgj (t) + fj (pj (aj+,1))) = Z fi(pi (bi—, 1))
JEST icsy

The construction of a solution to the network problem given by (2.18), (2.26),
(2.27) is as before.

Now, let n = min; (b; — a;) be the minimum length of a supplier; since all
waves move at positive velocity at most equal to 1, two interactions with vertices
of the same wave can happen at most every 7 units of time. If NV is the number of
suppliers, than there is at most a multiplication by N every 7 unit of time, thus
we can control the number of waves and interactions.

Therefore, for given piecewise constant initial data P?’,o on a network, a solution

(p‘s, q‘s) can be defined by the wave-tracking method up to any time 7.
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2.3 A continuum-discrete model for supply chain net-

work

In this section we introduce a supply chains model extending the Armbruster,
Degond and Ringhofer one presented in the section [2.1], in which each arc is
modeled by a conservation law for the good density p and an evolution equation
for the processing rate pu.

Starting by the approach used in [12],once introduced the model, we discuss
about possible choices of solutions at nodes guaranteeing the conservation of fluxes

given by the general equation

pt + fé‘ (Py#)x = 07

where, for € > 0 the flux f. is given by:

) mp, if p<m,
fe (p, ) = ,
mp+e(p—p), if p>u,

with m the processing velocity.
Keeping the analogy to Riemann problems, we call the latter Riemann Solver

at nodes. The first choice is to fix the rule:

SC1 The incoming density flux is equal to the outgoing density flux. So, if a
solution with only waves in the density p exists, then such solution is taken,

otherwise the minimal p wave is produced.

Rule SC1 corresponds to the case in which processing rate adjustments are
done only if necessary, while the density p can be regulated more freely. In par-
ticular, it is justified in all situations in which processing rate adjustments require
re-building of the supply chain, while density adjustments are operated easily (e.g.
by stocking).

Even if rule SC1 is the most natural also from a geometric point of view, in
the space of Riemann data, it produces waves only to lower the value of p and this
involves, as consequence, that, in some cases, the value of the processing rate does
not increase and it is not possible to maximize the flux.

In order to avoid this problem, two additional rules to solve dynamics at a

node are analyzed:
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SC2 The objects are processed in order to maximize the flux with minimal value

of the processing rate.

SC3 The objects are processed in order to maximize the flux. Then, if a solution
with only waves in the density p exists, then such solution is taken, otherwise

the minimal u wave is produced.
The Riemann Problems are solved fixing two "routing" algorithms:

RA1 Goods from an incoming arc are sent to outgoing ones according to their
final destination in order to maximize the flux over incoming arcs. Goods

are processed ordered by arrival time (FIFO policy).

RA2 Goods are processed by arrival time (FIFO policy) and are sent to outgoing

arcs in order to maximize the flux over incoming and outgoing arcs.

For both routing algorithms the flux of goods is maximized considering one of
the two additional rules, SC2 and SC3.

In order to understand the mechanism of the two previous rules, a simple
example is shown.

Suppose to have a supply chain network for assembling orange and lemon fruit
juice bottles as in Fig.2.4-a

Bottles coming from the first arc are sterilized in node v! and are re-direct
with a certain probability a to node v? where some is filled with lemon fruit juice
and with probability 1 — « to node v® where some is filled with orange fruit juice.
Assume that lemon and orange fruit juice bottles have two different shapes. In
nodes v* and v, bottles are labeled as their own fruit juice. Finally in node v9,
produced bottles are corked. In this situation the dynamics at node v' is solved
using the RA1 algorithm. In fact, the redirection of bottles in order to maximize
the production is not possible, since bottles have different shapes for any kind of
juice.

Consider now a supply network as shown in Fig.2.4-b in which the white cups
are addressed towards n arcs (or sub-chains) to be colored using different colors.
Since the aim is to maximize the cups production independently from the colors, a
mechanism is realized which addresses the cups on the outgoing sub-chains taking

into account their loads in such way as to maximize flux on both incoming and
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Figure 2.4: Supply network

outgoing sub-chains. So, a model based on rule RA2 is realized to capture the

behavior of this network.

2.3.1 Basic Definitions

We start from the conservation law model

py + (min{u (t,2), p}), = 0. (2.28)

To avoid problems of existence of solutions, we assume p piecewise constant

and an evolution equation of semi-linear type:

py + Vit =0, (2.29)

where V is some constant velocity. Taking V = 0, it can be no solution to
a Riemann Problem for the system (2.28)-(2.29) with data (p;, ;) and (p,., i) if
min {p;, ;} > p,.. Since we expect the chain to influence backward the processing
rate we assume V < 0 and for simplicity we set V = —1.

A supply network consists of N + 1 sub-chains Iy, ...., Iy11, modeled by real
intervals [ak,bk] CR, k=1,....,N+1, ap < by, possible with either a; = —o0 or
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by, = 400 and M suppliers or processors P, ..., Py with certain throughput times
and capacity.

Each supplier processes a certain good, measured in units of parts. It is as-
sumed that a node P consists of a processor, which decides how to manage the
flow among sub-chains, with a maximal processing rate u.

The evolution on each arc is given by (2.28)-(2.29), while at each nodes vertex
the evolution is given by solving Riemann Problems for the density equation (2.28)
with us as parameters. Since such Riemann Problems may still admit no solution
keeping the values of us constant, then we expect . waves to be generated following
equation (2.29). Moreover the vanishing of the characteristic velocity for (2.28),
in case p > p, can provoke resonances with the nodes (which can be presented
schematically as waves with zero velocities). Then, for this reason, the model is
modified as follows.

ax

Each sub-chain I}, is characterized by a maximum density p;***, a maximum

processing rate p®* and a flux fE. Then the dynamics is given by:

{pﬁﬁﬁwwh=0, (2.30)

By — By = 0.
The flux is defined as:

P 0<p<upu,

F) fF(p,p) =
(F) f2 (p, 1) {M+s@—u% W< p < g,

ep+(l—g)p, 0<pu<np,

max

2 pS/’LS/’Lk‘ )

ﬁOmU—{

as shown in (Fig.2.5)

The conservation law for the good density in (2.30) is a € perturbation of (2.28)
in the sense that ||f — fe||,, < Ce where f is the flux of (2.30). The equation
has the advantage of producing waves with always strictly positive speed, thus
avoiding resonance with the “boundary” problems at each node.

From now on, fixing € > 0 and dropping the indices, the flux will be indicated
by f (p, ).

Remark 54 It is possible to generalize all following definitions and results to the

case of different fluzes ffk for each sub-chain Iy, (also choosing € dependent on
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Figure 2.5: Flux (F): Left, f (p, ). Right, f (p, i1).

k). In fact, all statements are in terms of values of flures at endpoints of the
sub-chains, thus it is sufficient that the ranges of fluzes intersect. Moreover, we

can constder different slopes my, for each sub-chain Iy, considering the following

fluz

mp, 0<p<up,
mppte(p—p), w<p<pp,

where my, > 0 represents the velocity of each processor and is given by

FE(po ) :{

with Ly and Ty, respectively, fixed length and processing time of processor k.

Assuming that the sub-chains are connected by some junction J, each of them
is given by a finite number of incoming and outgoing sub-chains, then J is identified
with ((41,...,%n) , (41, .-, Jm)) (see Fig.2.6) where the first n-tuple and the second m-
tuple indicate respectively the set of incoming and outgoing sub-chains. Moreover,
each sub-chain can be incoming or outgoing at most for one junction. Hence, the
complete model is given by a couple (I, P), where I = {I:k=1,..,N + 1} is
the collection of sub-chains and P is the collection of junctions.

The supply network evolution is described by a finite set of functions py,
defined on [0,4o00[ x I. On each sub-chain Iy, we say that Uy := (pp, ) :
[0,4+00] x I, — R is a weak solution to (2.30) if, for every C*°-function ¢ :

[0, +-00[ x I, — R? with compact support in |0, +o0o[ x Jaz, bx|,
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Figure 2.6: A junction.

oo b /D Ay
/0 /k <Ukat+f(Uk) 8x>dxdt_o,

where

M

is the flux function of the system (2.30). For definition of entropic solution, see
at [6].

For a scalar conservation law, a Riemann Problem (RP) is a Cauchy problem
for an initial data of Heavyside type, that is a piecewise constant with only one
discontinuity. The solutions are formed by continuous waves called rarefactions
and by traveling discontinuities called shocks.

Analogously, we call Riemann problem for a junction the Cauchy problem

corresponding to an initial data which is constant on each supply sub-chain.

Definition 55 A Riemann Solver (RS) for the junction P with n incoming sub-
chains and m outgoing ones consists in a map that associates to a Riemann data
()0(), MO) = (pl,O? 1,05 -9 Pn,0> 05 Pnt-1,00 Hnd1,05 -+ Pntm,0> Mn+m,0) at P a vec-

tor (ﬁO’ﬂO) = (ﬁlvﬂla"'72)nnanvﬁn+17ﬂn+1v"‘7pn+mvﬂn+m) so that the solution
s given by the waves (pi70,ﬁi) and (uw,,&i) on the sub-chain I;, t = 1,....n and
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by the waves (f’j’Pj,O) on the sub-chain Ij, j = n+1,...,n+m. We require the

consistency condition

(CC) RS (RS ((po; 110))) = RS ((po, o)) -

Once a Riemann Solver is assigned, we can define admissible solutions at P.

Definition 56 Assume a Riemann Solver RS is assigned for the supplier P. Let
U= (U1,...;Untm) be such that U is of bounded variation for every t > 0. Then
U is an admissible weak solution of (2.30) related to RS at the junction P if and
only if the following property holds for almost every t. Setting

Up (t) = (Ul ('7 bl_) PRRY Un ('7 bn_) ) Un+1 ('a an+1+) 5 ey Un+m ('7 an+m+))
we have RS (Up (t)) = U, (t).

The aim is to solve the Cauchy problem on [0, 4o00] for a given initial and

boundary data as in next definition.

Definition 57 Given Uy : I, — [0,1], k = 1,...N + 1, measurable BV functions,
a collection of functions U = (Uy,...,Un+1), with Uy : [0,4+00] X I, — [0, 1] con-
and Uy (t,-) BV function for almost

every t, is an admissible solution to the Cauchy problem on the supply chain if Uy,

tinuous as functions from [0,+oc[ into L},

is a weak entropic solution to (2.30) on Iy, Uy (0,x) = Uy (x) a.e., and, at each
supplier Py, U is an admissible weak solution.
2.3.2 Riemann Solvers for suppliers

Fixing a sub-chain Ij, we analyze system (2.30) as a system of conservation

laws in the variables U = (p, u):

U+ F(U), =0, (2.31)

with flux function given by F (U) = (f (p, ) , —p), thus the Jacobian matrix
of the flux is:
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Figure 2.7: First and second family curves

The eigenvalues and eigenvectors are given by:

= o

( ) if p < p,

AL (p,p) = —1, r1(p, ) = -
e | i p > op,
1 if p < p, 0
A2 (pp) = . 1 (p,p) = :
e if p>p, 1

Hence the Hugoniot curves for the first family are vertical lines above the secant
p = p and lines with slope close to —% below the same secant. The Hugoniot
curves for the second family are just horizontal lines. Since we consider positive

and bounded values for the variables, we fix the invariant region (see Fig.2.7):

D = {(p,1r) : 0<p < Priaxs 0= 1 < iy
OS(1+6)p+(178):u§(1+5)pmax:2(178)ru’max}

Observe that
2
Pmax = Mmaxm' (232)

First, some results, widely proved for sequential supply chains in [12], are

reported.
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Proposition 58 Given (pg, i), the minimal value of the flur at points of the
curve of the first family passing through (py, o) s given by:

2¢e -

112P0s if po < o,
fmin ((pOa/‘LO)) = { e e(1—e) .

€po + —r= Hos  1f po > to-

Lemma 59 Given an initial datum (pg, po), the maximum value of the density
of the curve of the second family passing through (pg, o) and belonging to the

invariant region is given by

Pmax — Mmax
P (10) = Prna — prg 02X, (2-33)

ll’max

Proof. From 2.7 the maximum value is obtained by the intersection of the

curve of the second family passing through (pg, 14¢) and the line connecting the

pOintS (pmax7 0) and (Mmax? :u’max):

Pmax — Fmax
pM (:U’O) = Pmax — MUM'
:umax
From (2.32) we get
(1-2)
14 eimax ™ T

pM (o) = o-

The following estimate holds [12]:

Proposition 60 Assume that a second family wave ((py, 147) 5 (Pms thn)) interacts
with a first family wave ((ppys ) > (Prs ty))- If 1. < p,, then the flur variation

decreases.

Considering now a node P with n and m respectively incoming and outgoing

sub-chains and a Riemann initial datum (pLO, H1,05 -5 Pr0s ano) and

(an’o, Pnt1,05 -+ Prmtn,00 Hm+n,0)a the following Lemma holds:

Lemma 61 On the incoming sub-chain, only waves of the first family may be
produced, while on the outgoing sub-chain only waves of the second family may be

produced.

From the last Lemma, assigned the initial datum, for each Riemann Solver it

follows that

56



A continuum-discrete model for supply chain network

/A)ZZQO(/AJ,Z), izl,...,n,

A | (2.34)
fj = o, j=n+1,...,n+m.

where the function ¢ () describes the first family curve (Pi,07 1“2}0) as function

of fi;. The expression of such curve changes at a particular value p,;, given by:
i, = { Pi0 if pio < Mo
1 .
HEPz 0 +1 Solios  Uf pig > Hip-
The case of sequential supply chain.

Considering a node Py with one incoming arc k£ and one outgoing arc k + 1.
Let us now to discuss how p,; and fi;, (from 2.34 we set i = k and j = k+1) can
be chosen.

The conservation of flux at the node can be written as

f o (ig) s fig) = f (f)k;+1, Mk+1,o) . (2.35)
‘We have:
Case a): ppy10 < ig;
Case f): [y < pp11,0-

In both cases pij, and pi; 14 o individuate in the plane (ﬁkJrl, ﬂk) four regions so
defined:

( +17Mk) <'E)k+1<“k+107ﬁk<ﬂk<uf§a"}'
(Phsts k) * g1, < Pt < Py By < e < PP}
(7 ) 10 < Pt < Hirn0n0 < i < A}

(Pret1s i) * 1,0 < Pry1 < P 1,0 < fy, < [}

A
B
A= {(Prs1s g
B =

The (2.35) is satisfied in case () along the line depicted in Fig.2.9 and in case

a) (Fig.2.8) there are solutions, only under some conditions, along the dashed line.
For details, see [12].
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Figure 2.9: Case 3)
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Figure 2.10: An example of Riemann Solver: case «).

A Riemann Solver according to rule SC1. Geometrically, in case f3), we
can define a Riemann Solver mapping every initial datum on the line fi;, = ¢ to the
intersection of the same line with that drawn in Fig.2.9. While in case «), it may
happen that there is no admissible solution on a given line ji;, = c¢. Therefore, we
can use the same procedure if the line ji;, = ¢ intersects the dashed line of Fig.2.8,
while mapping all other points to the admissible solution with the highest value

of fi;. This Riemann Solver is shown in Fig.2.10 and Fig.2.11.

Remark 62 If py 1 < py41 0, then the solution ([)kH, Pk:+1,0) s a contact discon-

tinuity. The same happens if pyy = pgy 10 and pry1o > fgpro- I P 2 Brrao

and P10 < Hg11,0, the solution consists of two discontinuities.

A Riemann Solver according to rule SC2. Rule SC2 identifies a specific

Riemann Solver:

Theorem 63 Fir a node Py. For every Riemann initial datum (Pk,07 P05 Pl+1,00 ,uk+170)

at Py there exists a unique vector (ﬁk,ﬂk,ﬁkﬂ,ﬂkﬂ) solution of the Riemann

Problem according to rule SC2.

Proof. Given the initial datum (Pk,m P05 Pl41,04 /LHLO), it holds

pr = (i),

Pr+1 = Hk+1,09
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Figure 2.11: An example of Riemann Solver: case 3).

where ¢ (f1;,) has been defined by (2.34). We have to distinguish again two cases:

Case a): g1 < fig- Let

. —(1—e¢
o = 143 ( )Mk—l—l,(), (2.36)
€

we consider two subcases which correspond to the situation in which solutions

in region B exist or do not exist.

Case a1): p* < pM (Mk+1,0)- Since piy419 < fy We get

L (1 e (1 o
P - <8 ) HE+1,0 c (5 ) Hrg = Hi

Considering the lines of Fig.2.8, to every p it corresponds a value of the

flux. We claim the following;:

Claim 64 If p* < pM the flux increases with respect to p along the
dashed lines in region C,D and in B for u;** < p < p* and, finally, it

is constant along the dashed line in region B for p* < p < p®*.

It holds
ep*+(1+e)p, 0<p<ph

o P < <

f(p*alu’) = {
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whose derivative, with respect to pu, is given by

of (p*,p) _ ) (T+e), 0<p<p,
Op 0, pr< <

ax
It follows that for p* < pu < p3*®* the flux is constant along the dashed
line in region B.

Let us now prove that the flux is increasing with respect to p along the

dashed lines in regions C' and D. The line connecting the points (% e O)

and (,ukJrl,O, u*) with p* = % (ﬂkJrl - 12741[%> has equation

1 2 2 —0
P o Hi+1,0 1+€Mk 2 1+€Mk— )

and a directional vector is given by

1 2 -
S <u* (Nk+1,0 - 1fgﬂk>>
Co — .
1
Therefore, the directional derivative of the flux is equal to

Vip,p)-rc, = ( © )(’}*(M’“H’O_ﬁi“’f)>z

1—¢ 1

€ 2e
= — — T 1—¢)>0.
o <Mk+1,0 ] +€Mk> + (1 —¢)

The latter inequality is fulfilled if 1y, o > 12755 [, which is true when-

ever we have solutions in region C.

In region D a directional vector of the line connecting the points (,uk 41,00 u*)

and (p*, fi,) is the following

P —Brt1,0
T g ﬂkf'u'* .
Do ( 1 )
It implies that

€ £ tit10 P* = Hgt10
\Y% M) - = Fig—=p =e—+(1+¢) >0,
fp, 1) - 7D, (1_6>< ) ) i (I+¢)

since p* > fiy, > pppq o and py, — p* > 0.
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In order to respect rule SC2 we set

Pk+1 = p*v
i, = min {2, 57}

Case a3): If p* > pM (uk +1,0)’ there are not solutions in region B and since
the flux increases with respect to p in region D we set
ﬁkz—&-l = pM7
i = H
where [ is obtained from

(1 =€) pgy10 + EPk1 = (1 —€) 1y, +€py,

setting pyy 1 = oM ie.

e(l+e) 2 _
L _1_Eﬂk+(1+€)ﬂk+1,o=

28 max

= 1-: (U™ — Ig) + Hgg10-

Case f8): ji, < pig10- Consider the line of Fig.2.9. In this case the flux is
constant with respect to p along the line in the region A and is an increasing

function along the line in region C.
In fact, since the line in region A is given by p, 1 = [i;, it follows that

Eﬂk+(1_5)/1’7 OSMSﬂk7
P e < < ™,

f (P p) = {

from which

af (pk+1aﬂ) _ (1_€)a OS/JJS/-_LIC’
7z 0, fi, < < e

In region C' the line connecting the points (f—fsﬂk, 0) and ([, i) has equa-
tion
1—¢ 2 _ 0
P 1 +e 1 _|_€)uk — Y

and a directional vector is given by

1—¢
rCy = (11'5).
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The directional derivative is the following

V1 (p, 1) _( ¢\ (= N P )
Pirres =\ J\1 ) T 11 & =5

It follows that rule SC2 is satisfied if we define

Prt1 = His
g = -

Finally the Riemann Solver is the following:
Case a): fip4 10 < [l
Case a1): p* < pM (,uk+1,0)
Pre1=p"
fi. = min (", 57}
Case ap): p* > pM (Mk+1,0)

pk+1 = PM (Mkﬂ,o) )
g, = -
Case 3): pigr10 >
Prt1 = Hps
fig = F-

The Riemann Solver is shown in Fig.2.12 and Fig.2.13. In case «) we can define
a Riemann Solver mapping every initial datum to the circle or to the square point
if p* < p™ and to the filled point if p* > p™. In case B) we can define a Riemann
Solver mapping every initial datum to the point (fi, fiy,), indicated by the arrow.

A Riemann Solver according to rule SC3 Also with rule SC3, we have a

precise Riemann Solver.

Theorem 65 Fix a node Py,. For every Riemann initial datum (Pk,07 Fe.05 Pl+1,00 ,ukJrl’O)

at Py there exists a unique vector (bk,ﬂk,ﬁk+1,ﬂk+1) solution of the Riemann

Problem according to rule SC3.

63



A continuum-discrete model for supply chain network

Ly
[T \J
o* \(5
A B

[£5%

Figure 2.12: Case «) for the Riemann Solver SC2.
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Figure 2.13: Case ) for the Riemann Solver SC2.
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Proof. As for the Riemann Solver for rule SC2, given the initial datum
(Pk.0> 148,05 PRt1.0> i+ 1,0) We have
Pe = ¢ (i)
Pkt = Pks1,00

We distinguish:
Case «): This case is splitted in two subcases:

Case a1): p* < pM (Mkﬂ,o)- In theorem 64 it was proved that the flux
increases with respect to p along the dashed lines in regions C', D and
max

B for pi7®* < p < p* and, finally, it is constant along the line in region

B for p* < p < pp®*. It follows that we have to consider two situations:
Case aj1): p* > . According to rule SC3 we set
ﬁk—‘rl = p*v
g, = g™
Case aj2): p* < pup®*. We set
ﬁkJrl = P*,
[, = max {P*aﬂkﬂ} .

Case a3): p* > pM (Mk+1,0)- In this case, there are not solutions in region
B and since the flux increases with respect to u in region D we set, as
for the Riemann Solver SC2,

Prt1 = PM (Mk+1,o) )

g, = -

Case f3): The flux is constant with respect to p along the line in the region A and

is an increasing function along the line in region C, then we set

Prt+1 = Hps

. { P, if pg o < figs

K = . _
K0 if Mo = H-
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Figure 2.14: Case ) and «) (namely 1) and asg)) for the Riemann Solver SC3.

The obtained Riemann Solver is shown in Fig.2.14: all points of the white
region are mapped horizontally and all points of the dark regions are mapped to
the point indicated by the arrows.

Analogously to the case of rule SC1, we can give conditions for solvability of

Riemann Problems, more precisely:

Lemma 66 Consider a supply chain on which the initial datum verifies py o =

max

H
solvability of all Riemann Problems, according to rule SC2 or SC3, on the supply

, i.e. the production rate is at its maximum. A sufficient condition for the

chain at every time is
P > g, .

The case of a supply chain networks

Now, two different Riemann Solvers at junction are defined according to the
routing algorithms RA1 and RA2. For both these algorithms, the flux of goods
can be maximized considering the two additional rules SC2 and SC3.

In order to define Riemann problems according to RA1 and RA2 let us in-

troduce the notation:
fe = f (P> 1) -

The maximum flux obtainable by a wave solution on each production sub-chain:
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fma,x_ { ﬁ‘kj? k:l,...’n
po +€ (P (o) = trp) s k=n+1,..,n+m.

Since fz [fmm fmax:ﬂ] i1=1,...,n and
fj c [O’f;nax = 10 -{—5( ( ) W, 0)}, j=n+1,..,n+m it follows that if

n-+m

Z fmax > Z max

j=n+1

the Riemann Problem does not admit solution. For the solvability of the supply

network the following conditions hold:

Lemma 67 A necessary and sufficient condition for the solvability of the Riemann
Problem 1is that

n+m

Zfznm< > wot+e (0™ (1i0) = m0) -

j=n+1

Lemma 68 A sufficient condition for the solvability of the Riemann Problems,

independent of the initial data, is the following

n+m

Zp;na,x < Z Iumax'

j=n+1

Proof. Since f; € [f;nin,fimax], i=1,...,nand fj € [O,f;nax],j =n+1,...,n+
m, the worst case to fulfill the condition of Lemma XX(prec) happens when fmin

assumes the greatest value and f;*** the lowest one

n+m

Zspinax <e Z Iumax

j=n+1

Now, considering a single junction P, we analyze two cases:

1. P with n — 1 incoming arcs and 1 outgoing arc (i.e. (n — 1) x 1 node);

2. P with 1 incoming arc and m — 1 outgoing arcs (i.e. 1 X (m — 1) node).
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Figure 2.15: One outgoing sub-chain.

One outgoing sub-chain

In this case, since there is only one outgoing sub-chain, the algorithms RA1
and RA2 coincide.

Fixing a Riemann initial datum (pg, 119) = (01,05 1.0 > P10 Fn1.05 Pr.0> .0 s
let us denote the solution of the Riemann Problem with (p, i) =
(ﬁl, By oeees Pt Bope1s Pros /ln) and introduce the priority parameters (q1, g2, ..., ¢n—1)
which determine a level of priority at the junction sub-chains (see Fig.2.15).

Let us define

n—1

_ § : max

Finc - f7, )
i=1
max

1_‘out = n o

and I' = min {Tpe, Dot }-

For simplicity, we analyze a junction with n = 3, so we need only one priority
parameter ¢ € |0, 1[. Think, for example, of a filling station for soda cans. The sub-
chain 3 fills the cans, whereas sub-chains 1 and 2 produce plastic and aluminium
cans, respectively.

First, we compute fl t=1,2,3 and then p, and f;, ¢+ = 1,2, 3.

We have to distinguish two cases:
Case 1): ' =T,..
Case 2): I' < I
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ﬁmax

Figure 2.16: P belongs to 2 and P is outside {2

In the first case we set fl = f i =1,2.

Instead, in the second case we have to use the priority parameter ¢q. Since not
all objects can enters the junction, letting C' be the amount of objects that can go
through, then ¢C and (1 — ¢) C are the objects coming respectively from first and
second sub-chain.

Considering the space (f1, f2), we define the following line:

1_
Tq - f2: qfl:
q

0 o fi+ fo=T.

Define P to be the point of intersection of the lines r, and rr. Recall that the
final fluxes should belong to the region (as in Fig.2.16):

Q={(f1,f2):0< fi < f"™,i=1,2}.

We distinguish two cases:

a) P belongs to (2,

b) P is outside €.
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In the first case we set ( fl, f2> = P, while in the second case we set ( fl, f2> =
Q, with Q = projony. (P) where proj is the usual projection on a convex set

(Fig.2.16). Notice that f3 =T.

Remark 69 The same reasoning can be done also in the case of n — 1 incoming

sub-chains. In R"™1 we get the line ry = tvy, t € R, with vy € Ap_o where

n—1
An,Q = {(fl, ...,fnfl) : fl Z O,Z = 1, ey U — 1,2.]0@ = 1}
=1

is the (n — 2) dimensional simplex and

n—1
HF = {(fl,---,fn—l) . Zfl = 1}

i=1
is a hyperplane. Since vy € A, _a, there exists an unique point P = rq N Hy. If
P € Q, then we set (fl, ...,fn,l) = P. If P ¢ Q, then we set (fl, - fn,l) =Q =
projone. (P), the projection over the subset QN Hr. Observe that the projection

is unique since N Hr s a closed conver subset of Hr.

In order to compute p; and fi,;, © = 1,2, 3, on the incoming sub-chains we have

to distinguish two subcases:

Case 2.1): fz = fi"®. We set according to rules SC2 and SC3,

scg. P i=1,2,
/’Li::u’iv
scg. PiTHe i=1,2.

ft; = max {ﬁia#i,o} ;
In this case p; = ¢ (i;) = [;, 1 = 1, 2.

A~

Case 2.2): fi < f™_ There exists an unique ji; such that fi; + & (¢ (i1;) — j1;) =
fi. According to (2.34), we set p; = ¢ (f1;), i = 1,2.

On the outgoing sub-chain we have:
ft3 = 13,05
while ps is the unique value such that f. (,u370, [)3) = fa.
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Figure 2.17: One incoming sub-chain

One incoming sub-chain

Fixing a node P with 1 incoming arc and m — 1 outgoing ones (see Fig.2.17),

and a Riemann initial datum (pg, st0) = (£1,01 11,01 P2,0s H2,01 -+++s Pm,0s Him,) > let us
denote the solution of the Riemann Problem (p, 1) = (P, figs P2y oy -+vs Poys L) -
For this configuration, we need to define the distribution of goods from the in-

coming arc. Then, we introduce the flux distribution parameters o, 7 = 2,...,m,

where

m
0<a; <1, > aj=L1
j=2

The coefficient «; represents the percentage of objects addressed from the arc

1 to the sub-chain j. The flux on the arc j is thus given by

fj :ajflv ] = 27"'7m7

where f; is the incoming flux on the arc 1.

Let us define

max
Finc = 1 5
m
§ : max
Pout = fj ’
i=2
and I' = min {Tpe, Dot }-
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We have to determine fi;, and p;, k = 1,...,m, for both algorithms RA1 and
RA2.

Riemann solver according to RA1 Analyze the general case with m sub-
chains. For example, we refer to the filling station for orange and lemon fruit juice
bottles as shown in Fig.2.4-a, where the dynamics at node v! is solved using the
algorithm we are going to describe.

Since f; < f;"** it follows that

max
flg J - 7.]_27 , T
a;
We set
A . fpex
f1=rmn{ Fmﬂégf},
j_27' 7m

fi=ajf,

On the incoming sub-chain we have to distinguish two subcases:

Case 1): fl = f1"®*. According to rule SC2 and SC3, respectively, we set:

scg. 1T
H1 = H1,
SC3 - P1 = M1,

fi = max {fiy, pry 9} -
Case 2): fi < f1%%*. In this case there exists an unique ji; such that j; +
e (¢ (1) — fu) = f1. According to (2.34), we set py = ¢ (f1,)-

On the outgoing sub-chain we have:

:ZLJ = :u’_j707 .7 = 2737"7m

while p, is the unique value such that f. (Mj,()a ﬁ)j) = fj, 7j=2,3,..,m.

Riemann solver according to RA2 For simplicity let us consider a node with
m = 3 and in this case we need only one distribution parameter a € ]0, 1] (referred
to the cups production as shown in Fig.2.4-b). The dynamics at the node is solved
according to the algorithm RA2. Compute fk, k=1,23.

We have to distinguish two cases:
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Case 1): I' = T'py.
Case 2): T' < Ty

In the first case we set fj = f;"*, j = 2,3, while in the second one we use the
priority parameter a.

Then, if we indicate with C the amount of objects that can go through the
junction, let aC and (1 — «) C' be the objects that respectively coming from the
first and second sub-chain. Considering the space (f2, f3), define the following

lines:

ot f3 =121,
o fat+ f3=T.
Define P to be the point of intersection of the lines r,, and rr. Recall that the

final fluxes should belong to the region:

Q={(fo, f3) 1 0< f; < f"™, j=2,3}.

We distinguish two cases:
a) P belongs to €,
b) P is outside €.

In the first case we set ( fg, fg) = P, while in the second case we set ( fg, fg) =
Q, with Q@ = projony. (P) where proj is the usual projection on a convex set.
Notice that fl =T.

Again, we can extend the reasoning to the case of m — 1 outgoing sub-chains

as for the incoming ones defining the hyperplane

Hp = (foroo fn) 1 Y_f; =T

j=2
and choosing a vector v, € A,,_2. Moreover, we compute p, and fi, in the

same way described for the Riemann Solver RA1.

Remark 70 In alternative, assuming that a traffic distribution matriz A is as-

stgned, then we can compute fl and choose the vector vg, € Apy—g by

va= B s {tA (7)€ R).
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Remark 71 The classical Kruzkov entropy inequalities at nodes [6] read

D sanlp—k) (f(p) = f(R) =D sgn(p—k)(f(p) - f (k)

inc out
over the sums are respectively over incoming and outgoing sub-chains and k is
arbitrary. The flures are always monotone with respect to p, while the precise
values taken by fluxes and densities on the sub-chains may be different. Thus we

can not expect the inequality to hold in general.

2.3.3 Waves production

In this section let us discuss the waves production on an incoming and an
outgoing sub-chain with initial datum (pi’o, Mz‘,o) and (pj70, ,uj’o) respectively.
Since the load dynamic is described by a conservation law in p and an evolution

equation in u, we have p-waves and p-waves of two types:

e shocks waves which are discontinuities in p and/or u traveling at a constant

speed,

e contact discontinuities, which separate two constant states with the same

speed but different values.

The last one are contact discontinuities in p and p with speed A = —1 connect-
ing the states p; o and p; and p,; o and f;.
On the outgoing sub-chain only p-waves of the second family can be produced.

Then we must consider two cases:
Case a): p;o < 0
Case b): p; > 0
For the case a), two subcases have to be distinguished:

Case a.1): If p; € [0, #j,o] then the solution of the Riemann Problem consists of

a contact discontinuity connecting p; and p; o with speed 1 (for ¢ = 1);

Case a.2): If p; € } K05 u;-nax} then the solution of the Riemann Problem consists
of two shocks: one connecting p; and ;o with speed ¢ (for ¢t = 1) followed
by another one connecting p;, and p; o traveling with speed 1 (for t = 1)

(see Fig.2.18).In the case b) we have to consider two subcases:
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Figure 2.18: Waves production on an outgoing sub-chain: case a.2).

Case b.1): If p; € [0, “3}0] then the solution of the Riemann Problem consists of
a shock wave connecting the states p; and p;, with speed (for t = 1) equal

to slope A of the line connecting the two states:

_ B0 e (o~ Hio) — P

A A
Pio — Pj

Case b.2): If pj € ] Hios u;nax] then the solution of the Riemann Problem consists

of a contact discontinuity connecting p; and p; o with speed ¢ (for t =1).

2.4  Equilibrium analysis

Fixing a node P and a Riemann initial datum (py, 1), now we introduce some

notions about the equilibria at nodes.

Definition 72 Define (p, 1) = RS ((pg, pto))- The datum (py, p) is an equilibrium
if
(p, t) = RS ((po, o)) = (po, o) -
Distinguishing two types of nodes, (n — 1) x 1 and 1 x (m — 1), and equilibria
with active and not active constraints for the maximization problem, we consider

generic equilibria for the Riemann Problem at a junction.
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Figure 2.19: The outgoing sub-chain is an active constraint and the incoming ones

are not active constraints.

2.4.1 A node with one outgoing sub-chain
If the n-th sub-chain is an active constraint then we have:
o =" (1),

otherwise, if it is not an active constraint, we have:

pn < P™ (1) -
For the incoming sub-chains I;, ¢ = 1, ...,n — 1, it will be: if the i-th sub-chain

is an active constraint then

otherwise

In Fig.2.19 and Fig.2.20 the equilibria are shown. In the latter the equilibria
for the algorithm SC2 are depicted in bold, while for SC3 in bold and grey.
The first type of equilibria (Fig.2.19) represents the situation in which the

outgoing sub-chain exhibit the maximal production effort, while the incoming ones
adjust accordingly their production flows.
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Figure 2.20: The incoming sub-chains are active constraints and the outgoing one

is not an active constraint.

The second type (Fig.2.20) shows the situation in which the incoming sub-
chains have a low level of part densities and, consequently, the outgoing sub-chain
is not used at maximal level. In this case, then, since the whole plant is not used
suitably, a re-building is in order, in fact it can be considered either the incoming
sub-chains should be powered such that the production rate is improved or the

outgoing ones should be restricted such that the production costs would be lower.

2.4.2 A node with one incoming sub-chain

The equilibria for the two algorithms RA1 and RA2 coincide. In particular,

if the incoming sub-chain is an active constraint then

5C2: P1 = M1,
SC3: P1 S:u‘h

otherwise p; > p;.

Considering the outgoing sub-chains I}, j = 2, ..., m, if I, is an active constraint
then p; = oM (uj) for both SC2 and SC3 algorithms, otherwise p; < pM (,uj).

For both algorithms RA1 and RAZ2, the case of incoming sub-chain as active
constraint should happen only with p; = py, in such a way that the goods fill up
appropriately the sub-chain. Otherwise the incoming sub-chain should be powered.
For the outgoing sub-chains as active constraints, the situation is different. In fact,

the latter represents a projecting error for the algorithm RA1, while it may well
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happen for RA2.

2.4.3 Bullwhip effect

The Bullwhip effect is a well known oscillation phenomenon in supply chain
theory, see [11]. Since this effect consists in oscillations moving backwards, the
most interesting case consists of nodes with n — 1 incoming sub-chains and one
outgoing sub-chain.

Then, to study the Bullwhip effect, we have to compute the oscillations on
incoming sub-chains produced by the interaction with the node of a wave from
the outgoing one. Since the wave must have negative speed, it is a first family
wave. Fixing the notation, we denote with — and + the values before and after
the interaction, and with A the jump in the values from the left to the right along
waves traveling on sub-chains. Let (p~, ™) be an equilibrium configuration at the
node and ((p;,, 4, ) 5 (Pns f1ry)) the wave coming to the same node.

The effect of the interaction of the wave is the production of n — 1 waves on
the incoming sub-chains.

The oscillation amplitude in the production rate before the interaction is given
by:

Ap™ = fiy, — iy -
The maximum flux on the outgoing sub-chain as function of u is the following
max 1 — & max
P () = p +em™,

thus it is an increasing function. The oscillation of the flux after the interaction

is

1—¢
Aft =
! 1+4+¢

Now, assuming first that the incoming sub-chains are not active constraints,

for both algorithms SC2 and SC3, we have p, > u, , 7 = 1,...,n — 1. Then the

Ap.

first family curve passing through (p;, o ), belonging to the region p > p, is given
by
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_ _ 1—c¢
p=p; +(u—ui)<—1+g>-

From which, for small oscillations we obtain

1—¢
Apt = — Apt
P 1+¢ a
If the oscillation is not small the same relation holds with an inequality sign.

Observe that

1—
Aft=AutT(1- Apt = —ZAut
f pt(L—e)+elp AR
from which

_1+e

A+
a 1—¢

AfT,

and then

At =Ap.

Assume now that the incoming sub-chains are active constraints, which means
that pu; = p; and p, = p, respectively for SC2 and SC3 algorithm. Along the
curve of the first family belonging to the region p < u we have Af = 0, i.e. a
dumping effect is possible, while in the region p > © we have

1—¢
Af =
f 1+¢

Considering the SC2 algorithm, if the first family wave from the outgoing road

Ap.

increases the flux, then it is reflected as a second family wave. In the opposite case,
we get the same estimates as above.

Considering the SC3 algorithm, if the first family wave from the outgoing
road increases the flux, then it is again reflected as a second family wave. In the

opposite case, we get:

At =AD"+ (ug = py)
with an increase in the production rate oscillation.

In conclusion we get the following:
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Proposition 73 The algorithm SC3 may produce the Bullwhip effect. On the
contrary, the algorithm SC2 conserves oscillations or produce a dumping effect,

thus not permitting the Bullwhip effect.
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Chapter 3

Numerical Schemes

In this chapter we present the numerical schemes for the Gottlich-Herty-Klar

model and the continuum-discrete model for supply chains.

3.1 Numerical methods for Go6ttlich-Herty-Klar model

Considering the system (2.22a)-(2.22e), we want to obtain numerical results
for parts dynamics inside a supply chain finding, for each arc j, a suitable ap-
proximation for the density p; (x,t) and the queue g; (¢), with 0 < z < L; and
t € [0,7]. In particular, we use the upwind scheme for densities (i.e referred to
PDE of the model) and the explicit Euler scheme for queues (i.e referred to ODE
of the model).

For each arc j € J, define e numerical grid in [0, L;] x [0, T'] using the following

notations:

o Ax; = % is the space grid size, where N; is the number of segments into
J

which we divide L; (the length of j-th supplier);

o Atj = nl is the time grid size, where 7; is the number of segments into which
J

we divide the interval [0, T7;
o (z;,t") = (1Axj,nAt;), i = 0,...,Nj, n = 0,...,n; are the grid points.

For the density function p; defined on the grid, we set Y pi as the approximation
of pj (xi,t"),with j € J, i = 0,...,Nj, n = 0,...,n;. For the queue g, qj is the

approximation of g; (t").
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Without loss of generality, we can assume that for each arc j, Az; = Az and
At; = At, with Az and At fixed.
A numerical scheme to solve conservation laws at each arc is the upwind

method:

ntl _j n ﬁLJ

jpi Pi — Ax?] (jp? —i p?—l)’ je Ja ZZO,,Nja nzoaanj (31>

The evolution of queues is described by the explicit Euler method:

q}”l = Q? + At (f}L—l,Out - f;fmc) ) ] SRS {1}a n= 0’ <o s (32)

where fI', ,, and f7;, . are the approximation of f;_; (pj,1 (bj,l,t”)) and
fi (pj (aj,t")), respectively, both depending on values of densities computed by
(3.1).

In order to consider boundary data, we refer to equation (3.1) for ¢ = 0. We

proceed by inserting a ghost cell and defining

jp(] Po Fx?j (],08 —I u8)7 je J’ nzoa"'anja

where J ug takes the place of J p" ;. Two different cases can occur:

1. if the arc j is the incoming one to the supply chain (namely a; = —00), and

inflow profile o (¢) is assigned, and we set Juf) = ¢ (t").

2. if the arc j is inside the supply chain, or a; # —oo, we set jug = f—] jﬂ, where
J

f}' obeys equation (2.22e).

3.1.1 Correction of numerical fluxes in case of negative queues

The following lemma holds:

Lemma 74 Consider a supply chain evolution p; (zi,t), qj (t), i.e. a solution
of (2.22a)-(2.22¢). Then for every j € J, t > 0 and x, it holds p; (z;,t) > 0,
q]' (t) 2 0.

Since the ODE numerical scheme does not necessarily maintain the positivity

proprieties of the Lemma 1, we have to modify the Euler scheme.
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At’

Figure 3.1: Negative queue buffer occupancy at t"t1.

Consider the arc j of a supply chain and suppose that, in the time interval
[t”, tntl [, pj (z;,t) is approximated by the constant value Jpr. Then, from (3.2),
g; (t) has a linear shape (see Fig.3.1), namely

_ nin+l _ nt+lin
q: t j t

q q;
g; (t) = -~ A7 Lt 4+ X,

,te [t (3.3)

Assume that qi >0 and q}”l < 0. Then, the queue vanishes at an instant of

time ¢ > ", which is computed by (3.3):

G np— U

t=t"+At, At = _—
; 1
q;‘ - q;l Hj — f]n—l,out

Forcing to zero the behaviour of ¢; (¢), t € [f, t”“], the following numerical

correction for the entering flux f7; . is needed:
1
Jr}lmc - At [Atluj - (At o At,) Jn—LOU«t] (3.4)

This correction on the boundary incoming data for the arc j influences the
approximation of p; (x,t), with consequent effects on dynamics for following arcs

and queues.
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3.1.2 Different space and time grid meshes

Considering the general case in which L; have not rational ratios, we have to

consider the possibility of choosing different space and/or time grid meshes.

Different space meshes for different suppliers

For each supplier j € J, the numerical grid in [0, L;] x [0, T is defined choosing
a fixed grid mesh At, then different space grid meshes are necessary and we set
Az; = v;jAt, where v; := % is the processing velocity. In this case, grid points
are (mi,t”)j = (iAzj,nAt), i =0,...Nj, n = 0,...,n;. Then the upwind scheme for

the parts density of the arc j now reads:

; At ; ; . .
jp?+1 =7 p:L - TIL"Uj (Jp? —J pln—l) , J € Ja = Ov "')Nj) n= 07 )77] (35)
J

To respect CFL condition (see [23]) the time mesh satisfy:

At <min{v;Az;:j€ J}. (3.6)

For queues we refer again to equation (3.2).

Different time meshes for different suppliers

Now, fix two consecutive arcs j — 1 and j. Then two different numerical grids

are defined, whose points are, respectively:
($k,tnj_1)j_1 = (k‘ALE, njflAtjfl) y k = 0, ceey Njfl, ’rlj,1 = 0, ceey 7’]j71,

Tz, t") = (kAz,n;At;), k=0,...,N;, nj =0,...,n..
il jr T j

For the queue buffer occupancy the explicit Euler is given by:

07 = a7+ A ([ o~ ) (3.7)

where
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Min. AL
(..J A P - ""(nj+1)Atj B o P
A I A At I A
f3
_—rmimi i - -1 .-. A - i - & T-.-.
m(nJ)At[ s
Lo ]

Figure 3.2: Case At;_1 < At;. Left: not proportional case. Right: proportional

case.

min { f;1 (0% ) omsf @ (0) =0, (3.8)

while ffj 1.0ut Must be suitably defined. If At;_y < At; (see Fig.3.2), we define

.
fj,gnc =

m (n;) and M (n;) as:

m(nj) =sup {m : mAt;_; < n;At;},

M(?’LJ> = inf {M : MAtj_l > (nj + 1) Atj},

and set

M(n;)—m(n;)—1

T . i—1 m(nj)+l
filiow = Z Atj_1fj—1 (j PN, ) +
=1

+[(m (n;) +1) Aty —n;Atj] fi (j_lp%ﬁ)) T

+[(nj + 1) Aty — (M (nj) — 1) Atj_1] fia (Flp%(m)_l) .

Jj—1

Notice that, in the special case At; = vAt;_1, v € N — {1}, we simply have:
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Figure 3.3: Case At;_1 > At;.

M(n;)—m(n;)-1

n; _ 1 m(n)+ _ ny
oo = 2 Atiafia (TN = e =
=1

-
i1 i+
= > Atjafia (J Lot ) :
=1
If, on the contrary, At;_1 > At; (see Fig.3.3), we set

njAtj
n; e At
fj—l,out - fj—l )

where |-| indicates the floor function.

Finally, in this case, the approximation scheme for densities is the classical

upwind method.

Fluxes corrections

In case of negative values of queues, flux corrections have to be considered also

for the variants of numerical method seen before.

For the modified upwind scheme, fluxes corrections are the same as in the

previous section.

86



Numerical methods for Géttlich-Herty-Klar model

0 S SRS G
AIJH'II o ALy, IAtf
———— SR W B U 3 S ) S
’ 1
J4 FER |

Figure 3.4: Different time meshes for fluxes corrections.

Now, for the modified Euler scheme for queue (3.7), we consider two consecutive
arcs, 7 — 1 and j, with approximation grids characterized by equal spatial meshes
Az and different temporal meshes At;_; and At;.

Assuming q;Lj > 0 and q;LjH <0, if Atj_1 < At; (see 3.4 left, for an example),
more precisely At; = NAt;_1, a possible correction for the flux entering the arc j

is the following;:

N—1 ¢k
fB o Zk:O j—1,out
Jane =N 41
where fjl-‘;l and fJB are, respectively, the approximations of f;_; (pj_l (bj_g, tk))

and f; (pj (aj,tB)). If At;_1 > At; (Fig.3.4 right), precisely At;_1 = NAt;, we
indicate with ¢ the instant such that g; (£) = 0.
Then if
t

I

is the numerical approximation of ¢, a suitable correction for the flux entering

the arc j can be
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: k
:U’ja Zf q; (t )>Oa
fk = (¢num _— . __4num]f. Vk == 0, .. N — 1
jrinc py(t At]§)+[(6gtlj)Atj t ]fj_lm,,t’ otherwise, s

3.1.3 Convergence

According to study the convergence of the previously presented numerical
schemes, the main idea is to relate the solution to those produced by Wave Front
Tracking (WFT) and control the norm of generalized tangent vectors as in [21].

Consider the Cauchy problem of type (2.22a)-(2.22e), with initial conditions
pjo in the space of bounded variation functions BV. For simplicity, we consider the
case of equal processing velocity and equal space and time meshes for all suppliers;
the general case is similar.

Fix an initial space mesh Azy and define a sequence of approximate solutions
vJplt, generated sampling the initial datum pjo on grids of mesh Az, = 27"Axg

and using the time mesh:

At, = vAz, = v27"Axy, (3.9)

where v is the common velocity to all suppliers. More precisely:

"ol = pio (a5 +i27"Ax) +)
where (-+) indicates the limit from the right, which exists because of the as-
sumption of BV initial data.
We can define a projection of the approximate solution over the space of piece-
wise constant functions by setting:

Lj .
27'UA1—1’U"]

mpc ("p") = Z P" X[a;+i2— Aw,a;+(i+41)2-" Ax|
i=0

where X[, is the indicator function of the set [a,b]. Similarly we define the
corresponding buffer occupancy approximations Yqi. We will also consider the

WFEFT solution /p!V 7 starting from the initial datum:

mpc ("7p°).

A WFT solution is given by:
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e Solve the Riemann problems corresponding to discontinuities of mp¢ (”J p?),

replacing rarefactions by a set of small non entropic shocks of size 27;

e Use the piecewise constant solution obtained piecing together the solutions

to Riemann problems up to the first time of interaction of two shocks;

e Then solve a new Riemann problem created by interaction of waves and

prolong the solution up to next interaction time, and so on.

In order to ensure the existence of WFT solutions and their convergence, it
is enough to control the number of interactions, waves and the BV norm. In the
scalar case, this is easily done since both number of waves and the BV norm are
decreasing in time (for details [6]).

For queues we use the exact solutions to (2.22¢) which are indicate by g WF T,
BV estimates for complete set of ODE-PDE model (2.22a)-(2.22¢) are proved in
[21].

We have:

Lemma 75 Assume that all suppliers have the common velocity v, p;, are BV

functions, p;q (x) < p; for every x and (3.9) holds true. Then:

||mpc (U’ p") — pVET (nAt,) HL1+Z ‘ =Y WFT (nAty)| < C27"Amg ZTV (rio)
J

where C' > 0 and TV (-) indicates the total variation.

As in [21], we define generalized tangent vectors (v,£,7n) to WFT solutions.
As proved in the Lemma 2.7 of [21], the norms of tangent are decreasing along
WEFT solutions.

Now, we define the convergence error as:

E,(n) = ZZT”AQ:O |7 pfp =+ ”\+Z\ g = (3.10)

ZHWPC U pp) —mpe (VM pl) HL1+2‘ -l

Moreover, we have:
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Ey (0) = [Pl T (0) =7 oA (0)]| 0 <27 DAY TV (). (3.11)

J
We can notice that the initial datum mpc (”H’j p?) can be obtained from
TpC (“’j p?) by possible shifting waves with tangent vectors of the 2T!Ax, in fact
both functions are obtained sampling the same BV function on different subgrids.

Then, again by the Lemma 2.7 of [21], we can control the distance writing:

o 0= AT Ol S 0= o 0] < P 0 o7 O

By the Lemma 75 and (3.11) we get:

E,(n) = ijxVFT (nAt,) —I pl AT (nAt,) )| |1+ Z |"q; WET (nAt,) =+ qJWFT (nAt,)|

+C (2‘” 4 2_(v+1)) Axg Z TV ,0]-,0)
J

IN

19 pWET (0) =3 QT (0)] |, + C (Tv +2*(v+1)) Ao S TV (p)
i

IN

2—(y+1)A$0 ZTV (Pj,o) +C (2—11 + 2_(v+1)) Axg Z TV (Pj,o) .
p J

Finally we get the following:

Theorem 76 Assume that all suppliers have the common velocity v, p; o are BV
functions, p;o(v) < p; for every x and (3.9) holds true. Then the convergence
error E, (n) (defined in (3.10)) tends to zero uniformly in n with linear convergence

rate in Ax, = 27"Axy.

3.2 Godunov scheme for 2 x 2 systems

In order to describe Godunov numerical method as applied to the system (2.30),
we rewrite it as the 2 x 2 hyperbolic system (2.31).

The Godunov scheme is based on the construction of the Riemann problem for
(2.31), [Ur, Ug], which is the initial value problem for initial data given by a jump

discontinuity
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Ur, <0,
U,z)=4 (3.12)
Ur, x>0,
and it has a unique entropy solution
U(t,z) = Ug (% UL, UR) . (3.13)

We discretize [0, +00) x R by a time and spatial mesh length, respectively, At
and Az, and we let t, = nAt and 2/ = jAz, so that (tn,mj ) denotes the mesh
points of the approximate solution va (t,z) = v%. Starting by the approximation
Uy = (vj> - of U (t,,-), with v a column vector of R?, an approximation viﬂ,

with j € Z, of U (t,,41, ) can be defined as follows:

e extension of the sequence v, as a piecewise constant function va (¢, -):
. .1 S0 1
oA (t,) =), 272 <x <alte; (3.14)

solution of the Cauchy problem

U+ F(U), =0, eR,t>0,
{ t+ F(U), o (3.15)

U(0,2) =va (tn, ),
in the cell (t,,tn41) X (xjfl,wj);

e computation of the solution as the average value of the preceding solution
in the interval (aﬁj 7%,373' +%) obtained projecting U (At, ) onto the piecewise
constant functions:

o1
Pt

; 1
o, = AI/M_% U (AL, z) dz. (3.16)

To avoid the interaction of waves in two neighbouring cells before time At, we
impose a CFL(Courent-Friedrichs-Lewy) condition as:
At

1
= < Z .
Az max{|)\0|7\)\1\}_ 9’ (3 17)

where A\g and \; are the eigenvalues. Since, in this case, we have that |[A\g| = 1

and |A;| <1, the CFL condition reads as:
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At 1
= <z
Az — 2
The solution of (3.15) is obtained by solving a sequence of neighbouring Rie-

mann problems and we have

r—aits . .
U(t,x) =Ug T;v%,vffl ol <z < j e (3.18)

Then, a more explicit expression of the scheme can be obtained integrating the
equation (3.15) over the rectangle (0, At) x (xj_%,xH%). Since the function is

piecewise smooth, we get:
U((A - U +
/mf‘% (U (At,0) (0,2)) dx

+/0At (F (U (tat2 ~0)) = F (U (ta7"% +0))) dt 0.

Now, using (3.14) and projecting the solution on piecewise constant functions

we obtain:

o) [ () r (g0

and, recalling (3.18), we derive:

Vg =l R {F (U (0= 0dvd™)) — F (Up (04047 00))} . (320

sy Yo Un

Since the function { — F (Ugr (&;Ur,Ug)) is continuous at the origin due to
the Rankine-Hugoniot conditions (see [16]), Godunov scheme can be written in

the form:

vy =l RO LF (Ur (00d ) — F (U (00 0d)} . (320

and the numerical flux computed in V' = (vy,v2) and W = (w1, wa), is
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G(V,W) = F (U (0;V,W)). (3.22)

The numerical flux can be written in a general form as:

G (V, W) = { minzle[vlvwl] F (Z) lf (%] S w1

Max;, v, w,] F (Z) ifvy>un
where the second variable z9 in Z = (21, 22) is assumed to be fixed. The final
expression of Godunov scheme for the problem (3.15) is:

vy =)= (G (0l — G (o] ) (323)

More precisely, for the system (2.31), the scheme reads as:

A A — L
Phq = Ph— Ab (9 (p%,p%f ~yg (p% m%)) ,

N}jﬁl = th — At (lU’ZH-l —uh) 520

where the approximate values of p (z,t) and p (z,t) on the numerical grid is
indicated as, respectively, p% and ,u% for j=0,..,Land n=0,..,M — 1. In the
(3.24) we can observe that the Godunov scheme for the second equation reduces

to forward upwind scheme.

3.2.1 Fast Godunov for 2 x 2 system

In order to find a simplified expression for the numerical flux of Godunov
scheme, considering as numerical flux the function F(U) with f (p, ) defined in
(2.30), we solve Riemann problems between the two states: (p,, u,) on the left
and (p,,p,) on the right. In particular, referring to relation (3.22), we compute

the value of F'(U) in the separation point between waves of different speed.

Theorem 77 The numerical flux function G (V,W) = F (Ug (0; V,W)) is

(p_s—py) ifp_ <p_Vp_ <y,

G p_spospisiy) = (ot %pf’ ) Z:fpf e
(%p,-f—lTEﬁL»_HJr) ifp_ > p_ NV oy >,
(% (g +ep_) +ep_, —,u+> if po 2 p- Vg <

(3.25)
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with
14¢
2

B=p (o). (3.26)

Proof. Let P be the intersection point between the first family curve pass-
p_

p_
family curve passing through P splits the invariant region into two regions A =

{(,0, W) p > p_} and B = {(,0, w):p < p_} as shown in Fig.3.5 and Fig.3.6. Each
Riemann problem solution presents waves traveling with two velocities, namely

A =-land 0 < e <)\ <1. If (p,,p,) is the intermediate state (see Fig.3.7),

ing through (p,,,u,) and the line p = p, namely P = ( > The second

we compute the numerical flux function G (p_, p, ) given by (f (p,, 1) s 1t,). We

distinguish two different cases:

Casel: p_ < p_. In this case, if (p+,u+) € A then (p,,u,) = (p_,u+). If
(p+, ,u+) € B, the needed value of flux is that corresponding to (f (p*, u+) , —,u+)
(see Fig.3.5). We have

_l-e
(Pas ) = (P 114) = ( P- ) +t< Ite ) (3.27)
p- p-

and p, is computed as:

1—¢
1+¢

pe=p_+ (p_ — ps) (3.28)

Finally, since p, > p_ > u, we get the expression in the second line of (3.25).

Case 2: p_ > p_. In this case, if (p,,p, ) € A then (p,, p,) = (p, 11y ), where

14+¢ 1—c¢
—_— 3.29
5 p_ + 5 j. ( )

is obtained as follows. The point (p, i) is:

(hﬂ)z(p‘)ﬂ(_ii),
W 1

and, using that p = fi, it is possible to get (3.29). Assuming (p,,p,) € B,
the value of flux we need is f (p*, I Jr) with p, given by

1-e
(Psr 1) = (Par i) = ( ’- > +t< e ) : (3.30)
I 1
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o |- T _____ B _'_"_"_"_"r'_"_"_"_"_\

Y

Figure 3.5: Case 1, with (p+,,u+) € B.

and, making simple computations, one gets:

pe=p_+ (p-—p) —— (3.31)

Taking into account that p, > u,, we obtain the expression of flux as in the
last line of (3.25).

3.3 Numerics for Riemann Solvers

In this sub-section, in order to describe the numerical framework for the so-
lution of Riemann problems at junctions, we refer to the general Riemann solver
called SC1 [12] and to SC2 and SC3.

For simplicity, we focus on a single supplier v¢, and on two consecutive sub-
chains, e and e + 1.

Let us introduce the following notations:

° ,ofz’L,,uf{L are the approximate values, respectively, of density and processing

rate at time ¢,, at the outgoing endpoint 7 = LAx of sub-chain e;

° pf{o,uf{o are the approximate values, respectively, of density and processing

rate at time ¢, at the incoming endpoint x¢g = 0 of sub-chain e + 1;
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Figure 3.6: Case 2, with (p+,,u+) e A

Figure 3.7: Intermediate state between the two waves.
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3.3.1 Discretization of the Riemann Solver SC1

Setting

¢ §= f(pn ,MZ’L),
1,0
i 'ant;c =f (pmaxvﬂfl—i_ ) >

we consider two cases:

Case o) If 4 <~4HL:

max*

P = ot
e = et
e+1,—-1 _ (Pn s it ) if f (me{L,M%L) < #iﬂ,o,
" ot Mns) p MZ—H’O otherwise,
MfLH =1 uz+1 0’
Case f) If 4 > y5fy:
ottt = ot
el inax = €0

1—¢

pZ'H = Pmax>

quLH — uiﬂ ,0

3.3.2 Discretization of the Riemann Solver SC2

Case a) We have two subcases:

aq) if p* < pyy, we set:

pt =t
/~L7€’LL+1 = min {P*, :U’renax} ’
Pt =0,
Mi—i—l ,—1 M%—H 0’
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ag) if p* > pyy, the new values are:

e,L+1 __ e, L
pn - pn ’
1+¢ 2e
e,L+1 ~ —e e+1,0
T =P~ +(1+e¢ 7
e+1,—1 _ ~
Pn =P
e+1,—1 __ , e+1,0.
:U'n - :un ’
Case f3)
e,L+1 __ e, L
pn - pn ’
e, L+1 __ —e
n - ,U, b
e+1,—1 _ —e
pn =K,
e+1,—1 _  e+1,0
:u’n - :u’n °

3.3.3 Discretization of the Riemann Solver SC3

Case a) two subcases occur:

aq) if p* < pyy, we set:
L+1
Pt

e,L+1
Mo,

_ elL
_pn ’

= max {p*, ;" } ,

e+1,—1
Pn

e+1,—1
H

k
=P

_ ,,e+1,0.
- Mn 9

ag) if p* > pys, we compute the new values as in SC2:

e,L+1

_ elL
Ion _pn ’

1+¢ 2e
eL+1 _ ~ —e 1 e+1,0
" et (e

e+1,—1
Pn

e+1,—
Ko,

=P,
1 _  e+1,0,
- :un I

Case f3)

e, L+1

e,L
Pr =Pn s
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By) if #%’LH > nf, we set:

e,L+1 _ e
n n
By) otherwise, we assign:
pi =,
pr-O-l,—l — ﬁe’
i—i_l’_l _ luz—&-l,o‘
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Chapter 4
Simulations and Optimization

In this section, first, we report some numerical results analyzing the use of
the Klar model and the continuum-discrete model for supply chain. Then we will
compare, via simulations, performances between the two previous model showing
some differences.

Moreover, we show the behaviour of a supply chain network based on both
models.

Finally we discuss about some optimization techniques related to Klar model

for supply chain.

4.1 Numerical results

4.1.1 Example of Go6ttlich-Herty-Klar model for supply chain

Consider a supply chain with four arcs, i.e. N = 4, consisting of three proces-
sors with queues characterized by length L;, capacity u;, and processing time T},
for i = 1,2,3,4 and an inflow arc. Then we summarize these quantities for each

processor in the following table:

Processor j | p; | T; | Lj
1 2511 |1

2 1511 |0.2
3 103 | 0.6
4 1511 |02
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Figure 4.1: Inflow profile f; (t) prescribed as initial data on the first arc.

We suppose that at time ¢ = 0, all arcs are empty, i.e. p;, = 0 Vz € [0, L;] and

the queues are assumed zero, i.e. gjo =0, j = 2,3,4. The initial inflow profile

18 T

gu OStS 4

— 18 T T
i) =19 36—t T <t<3, (4.1)

0, L<i<r

is such that it exceeds the maximum capacity of processor (see Fig.4.1).

Assuming a total simulation time 7" = 140 and discretization spatial and time
step constants for each arc, respectively Az = 0.0125 and At = 0.5Az = 0.00625
(such that the CFL condition is satisfied), we get the numerical solution to the
ordinary (i.e. without considering different space meshes and time mesh) supply
chain model (as shown in Fig.4.2 and Fig.4.3).

In 4.2 we observe that queue ¢4 remains empty, since the maximal capacity is
such that u, > ps3, while in the queues g2 and g3 it is evident the buffering of an
exceeding demand.

4.3 shows the behaviour of the final density in which the density p, of processor
two corresponds to the strip 0 < z < 10, t > 0, p; for processor three to 10 <z <
40, t > 0 and p, for processor four to the remaining part of the plot.

Now, if we consider the supply chain model with different spatial steps and
different time steps choosing, respectively, Az = 0.0125 and Az = 0.0125, we can
notice that, for the same parameters configuration, different numerical approxi-

mations give rise to very similar results. In the Fig.4.4 the comparison between
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g:()
140

120 I — 30
100 PR g3
80 : \ — 940
60 : \

40
20 LN

i
20 40 60 80 100 120 140

Figure 4.2: Behaviour of queues

Figure 4.3: Behaviour of final density
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ga(1)
8.4
——  quAn), At
83 = qaf) Ax;
— (), ordinary

t
47.8 47.82 47.684 47.86 47.88 47.9 47.92

Figure 4.4: Comparison between ordinary and other methods for ¢s.

ordinary and other methods of the queue buffer occupancy ¢ (¢) is shown.

4.1.2 Example of continuum-discrete model for supply chain

In order to compare the continuum-discrete model and the Klar model, we
refer to the previous example, considering the flux function with different slopes
my (see Remark 54). The expression of numerical flux G (p_, Py Py +) of fast

Godunov scheme for supplier Iy, is:

(mrp_, —piy) if p_ <p_Vop_ <py,
oo ((mrfﬁ) u++127f5p7,*u+) fp. <p_Vp_>pg,
(ma (F=p- +550-) s —ny) if p_ > p_ Vo >,
((mk - 1%) g + Tsep_ +ep_, —u+) if p_ > p Vo, <[,
(4.2)

with fi as in (3.26). Then, we have N = 4 processors described by the following
table:

Processor k | py, | mr | Lg
1 25 |1 1

2 15 1 0.2 | 0.2
3 10 | 0.2 | 0.6
4 151 0.2 | 0.2

Let us assume the initial data as p; (t,x) = py (t,2) = p3 (t,z) = py (t,x) =0
and the boundary data is given by
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Py

Figure 4.5: Evolution of flux f, density p, and processing rate u, on processors 2,
3, 4, with Riemann Solver SC1 and € = 0.1.

18 T
%u 0§t§27
p1(t,0) =14 36— 28t L<t<L
0, L<i<T

The simulation time is assumed to be T' = 140, with Az = 0.02 and At = 0.01.
On each processor the initial datum g (0, ) is the value p;, with & =1,2,3,4.

The evolution in time of flux, density and processing rate on processors 2, 3, 4,
considering the Riemann Solver SC1 for ¢ = 0.1 is shown in Fig.4.5. In particular,
in this case we can observe that the processing rate is minimized and the flux and
density are considerably lowered on processors 3 and 4.

Instead, in case of the Riemann Solver SC2 with ¢ = 0.1, shown in Fig.4.6,
the flux and the density are correctly developed on processors 2, 3, 4, due to the
behaviour of the processing rate u, which assumes the minimum possible value in
order to maximize the flux.

The Riemann Solver SC3 is shown in Fig.4.7 and Fig.4.8, respectively with
€ =0.1 and € = 0.01.
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Figure 4.8: Evolution of flux f, density p, and processing rate u, on processors 2,
3, 4, with Riemann Solver SC3 and ¢ = 0.01.

As we can see by the last two graphs, different values of € determines different

behaviour of the quantities f, p and p; in particular for ¢ — 0, the maximum
values assumed by the flux and density decrease.

Finally, if we compare the behaviour of the density for Riemann Solver SC3

with that one of the example for Klar model shown in Fig.4.3, we can observe that
the two modellistic approach are in accordance as we expect.

4.1.3 Example of Klar model for supply chain network

Consider a supply chain network with N = 16 arcs and V' = 10 processors (i.e.
nodes) as shown in Fig.4.9.

In the following table we report the characteristics of each arc, i.e. length Lj,

capacity p;, processing time 7; and the distribution coefficient a;.
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Figure 4.9: Supply chain network with 16 arcs and 10 nodes.

Processor j W T; | Lj | o
sl 0.0005 | 1 | 1 1
52 0.01 111106
s3 0015 | 1 |1 ]04
s4 0.02 111105
sb 0.008 [ 1 | 1 ]0.3
s6 0.02 11 11]04
ST 0.0005| 1 | 1 |02
s8 0.01 111105
59 0.017 | 1 | 1 ]0.7
s10 0.01 111106
s11 0012 | 1 | 1 |08
512 0.001 | 1|1 ]0.7
s13 0.0005 | 1 | 1 |0.3
sl4 0.0001 | 1 | 1 1

We assume that for each arc the initial data and the queue are equal to zero,

and the boundary data is given by
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0.002

0.0015 | /
0.001 f e

0.0005 r

Figure 4.10: Queue on the last processor with a1 = 0.7 and a3 = 0.3.

18 T
P11, 18 T
36 — 558, 5 <t<T,
with total simulation time 7" = 70. Moreover we set the spatial and time

discretization step are, respectively, Az = 0.0125 and At = 0.0125.

In the Fig.4.10 the behaviour of queue on the last processor (node 10) is shown.
If we reverse the distribution coefficients of the arc s12 and s13, i.e. @12 = 0.3 and
a12 = 0.7, we obtain the value of the same queue is lower that the previous case
(as shown in Fig.4.11). Then, we can observe that the behaviour of the network
can be managed through the control of few parameters such as the distribution

coeflicients.

4.1.4 Example of continuum-discrete model for supply chain net-

works

Now we report the densities and production rates at t = 0 and after some

times (at ¢t = 1) for different initial data using different routing algorithms. Since
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0.002

0.0015 /
0.001 | /

0.0005

Figure 4.11: Queue on the last processor with a12 = 0.3 and a2 = 0.7.

a constant state is an equilibrium for the single line model, a modification of the
state may only appear initially at the junction.
max

Assuming a node of type 1 x 2 with e = 0.2, u** =1,47=1,2,3, a = 0.8,

i
(P1.0sP2.0:P30) = (0.7,0.1,0), (1.0 120, 130) = (1,0.2,1) we report the corre-
sponding Riemann Solver (shown in Fig.4.12 - Fig.4.13).

We can observe that the algorithm R A2 redirects the goods, in fact taking into
account the initial loads of the outgoing sub-chains, the number of goods processed
by the sub-chain with density ps , = 0 increases.

In the case of a node of type 2 x 1, assuming € = 0.2, p;"* =1,79=1,2,3, ¢ =

0.6, (pl,()’ p270, p370) = (03, 07, 08), (#170’ ,LLQ’O, ,ng,o) = (08, 07, 04), the numerical
results are shown in Fig.4.14 and Fig.4.15.

4.1.5 Simulation of a simple supply network using both models

Consider a supply network formed by two junctions (nodes) and five processors
(arcs) linked as in Fig.4.16

We suppose that at time ¢ = 0 all processors are empty and the queues are
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RAl

RA2

SC2

SC3

SC2

SC3

(0.7,0.47,0.23)

fi | (0.58,0.47,0.12) | (0.58,047,0.12) | {0.7,0.47,0.23)
o | (0.82,1.53,0.12) | (0.82,1.53,0.12) | (0.7,1.53,0.23) | (0.7,1.53,0.23)
i (0.52,0.2,1) (0.52,0.2,1) (0.7,0.2,1) (1,0.2,1)
TABLE 1. A node of type 1 x 2.
t=0 Ao t>0 Ao
£i
Fr0 £1,0
X x
pro P10 A; #e
&
£1.0 £3.0

Figure 4.12: A Riemann Problem for the RA2-SC3 algorithm: the initial density

and the density after some times.

Hio

t=0

H2,0

Hag

2,0

Figure 4.13: A Riemann Problem for the RA2-SC3 algorithm: the initial pro-

duction rate and the production rate after some times.
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RA1=RA2
SC2 SC3
fi | (0.5,0.3,0.6) | (0.3,0.3,0.6)
pi | (03,1.1,1.4) | (0.3,1.1,1.4)
fi; | (0.3,0.1,0.4) | (0.8,0.1,0.4)
TABLE 2. A node of type 2 x 1.

1.0

P20

Figure 4.14: A Riemann Problem for the SC2 algorithm: the initial density and

the density after some times.

t»0 Az

o 0

&;

M0 H20

=¥

«¥

H2.0 Hag iy

Figure 4.15: A Riemann Problem for the SC2 algorithm: the initial production

rate and the production rate after some times.
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Arc1 Arc2

Arc3
Arcd

Y
\ 4

Arc 5

Figure 4.16: aaaaa

assumed zero. Moreover we use an initial inflow profile as:

184
359

P1 (tv 0) - 36 — %tv
0,

<t<

, ((4.3))

I R

t
t

IN A

<
<

v N 9

Each processor is characterized by the parameters shown in the following table:

Processor j | p; | 15 | Lj | o
Arc 1 1511010 | 1
Are_ 2 1015030 1
Are_3 10 | 50 | 10 | 0.3
Arc_4 20 | 50 | 10 | 0.2
Arc 5 8 |50 |10 | 0.5

Then, using the Klar model, the results for the densities versus time and space

for each outgoing processor are in Fig.4.17.

Fig. 4.18 show the evolution of densities for the entire supply networks.

Now, if we consider the continuum-discrete model using the routing algorithm

RA1 in combination with the rule SC2 and the inflow profile as in (4.3), and we

set the boundary conditions for the processing rate of each arc as in the following

table:
Processor j | p; IN | p; OUT | p; MAX | Ty | Lj | o
Arc 1 10 10 15 1010 1
Arc 2 7 8 10 50 | 30 | 1
Arc 3 10 50 | 10 | 0.3
Arc 4 15 16 20 50 | 10 | 0.2
Are 5 5 6 8 50 | 10 | 0.5
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Figure 4.17: Results for Klar model. Case(a): density for the first processors;
Case(b): density for the second processors; Case(c): density for the third proces-

SOrs.

Figure 4.18: Behaviour of the final density: p; for 0 < =z < 10, t > 0, py for
10 <2 <40, t > 0, and p3, py, p5 for 40 <z <50, ¢t > 0.
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Figure 4.19: Results for the continuum-discrete model. Case(a): density for the
first processors; Case(b): density for the second processors; Case(c): density for

the third processors.

The results for densities of each outgoing arc and evolution of densities for the

entire supply networks are respectively shown in Fig. 4.19 and Fig 4.20.

4.2 Optimization of Klar model

According to consider the optimization problem for the Klar fluid dynamic
model for supply chain, the aim is to adjust the production in order to minimize
queues length and to obtain an expected pre-assigned outflow. The optimization
is realized by minimizing a cost functional which takes into account the final flux
of production and the queues representing the stores.

Since this functional is not linear, it is very difficult to determine its mini-
mum, so to solve this problem, we use the tangent vector method as optimization
technique.

Considering a supply chain with IV arcs, and N — 1 vertices, the cost functional
is defined as:

T
0

T
Topa) =3 [ as®at+ [ I ox (b)) — o)
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Figure 4.20: Behaviour of the final density: p; for 0 < z < 10, ¢t > 0, py for
10 <2 <40, ¢t > 0, and p3, py, p5 for 40 < x < 50, ¢ > 0.

A
aQ
)
—» — @
o 51 H 53
| § k 1.0
0 t t t g

Figure 4.21: Profile of input flow with displacement of discontinuities

with j = 1,.., N and where each arc is represent by intervals [a;, b;], ¢; is the
queue between the arc (j — 1) and j, fv (py (¢, b)) is the final flux of production
on the last arc N, ¢ (t) is the pre-assigned output flux and 7" is the total time of

observation. In order to optimize the production costs, we want to find

min [/ (p;, ;)]

We choose the space L? because the definition of functional considers the dis-
tance in this space.

In order to compute this minimum, in what it follows, we show the tangent vec-
tor method. We consider an initial input flux fy as a piecewise constant function,
where tj, are the discontinuity points (see Fig.4.21)

Let &, be the infinitesimal displacement of discontinuities ¢; .Each £;, produces
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a reconfiguration of the function fy and changing the system, whose effect are
visible both on fluxes and on the queues. Therefore time shifts on the processors
and shifts on the queues are produced. In particular those shifts are generated
by the interactions occurring at different times in the system as result of initial

infinitesimal variations. We consider two kinds of interactions:
a) interaction of a wave flow with queue;
b) emptying of the queue.

The interaction time is denoted by ¢. The time shift generated by the infini-
tesimal displacement &, on the processor I; is denoted by ke ;» while the shifts on
the queue g; are, respectively before and after the interaction, knj_ and knj.

For the case a), we distinguish two sub-cases:

L. g; (t) = 0;

2. q; (t_) > 0.

Let us consider the case 1.a). For ¢ < ¢, for ¢ sufficiently close to ¢, ¢; (t) = 0
and ¢; (t) = 0. Since ¢; (t) = f (p{_1> — fout = 0, where p{_l is the density on arc
7 — 1 before the interaction time, fu,; = pjfl, but if fou: = p{, then p{fl = p{,

i.e. the incoming flux are equal to outgoing flux before the interaction. For ¢t > ¢

it can be:

i) pg_l < p{_l; in this case the flux is decreasing and the queue still remains
empty. Since g; (t) = 0 for ¢ > ¢, we have p;_l = p; (see Fig.4.22)A wave
(,0%, p{) is produced on arc j. The time shifts do not change on arc j — 1
and j, i.e.
er=¢.

There is no shift for the queue, so 77; =n; =0.

i) ' > gy, Then, fou = min{f (pg‘l) ,uj} — iy and g; (t) = f (p;—l> ~
pj > 0, ie. the queue increases and a wave (pu;, pi is produced on arc
j. The time shifts are equal on arcs 5 — 1 and j, i.e. {7 = ¢ (as shown
in Fig.4.23). Moreover a shift for the queue j is produced; in particular it

is n; = 0 (before interaction there is no shift), while for ¢ > t we have
77j+ =(t+¢ -1 (,0%71 — uj) = <,0§71 — uj), as shown in Fig.4.24.
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Figure 4.24: Shift of the queue j.
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-1 Hi
o
/
-1
A
Iiq 9j I

Figure 4.25: ¢; (t) > 0.

v

ForHE t
Figure 4.26: Shift of the queue g;.

Consider the case 2.a). For ¢t < ¢, for ¢ sufficiently close to ¢, g; (t) > 0, so
fout = p; and ¢; (t) = f (p{_1> — ;. For t > ¢, since the queue is still not empty,
we have that fou: = p; and g; t)y=1f <p%_1) — 4. In this case no wave is produced
on arc j and ¢ = 0 (see Fig.4.25).

A shift for the queue is produced,
ie. i = (f+& —1) (qj - q;) —¢ <f (p;"l) _f (p{_1>>, as shown in Fig.4.26.

Finally, let us consider the case b), in which the queue is decreasing so g; (¢) = 0.
For t < ¢, q; (t) < 0 and ¢; (t) < 0, then four = p; and ¢; (t) = f (p{_l) — b
While for ¢ > ¢, with ¢ sufficiently close to ¢, we have ¢; (t) = 0 and fou: =
min {f (p{fl) ,uj} = p{;l (see Fig.4.27).

We can observe that nj =0, while £~ =0 and ¢7 = —pj_nﬂ (see Fig.4.28).

1 J

Now, for the cost functional we can write
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Figure 4.27: g; (t) = 0.

t

T trE

Figure 4.28: ¢; (t) = 0.
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g,

Figure 4.29: case 1).

T T
Tona) =% [ as@des [ (o (tbw) = O de =+ 2,
J
where J1 = > . Ji; = >, fOT g; (t)dt. Starting from an empty chain, if we
indicate with 7 the time of emptying of the queue, &; the time shift at ¢ and &,

the time shift at 7, four cases regarding to the signs of the tangent vectors {7 and

n; can be discussed.

1. sgn (77]-) = sgn (§;) = 1. In this case g; (£) > 0 and

. §:1;
Adyy=m;(r—t=&)+ 57+ K
where £ = # and K is the area shown in Fig.4.29.
7~ F1

Remark 78 If g; (t) =0 then sgn (nj) = —sgn (&)

We are considering a situation in which for ¢ > ¢, the queue is decreasing,

so if t~ and ¢ are the left and right neighbourhoods of ¢ respectively, then

o . o i—1 . i—

G(t™)>q(t"), where g(t7) = f (p{ ) — i, q(tY) = f (p% l) — ptj. Then
\2 . 1

= (1 (7)1 o)) o

sy =n i)+ 50 G (1 (o) -1 (o).
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Figure 4.30: case 2).

2. sgn (nj) =—1, sgn (&) = 1.

Adij=mn;(T+E& —T— &) — ETan (5;—)2 <f (p{_l) iy (p%_l)) |

3. sgn (n;) =1, sgn (&) = —1.

AJyj=mn;(T—1)+ 572779 + (%)2 (f (p{_l) —f (p%_1)> :

Remark 79 If f (pjfl) > f (,0%71) then sgn (n]-) =sgn(&). If f (p{fl) <
f (péfl) then sgn (nj) = —sgn (&).

4. sgn (nj) = sgn (&) = —1.

AJLJIUJ(T"‘gT—E)— 9 —T

We can see that AJp ; has the same value in each case, or

i 67'_57
AJL]':’I]]- (T—t+2t .
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Figure 4.31: case 3).

.

Figure 4.32: case 4).
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Since £, = Lj, AJy ; assumes the following expression:
Hi—p1

J

2
o 1 1
Adrg = (T_E)_?J PR g -1

= () =1 (ol

) = n;e1 (p) +nje2 (p)

where p is the solution.

Finally the variation of Jj ; is

8J1 i 3774

——L = ey (p).

9 08
For the variation of Js, calling & the generic N-th shift, we have:

t+ey
Ar= [ =] = 5 — e o) ar

If f € C° then & is sufficiently small and it results that

Ay =x (o = )" = (o — 0 ()] +o(Ew).-

The variation of Jy is

0%, _ vty

8750 - 850 CN(/))

4.3 Numerical method

Some numerical methods for the evolution of the tangent vectors £ and 7, and
for the functional J, are necessary to obtain simulative results. In particular, since
for each arc there are two distinct equations, i.e. a conservation law (for density)
and an ordinary differential equation (for the queue), two numerical methods have
to be used. Starting by the numerical methods for the discretization of Klar model
shown in subsection 3.1, now we consider the numerics for tangent vectors. Let
1§ be the discrete version of the input function fy(t) e let ¢; be its discontinuity
points. For a generic arc j and tj, ®¢? is the approximation of vector ¥& (@i, "),
while ¥75™ approximates the vector knj (t"). Shift starting values are zero, i.e.
kg9 ki 0 = 0. In the ghost cell of the first arc Iy, if nAt = t;, then F7¢7 = 1.
In the inner arc, instead, we have that

7 i—1-
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Based on the analytical results in the previous section, we have the following

four cases:
a-1.1)
k,j,nn+1 =0
,ggn-i-l k,j—1 gn
a-1.47)
kigptl —ki=lgn
Ejont+l _kj—1 ¢n i—1 n+1
It =Rl ey (] PN, 1—-Mj>
a-2)
k,jen+l _
jentl =
kj,n+l _kj—1 ¢n j—1 nt+l _j—1 n kj.n
Nttt = €Ag,1( PN, PN,y ) T
b)
k,j—1l¢n _
J €Nj71 - O
k,jnn+1 =0
Mgﬁlz_?gﬂﬁgi
! TN, R

j—1
Now, in order to consider the numerics related to the variation of the cost

functional, from J = Zj J1; + Jo2, we have that

Z Oy | OF

3€k o6, 08,

We indicate the numerical approximations 885” and gTJi’ respectively, with
kJY and FYJ.
If q"Jrl > 0 then
JYTH-l k.j Y+ k. n"At.

If q;”l = 0 we have two cases:

1. if qi =0 then
Ic,jYInJrl —kij yp.
?

2. if qj > 0 then

k?j
k.jyn+l __kjyn n+1 k,j. n
YT =Y 4 o In".
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For ¥YJ* we have that:

FYg et =Ry N e A (Npie =) - (Np?val - 90”)2]

where " is the numerical approximation of ¢ ().

We can observe that through the tangent vector method, we are able to de-
termine the numerical first derivative of functionals J; and Js. Then using the
Steepest Descent algorithm, we can find the optimum configuration of the dis-
continuities of input flow that minimizes the entire functional J; in formula we

have:

aJ
ot’

where h is a pre-fixed scalar quantity, which represents the step of this algo-

tn+1 - tn +h

rithm.

The following example shows the use of this optimization technique. Consider
a supply chain with two arcs, each of them characterized respectively by maximal
processing times pu; = 200, py, = 75 and lengths and processing times of each
processor equal to 1. We assume that arcs and queues are empty at t = 0, the
total simulation time is 7' = 20 and spatial and time discretization steps are
equal, i.e. Az = At = 0.02. For the input flow we consider three different levels,
p1 = 100, py = 80, p3 = 50, and two discontinuities, whose starting values are
t1 = 6 and t3 = 13. The aim is to minimize the queue handling a pre-assigned

piecewise constant outflow ¢(t) defined as follows:

100, 0<t <10,
p(t) =
50, 10<t<T.

The results, obtained via simulation, are presented in the following figures. In
particular Fig. 4.33 shows the values assumed by J at each iteration step of the
steepest descent algorithm, while in the Fig. 4.34 it is shown the "path", point
to point, followed by the algorithm in the plane (¢1,t2). As shown in Fig. 4.33 J

is decreasing until reaching its minimum (its value is equal to zero) in the point

(t1,t2) = (0,0).
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Steepest Descent.
Figure 4.33: J versus Steepest Descent.
°
4 6 8 t 10

Figure 4.34: Evolution of points (1, t2).
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