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Introduction

This thesis aims at proposing a new method of solving the nonparametric and non-additive
regression problem in presence of ultra-high dimensional data. In this context, there are two
relevant aspects: variable selection and structure discovery, such as identification of the vari-
ables that affect the response variable and the type of effects (linear or non linear), respectively.

In this thesis we propose a nonparametric method of variable selection that works in two
stages. At the first stage, a screening procedure is performed: selecting a subset of variables
which contains the true covariates with probability 1. In the second, we transform the screening
step into variable selection using a non-penalized approach. In this way we take advantage of
the simplicity of screening and we overcome the problem of estimating penalty parameters.
Furthermore, our screening approach has the potential to distinguish linear and non-linear
covariates, therefore it also succeeds in structure discovery.

Chang et al. (2016a), without requiring a specific parametric form of the underlying data
model, proposed a screening method using empirical likelihood and local polynomials. Once
the estimate of the marginal function between a particular variable and the response is ob-
tained, they used empirical likelihood to test whether this function is significantly different
from zero. Despite the excellent results in terms of dimensionality achieved, the authors did
not perform any variable selection and structure discovery. To solve these problems, we pro-
pose to complicate their approach by estimating the first marginal derivative rather than the
marginal function. In this way, we obtain a new fully nonparametric screening method, called
Derivative Empirical Likelihood Sure Independence Screening(D-ELSIS). In order to transform
our screening selection procedure into variable selection procedure, we use the subsample tech-
nique. In particular, we propose to apply the subsample idea not on the results of a variable
selection procedure, as in Meinshausen and Bithlmann (2010), but after a screening proce-
dure. With this tool, the variables selected through the D-ELSIS are then further evaluated
to investigate their probability, in terms of relative frequency, to be chosen when the data are
randomly sampled. Furthermore, although thresholds are used in this approach, these do not
need to be estimated.

In summary, the potential of the proposed approach is threefold. First, we obtain a screen-

ing method that is totally non-parametric and that works in the context of nonparametric and



non-additive regression. Second, we transform the screening into variable selection without
estimation of penalty parameters. Third, by estimating the first derivatives, we are able to
distinguish the effects of the selected covariates on the response variable.

In this thesis the theoretical properties of our new D-ELSIS approach as a screening method
will be analyzed. Moreover, simulation study and empirical application on real dataset will
be described to evaluate the performance of the proposal. In particular, the consistency
property is achieved with an exponential rate. Moreover, we pay something in order to estimate
the first marginal derivative. The theoretical results will also be presented to support the
transformation from a screening method to a variable selection method. We will aim at
analyzing the structure discovery property which opens up future research perspectives.

Furthermore, we extend our proposal to time-to-event analysis. High-dimensional data
are available due to the rapid growth of technology. In recent years, technology has also ex-
perienced strong growth in the medical and genetic fields. Variable selection is fundamental
in survival analysis, where we find time-to-event outcome variable, which is a different type
of outcome variables because the outcome of interest is not only whether event occurred, but
also when that event occurred. Most of the methods in the literature consider a conditional
estimate of the survival function, using the Kaplan and Meier estimator (Kaplan and Meier,
1958). Since this does not take into account the direct effect of covariate on survival proba-
bility, it has some disadvantages. We have managed to highlight and justify the possibility of
applying the D-ELSIS method also in this context. With our D-ELSIS procedure, we obtain
a fully nonparametric screening procedure without the use of the Kaplan and Meier estimate
of survival function. This is the fundamental difference among our method and the other
screening techniques. Furthermore, based on our knowledge, in survival context, a screening
method that combines empirical likelihood and local polynomial regression has never been
used.

The thesis is divided into two parts. In the first part, the regression problem will be
addressed with high-dimensional data, our proposal will be examined from a theoretical point
of view and the results of some simulations and an empirical study will be presented. In the
second part our proposal will be applied in the context of survival analysis. Also in this case

the results of the application of our new approach on simulated data will be reported.
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Nonparametric regression



Introduction

The remarkable development of computing power and other technologies in recent decades
has allowed scientists to collect data of unprecedented size and complexity. High dimensional
data analysis has become increasingly frequent and important in various fields of sciences,
such as genomic, health sciences, economics, finance, engineering and machine learning. Such a
demand from applications presents many new challenges as well as opportunities for statistics.

Statistical accuracy, model interpretability and computational complexity are three impor-
tant pillars of any statistical procedures. In conventional studies, the number of observations
n is much larger than the number of variables p. In such cases, none of the three aspects has
to be sacrificed for the efficiency of others. The traditional methods, however, face significant
challenges when the dimensionality p is comparable to or larger than the sample size n. These
challenges include: (i) how to implement statistical procedures that are more efficient for in-
ference; (ii) how to derive the asymptotic or non-asymptotic theory; (iii) how to make the
estimated models interpretable; (iv) how to make the statistical procedures computationally
efficient and robust.

A mainstream statistical problem is to model the relationship between one or more output
variables Y and their associated covariates X = (Xq,... ,Xp)T based on a sample of dimen-
sions n in the regression analysis. The textit variable selection problem occurs when there is
uncertainty about which subset of the covariates p we should use. This situation is particularly
interesting when p is large (or greater than n) and Xj,..., X, are believed to contain many
redundant or irrelevant variables. So, variable selection is the process of selecting a subset of
relevant variables to use in model construction: we detect the relevant variables all together
and, contextually, we also estimate the coefficients for the parametric model and the function
in the nonparametric setting. Sometimes, it is difficult to find the true set of relevant variables
because the number of candidate variables is very large. One possible solution is to first run
textit variable screening to reduce the number of predictors and then use a known variable
selection method. In fact, variable screening is the process of filtering out irrelevant variables,
with the aim to reduce the dimensionality of the problem, while all relevant variables survive
with probability tending to 1. In variable screening the problem is to consider each variable

one by one and to detect which variable is relevant in the explanation of the response. In this



case we detect the set of important variables without estimating of each component. Since we
do not know which variables are relevant, the idea of screening procedure is to order all the
variables based on some measures of their effect on the response and to keep only the top ones.
The main difference between variable and screening procedures is in their results. The first
one aims to estimate the exact set of relevant variables, whereas the screening only reaches
a suboptimal result, because it finds a rough set of candidates which includes the relevant
covariates with high probability.

In order to analyse the variable selection problem it is necessary to consider different
aspects. First, we need to define the relation between the dimensionality p and the sample
size n, especially when p >> n. Second, we need to understand the relationships among the
explanatory variables, that is to pay particular attention to the design matrix. Third, we
need to check the conditions under which the procedure is able to have good estimation and
selection properties.

The purpose of the first part of this thesis is to find a completely nonparametric new
procedure capable of selecting the relevant covariates in the presence of ultra-high dimensional
data, without imposing conditions on the underlying model. To this end, we have considered a
very general model, that is, a nonparametric and non-additive one. Our new proposal, called
Derivative Empirical Likelihood Sure Independence Screening (D-ELSIS), works as follows.
First, it uses local polynomial regression to estimate the first marginal derivatives of the
regression function, with respect to all variables in X (so, p derivatives in total). Then, it
checks by the empirical likelihood (a nonparametric inference method, see Owen (2001)) if
these derivatives are uniformly zero (or not) on the support of each variable. Those variables
for which the test is passed are chosen as relevant covariates. Based on our knowledge, no other
screening method uses the marginal estimate of the first derivative and empirical likelihood
for screening purposes.

From a theoretical point of view, we will demonstrate that, under some regularity con-
ditions, D-ELSIS has screening and variable selection properties with a exponential growth
rate. This will also be demonstrated with simulations comparing our approach with those
existing in literature. Furthermore, we will show theoretically how it is possible to trans-
form our screening selection procedure into variable selection procedure, using the subsample
technique.

In Chapter 1 we introduce the variable selection problem both in linear regression and in
nonparametric regression models and we describe some of the structure discovery’s techniques.
We explain the idea of screening and the different methodologies that can be found in the
literature. In Chapter 2 we introduce our new estimator, called D-ELSIS , to carry out
screening in the context of nonparametric and non-additive models and the possibility of
using it to achieve variable selection. Chapter 3 studies its theoretical properties under some

regularity conditions. In Chapter 4, we carry out extensive numerical simulations to asses the



performance of the proposed D-ELSIS screener and compare it with other existing approaches.

Finally we present an empirical study.



Chapter 1
Variable selection problems

When p < n, there is a rich literature on variable selection that can be used to identify
non-zero components of the coefficient vector. The common approach is to use the Ordinary
Least Square (OLS) in linear setting. When p > n, we find two different definitions for the
dimensionality of the problem. High dimensional data is usually classified as the situation
where p tends to infinity as n tends to infinity at polynomial rate, p = O(n®), with some
a > 1. Ultra-high dimensional data is the situation where p grows at a exponential rate in n,
namely log(p) = O(n®) for a € (0,1).

In the high dimensional setting, the design matrix, which contains the observations for a set
on candidate explanatory variables, often denoted by X, has an important role. Each row of
this matrix represents an individual object, with the successive columns corresponding to the
variables and their specific values for that object. When p is greater than n, the design matrix
is rectangular, having more columns than rows. A notorious difficulty of high dimensional
model selection comes from the collinearity among the predictors, as shown for example in
Fan and Lv (2008). In their paper they showed how the collinearity can easily be spurious in
a high dimensional geometry, which can lead to selecting a wrong model. Any variable can be
well-approximated even by a couple of spurious variables, and can even be replaced by them
when the dimensionality is much higher than the sample size. If that variable is a signature
predictor and is replaced by spurious variables, we choose wrong variables to associate the
covariates with the response and, even worse, the spurious variables can be independent of
the response at population level, leading to completely wrong scientific conclusions. The
maximum spurious correlation grows with dimensionality. Collinearity also gives rise to issues
of over-fitting and model mis-identification. In variable selection we need to consider some
conditions on the design matrix, in order to have the oracle property. A method possess the
oracle property if it selects the correct subset of predictors with probability tending to one and
estimates the non-zero parameters as efficiently as could be possible if we knew in advance

which variables were uninformative (Fan and Li, 2001).



A consistent estimation procedure in terms of parameter estimation will not necessarily
also be consistent in terms of selecting the correct model, where the opposite is also true, as
shown in Zhao and Yu (2006). The consistency in terms of parameter estimation requires
that the estimations tend in probability to the true parameters as the sample size n tends to
infinity. On the other hand, the consistency in model selection requires that the set of selected
variables tends to the true set of relevant variables, with probability 1, as n tends to infinity.
In general, we desire an estimator to have both kind of consistencies.

In variable selection problems it is possible to distinguish between two contexts: para-
metric regression and nonparametric regression. When we know the functional relationship
between the covariates and the response, we are in the parametric case. On the other hand,
when we have no information about such relationships, we are in the nonparametric setting.
In practice, there is often a little prior information that the effects of the covariates take a
linear form or belong to any other finite-dimensional parametric family, so it is possible to
use a nonparametric model to avoid incorrect specifications of the model. In the context of
nonparametric models, particular attention is given to additive models. These increase sub-
stantially the flexibility of the ordinary parametric model and allow a data-analytic transform
of the covariates to enter into the linear model. Also in the context of nonparametric regres-
sion, it is possible to define the oracle property: a nonparametric regression estimator has the
nonparametric oracle property if it selects the correct subset of predictors with probability
tending to one and estimates the regression functional form at the optimal nonparametric rate
(Storlie et al., 2011).

What makes high dimensional statistical inference feaseble is the assumption that the re-
gression function lies in a low dimensional manifold, as is shown in Fan and Lv (2010). In such
cases, the p-dimensional regression parameters are assumed to be sparse with many compo-
nents being zero, where non-zero components indicate the relevant variables. They assessed
that, with sparsity, variable selection can improve the estimation accuracy by effectively iden-
tifying the subset of important predictors and can enhance the model interpretability with
parsimonious representation. It can also help to reduce the computational cost when sparsity
is very high. Following this sparsity principle, numerous variable selection approaches have

been developed in the literature for high and ultra-high dimensional feature space.

1.1 Variable selection in linear regression models

In regression analysis, the linear model has been commonly used to link a response variable
to explanatory variables for data analysis. One major reason for this is that the resulting
OLS estimators have a closed form that is easy to compute. However, in the high-dimensional

setting this closed form breaks down. In this situation there are many methods that outperform



OLS. The traditional linear regression model has the following formulation

p
Y;;:BQ—FZﬂjXU-FEi, 1=1,...,n (11)
=1

where €1, ..., €, are i.i.d, independent of X;,7 =1,...,n and such that E(e;) = 0. The vector
B = (Bo,P1,---, Bp)T represents the vector of coefficients. We are going to focus our attention
in case when the number of predictors, p, is large relative to the number of observations,
n. Classical variable selection procedures perform model selection and parameter estimation
simultaneously. The majority of these procedures select variables by minimizing a penalized

objective function with the following form:
Loss function 4+ penalisation.

The penalty part is used to reduce the complexity of the model and to encourage sparsity
in the final model. The most well known of these procedures is the LASSO (Least Absolute
Shrinkage and Selection Operator) of Tibshirani (1996), which imposes an Ly penalty (|| ||1)
on the coefficients under the assumption that the vector S is sparse. In fact, the LASSO

estimator B\ minimizes the following penalized sum of squares

S - XT8? A Y 1, (1.2)

i j=1

with X7 = (X1, ..., Xip).

The parameter A > 0 controls the amount of regularization applied to the estimate and
the penalty function is py(8) = )‘25‘):1 |B;|. Setting A = 0 reverses the LASSO problem to
OLS which minimizes the unregularized empirical loss. On the other hand, a very large A will
completely shrink the parameters to 0 thus leading to the empty or null model. In general,
moderate values of A will cause shrinkage of the solutions towards 0, and some coefficients
may end up being exactly 0.

In order to have an accurate variable selection we have to require some restrictions: the
beta-min condition, which demands that the non-zero regression coefficients are sufficiently
large, and the irrepresentable condition for the design matrix. The irrepresentable condition
depends mainly on the covariance of the predictor variables and states that LASSO selects
the true model consistently if the variables present in the true model can neither be too
strongly correlated with each other nor with the noise variables. In fact, if there is a group
of variables among which the pairwise correlations are very high, then the LASSO tends to
select only one variable from the group and does not care which one is selected. Those two

conditions are restrictive but non-checkable, however are essentially necessary (Biihlmann and



Van De Geer, 2011). Zhao and Yu (2006) showed that, under the irrepresentable condition,
the LASSO is consistent for variable selection provided p is not too large compared with n

1/2 " Specifically, p is allowed to be as large

and the penalty parameter A grows faster than n
as exp(n®) for some 0 < a < 1 when the errors have Gaussian tails. However, the value of A
required for variable selection consistency over-shrinks the non-zero coefficients, which leads
to asymptotically biased estimates. Thus the LASSO is variable selection consistent if

lim P(M, = M,) =1,
where M, = {j : B; # 0} is the set of indices of all variables present in the true model, and
]\/4\n ={j: Bn # 0} is the set of indices with every parameter estimates unequal to zero.
Moreover, if the LASSO is variable selection consistent, it is not efficient for estimating the
non-zero parameters, so these considerations confirm that the LASSO does not possess the
oracle property (Fan and Li, 2001). However, retrieving all variables from the true model,
whether or not accompanied by some noise variables, is a desirable property in itself. We will
refer to this as the variable screening property:

lim P(M. C M,) = 1.
For this property to hold we again need the sparsity assumption and the beta-min condition,
but the irrepresentable condition can be relaxed, leaving us with a less strong assumption on
the design matrix, namely the restricted eigenvalue condition (Bithlmann and Van De Geer,
2011) which is technical but not overly restrictive in sparse problems. So, under the sparsity
assumption, where the true variables have corresponding coeflicients above some detection
limit (the beta-min assumption), the LASSO has the ability to select them all. Even if there
are some variables in the true model with coefficients that are too small to detect, one could
still argue that the LASSO is able to find the influential and for that reason most relevant
variables.

Efron et al. (2004) proposed a fast and efficient Least Angle Regression (LARS) algorithm
for variable selection, a simple modification of which produces the entire LASSO solution path
{B(A\) : A > 0} that optimizes (1.2). The computation is based on the fact that the LASSO
solution path is piecewise linear in A. The LARS algorithm starts from a large value of A
which selects only one covariate that has the greatest correlation with the response variable
and decreases the A value until the second variable is selected, at which the selected variables
have the same correlation (in magnitude) with the current working residual as the first one.

Numerous alternatives and extensions have been suggested to deal with the problem of
variable selection in linear regression model, with different forms of penalisation function. A
few examples include SCAD (Fan and Li, 2001), the Elastic Net (Zou and Hastie, 2005) and
the Dantzig selector (Candes and Tao, 2007). Fan and Li (2001) proposed to use the Smoothly

10



Clipped Absolute Deviation (SCAD) penalty function py, which is a non-decreasing quadratic

spline on [0, 00), linear on (0, A) and constant on [a\, c0) for some a > 2:

(aA —[5])

(@) =2 {1081 <0 + L= 515 ).

For the L1 penalty, a = A\. The authors showed that the root-n consistency for any penalized
approach requires that A = O(nfl/ 2). On the other hand, the oracle property requires that
v/nA — oo. These two conditions for LASSO cannot be satisfied simultaneously, so the oracle
property does not hold. The authors showed that this property holds for the SCAD. Kim
et al. (2008) proved the oracle property in the case where the dimension p grows at a certain
polynomial rate that depends on the moment condition of the noise, provided that the true
model is sparse. Moreover, with a Gaussian noise, they showed that the dimension p can grow
exponentially fast.

Zou and Hastie (2005) considered mixed norms in their approach called Elastic Net. The

penalty function in this case has the following formula:

pA( B) = MlIBll + Ko 813

This method overcomes the issue of collinearity because it favours selection of correlated
regressors simultaneously while LASSO tends to select only one out of them. In fact, the
Elastic Net can be solved as a LASSO using slight modification of the LARS algorithm. FElastic
net irrepresentable condition (EIC) is crucial for the Elastic net’s model selection consistency.
In the standard case when the dimension p and the number of the relevant variables, s, are
fixed, EIC is necessary and sufficient for the Elastic net to consistently select the true model
(Yuan and Lin, 2007). When p and s both grow as n grows, EIC is not sufficient any more.
Some conditions on the relationship among p, s and n are required. For consistency results,
it is required that n grows at a rate faster than slog(p — s) (Jia and Yu, 2010).

The L; regularization has also been used in the Dantzig selector proposed by Candes and
Tao (2007), which is defined as the solution to

min || 8 ||1 subject to || n 1 XT(Y — XB) [|e0o< A,

where A > 0 is the regularization parameter. The Dantzig selector uses the L., norm of the
covariance vector n~' X T (Y — X ), i.e., the maximum absolute covariance between a covariate
and the residual vector Y — X 3, for controlling the model fitting. This L, constraint can
be viewed as a relaxation of the normal equation X7Y = X7 X, finding the estimator that
has the smallest Li-norm in the neighbourhood of the least squares estimate. Under the
uniform uncertainty principle on the design matrix X, an assumption on the conditioning

number requiring that all sub matrices of X are uniformly close to orthonormal matrices,
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which can be stringent in high dimensions, Candes and Tao (2007) showed that, with high
probability, the Dantzig selector mimics the risk of the oracle estimator up to a logarithmic
factor logp. Although the Dantzig selector is in a certain sense asymptotically equivalent to
the LASSO (Bickel et al., 2009), their estimation consistency requires different conditions on
the correlations between predictors because the Dantzig selector is related to an estimating
equation, whereas the LASSO requires a specific likelihood or an objective function. The
two methods depend on different correlation structures of predictors for sign consistency.
Dicker and Lin (2013) considered random design of predictors and suggested Irrepresentable
Conditions for the Dantzig selector in the fixed p case. Their method, however, cannot be
extended to handle the case of p growing with n or the p > n paradigm. Gai et al. (2013)
considered fixed design with both fixed p and diverging p, even p = exp(n®) for some constant
a > 0. Irrepresentable Conditions are provided for the sign consistency of model selection.
They established that these conditions are sufficient for a strong sign consistency and necessary
for a weak sign consistency. Moreover, after shrinking the ultra-high dimension to a value that
is smaller than the sample size, they also provided the conventional consistency of estimation

when the dimension s of significant predictors is of a rate of o(n).

1.2 Variable selection in nonparametric regression models

In practice, there is often little prior information that the effects of the covariates take a lin-
ear form or belong to any finite-dimensional parametric family. The nonparametric regression
model

YVi=m(X;) + e (1.3)

where m(-) is a general smooth function, relaxes the strong assumptions that are made by
a linear model but is much more challenging in high dimensions. In order to consider a
nonparametric setting, it is possible to use a flexible class of nonparametric models, such as
the additive model

p
Yi=) mj(Xi) +ei (1.4)
j=1

introduced by Stone (1985). This additive combination of univariate functions - one for each
covariate X - is less general than joint multivariate nonparametric models but can be more
interpretable and easier to fit. In fact, Stone (1985) showed that the estimates based on the
spline approximation achieve the optimal rate of convergence under a general fixed number of
components p as for p = 1, that is smaller than n, because each component can be expressed
as a linear combination of a set of basis functions whose coefficients must be either killed or

selected simultaneously.
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Lin and Zhang (2006) proposed the Component Selection and Smoothing Operator (COSSO)
method for model selection and estimation in multivariate nonparametric regression models in
the framework of smoothing spline ANOVA. For fixed p, they showed that the COSSO estima-
tor in the additive model converges at the rate n=" @+ where [ is the order of smoothness
of the components. They also showed that, in the special case of a tensor product design, the
COSSO correctly selects the non-zero additive components with high probability. Considering
M the function space

P
M =16 My with My :®Ma
a=1
where M!, ..., MP are p orthogonal subspaces of M, the COSSO procedure finds m € M to
minimize N

LS Y= (XY 4 72 (m) with Jm) = 3 | Pom |
=1

a=1
where 7, is a smoothing parameter and P*m is the orthogonal projection of m(-) into M.
The penalty term J(m) is a sum of Reproducing Kernel Hilbert Spaces (RKHS) norms, instead
of the squared norm employed in the traditional smoothing spline method.

The Sparse Additive Model (SpAM) approach of Ravikumar et al. (2009) imposed a spar-
sity constraint A Z§:1 ||m;||2 on the index set of functions m(-) that are not identically zero.
The SpAM has the selection property using a particular form of smoothing, a truncated or-
thogonal basis and some constraints on the design matrix. In their theoretical results, they
required that the eigenvalues of a design matrix must be bounded away from zero and infin-
ity, where the design matrix is formed from the basis functions for the non-zero components.
Another required condition is similar to the irrepresentable condition of Zhao and Yu (2006).
It is not clear for what type of basis functions this condition is satisfied (Huang et al., 2010).

A particular nonparametric and non-additive regression model is the Gaussian regression

model

Yi=m(X;)+e, i=1,....,n (1.5)
where the input variables X,..., X, are n i.i.d. random variables with values in RP, the
error terms €p,...,€e, are n i.i.d. Gaussian random variables with mean zero, variance o

independent of the X;’s and m(-) is the unknown regression function. Some procedures follow
similar approaches focusing on the point wise estimation of the regression function. The basic
idea is to start from a locally linear (or polynomial) point-wise estimator m,,(x) at a point

obtained from the minimizer of
1 n
=~ Vi - w(Xi - 2) Ky (X - w), (1.6)
i

where Ky (-) is a localizing window function depending on a matrix (or a vector) H of smooth-
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ing parameters. Different techniques are used to (locally) select variables.

Lafferty and Wasserman (2008) assumed the unknown regression function to be four times
continuously differentiable with bounded derivatives and the density f(-) of the covariates to be
uniform on the unit cube. The algorithm they proposed, called RODEO, is a greedy procedure
performing simultaneously local bandwidth choice, function estimation and variable selection.
RODEQO is shown to converge when the ambient dimension p is O (bgla%n)) while the intrinsic
dimension s, the number of relevant variables, does not increase with n. In the RODEO
algorithm, the localizing window function depends on one smoothing parameter per variable
and the partial derivative of the local estimator with respect to the smoothing parameter is
used to select variables. It is based on the idea that bandwidth and variable selection can be
simultaneously performed by computing the infinitesimal change in a nonparametric estimator
as a function of the smoothing parameters, and then thresholding these derivatives to get a

sparse estimate. The statistic used is

_ O (x)

Zj(h) Ty
J

where my,(z) denote an estimator of m(x), with z fixed point, based on a vector of smoothing
parameters h = (hy,...,hp). Zj(h) should discriminate between relevant and irrelevant co-
variates: if X is irrelevant, then we expect that changing the bandwidth h; for that variable
should cause only a small change in the estimator my(X); while, if X; is relevant, then we
expect that changing the bandwidth h; for that variable should cause a large change in the
estimator.

Bertin and Lecué (2008) proposed a procedure based on the Li-penalisation of local poly-
nomial estimators and proved its consistency when s = O(1), but p is allowed to be as large
as logn, up to a constant. They used two steps in their approach. In the first one, they
determined the set of indices of relevant variables, and in the second they constructed an
estimator of the value m(x). To determine the set of indices, based on the principle of local
linear regression, under the assumption m to be a-Holderian around x with a > 0, denoted

by m € ¥(a, ), they consider the following set of vectors:

2

_ . 1 & P X,—=x

where h is a bandwidth, and K(-) is a symmetric kernel function. The convergence in the

—2a/(2a+s)  that is the fastest convergence rate. Indeed, in all the

second steps has rate n
above works the emphasis is in the theoretical analysis quantifying the estimation error of the
proposed methods. It is shown in Lafferty and Wasserman (2008) that the RODEO algorithm

is a nearly optimal point wise estimator of the regression function, these results are further
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improved in Bertin and Lecué (2008) where optimal rates are derived.

Comminges and Dalalyan (2012) made a summary of the dimensionality that can be
achieved to have the consistency in the selection of the model in linear regression and in
nonparametric case. A careful statistical analysis is proposed considering different regimes for
n, p and s in nonparametric regression when both n and s tend to infinity, even if s grows

extremely slowly. The main results in this sense are the following;:

e When the number of relevant variables s is fixed and the sample size n tends to infinity,
there exist positive real number ¢* such that no estimator of the sparsity pattern may

be consistent if (logp)/n > c*.

e When the number of relevant variables s tends to infinity with n — oo, then there exist
real number ¢;,7 = 1,2 such that ¢; > 0, no estimator of the sparsity pattern may be

consistent if ¢;s + loglog(p/s) — logn > ¢s.

e In particular, if p grows not faster than a polynomial in n, an estimator of the sparsity

pattern may be consistent if s = o(logn).

1.3 Structure discovery

As we said in the previous sections, there are two important classes of regression models for the
analysis of statistical data, the linear and the nonparametric model. It is possible to consider
some advantages for each class. In the context of linear models, which is the simplest, the
interpretation of the parameters is very easy and the estimates are more efficient if the linear
assumption is valid. In nonparametric models the assumption on the functional form of the
model is less stringent. Indeed, not only can we find covariates with a linear effect on the
response variable, as in linear models, but variables can have nonlinear and intersection effects.
Between linear and nonparametric models there is another particular class of models, called
partially linear models. This type of models have wide applications thanks to their flexibility
and the advantages that derive from both linear and non-parametric model, allowing some
covariates to be linear and others to not be linear. One natural question about this model
is, given a set of covariates, how one decides which covariates have linear effects and which
covariates have nonlinear effects.

The structure selection problem is fundamentally important, as the validity of the fitted
model, and its inference heavily depends on whether the model structure is specified correctly.
The model selection problem is divided in identifying the kind of effect of each variable (linear
or non-linear) and the presence of interaction effect.

Compared to the linear model selection, the structure selection for partially linear models
is much more challenging because the models involve multiple linear and non-linear functions

and a model search needs to be conducted within some infinite-dimensional function space.
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Furthermore, the difficulty level of model search increases dramatically as the data dimension
grows due to the curse of dimensionality. Most works assume the partially linear model. The
formula of this model is

Yi=b+ X8+ f(X:) +e

where b is the intercept, 8 is a vector of unknown parameters for linear terms, f(-) is an
unknown function from R, to R, and ¢;’s are i.7.d. random errors with mean zero and variance
o2, is given or known. In practice, data analysts often-times have to rely on their experience,
historical data, or some screening tools to make an educated guess on the function forms for
individual covariates. Two methods in common use are the screening and hypothesis testing
procedures. The screening method first conducts univariate nonparametric regression for each
covariate or unstructured additive models and then determines linearity or non-linearity for
each term by visualizing the fitted function. This method is useful in practice but lacks
theoretical justifications. The second method is to test linear null hypotheses against non-
linear alternatives, sequentially or simultaneously, for each covariate. However, proper test
statistics are often hard to construct and the tests may have low power when the number of
covariates is large. In addition, these methods handle the structure selection problem and
the model estimation separately, making it difficult to study inferential properties of the final
estimator.

The main purpose of Zhang et al. (2011) was to distinguish linear and non-linear terms
for partially linear models automatically and consistently, proposing an approach, called the
LAND (Linear And Non-linear Discoverer), to identify model structure and estimate the re-
gression function simultaneously. By solving a regularization problem in the frame of smooth-
ing spline ANOVA, the LAND is able to distinguish linear and non-linear terms, remove
uninformative covariates from the model, and provide a consistent function estimate. Under

~2/5 if the tuning pa-

some assumptions, the LAND estimator has a rate of convergence n
rameters are chosen appropriately. Finally, adding the requirement that the density for X is
bounded away from zero, assuming a tensor product design for the observations, the LAND
achieve the property of selection consistency in the space of periodic component function, with
fixed number of covariates and non-high dimensional setting.

Huang et al. (2012) proposed a semi-parametric regression pursuit method for identifying
linear and non-linear effects. They embed partially linear models into a nonparametric addi-
tive model. By approximating the nonparametric components using spline series expansions,
they transformed the problem of model specification into a group variable selection problem.
They then determined the linear and non-linear components with a penalized approach, using
a minimax concave penalty imposed on the norm of the coefficients in the spline expansion.
They referred to this penalized approach as the group MCP method. In fact, they considered a

truncated series expansion for approximating the function in the additive model. They showed
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that the proposed approach is model pursuit consistent, meaning that it can correctly deter-
mine which covariates have a linear effect and which do not, with high probability under some
conditions. The proposed approach has the same asymptotic property as the nonparametric
estimator in the nonparametric additive model. They also showed that the estimated coeffi-
cients of linear effects are asymptotically normal, with the same distribution as the estimator
assuming the true model were known in advance.

Promising as these methods are, they share a couple of drawbacks. Firstly, they only
considered predictors of a fixed dimension which may not be an appropriate assumption in
applications with high dimensional data. Secondly, their model only dealt with continuous
response variables and thus excluded many interesting cases with binary or count responses.
Lian et al. (2014) considered the double penalty structure recovery in a much more general
regression setting. Besides the exponential family distribution generalization for the response,
they also allowed the dimension p of the covariates growing at an exponential order of the
sample size n. The estimation procedure is carried out in the framework of optimizing a
doubly penalized quasi-likelihood. Similar to Huang et al. (2012) they started with a non-
parametric additive model and used a spline series approximation to the component functions.
The SCAD penalties (Fan and Li, 2001) on Ly-norms of the component functions and their
second derivatives are used to identify respectively the zero and linear components. The spline
series approximation transforms these Lo-norms to the norms of the coefficient vectors. An
iterated procedure, combining the local quadratic approximation to the SCAD penalties and
the reiterated weighted least squares, is used to obtain the final estimate. Considering some
assumptions they showed that the method achieves selection consistency as well as the optimal
convergence rates for the estimates of the non-zero components and the asymptotic normality
for the estimates of the linear components, allowing a dimensionality logp = o(nd/ (Qd“)),
where d > 1/2 is the smoothness of the component functions.

All of the previous works face with the problem of the type of covariates that we have to
include in the model. In many contests one wishes to allow for the possibility of interactions
among the predictors. This poses serious statistical and computational difficulties when p is
large, as the number of candidate interaction terms is of order p?. The approach named Vari-
able selection using Adaptive Non-linear Interaction Structure in High dimension (VANISH),
of Radchenko and James (2010), combined the interaction terms and the additive non-linear
model. This criterion enforced the heredity constraint, so if an interaction term is added to
the model, then the corresponding main effect is automatically included. It is possible to

express the additive non-linear model as

P PP
Y:ij—i-z Z mji + € (1.7)
j=1

j=1 k=j+1
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where m; = (m;j(Xyj),...,m;(Xy,;))T are the main effect terms, for j = ...,p, mj =
(mjr (X1, X1k), - - 7mj,y{;(Xm-,meg))T are the two-way interaction terms, and Y and € are n-
dimensional vectors corresponding to the response and the error terms, respectively. The

penalised function, added to the loss function, is

1/2
» /

p p p
palm) =AY (gl + D0 lmgl P |+ 22Y 0 D> llmgell, (1.8)

j=1 k:k#j J=1k=j+1

where ||| is the Euclidean norm. In this case, A\; can be interpreted as the weight of the penalty
for each additional predictor included in the model, while Ay corresponds to an additional
penalty on the interaction terms for the reduction in interpretability of a non-additive model.
In the linear setting VANISH has the selection property for p as large as exp(n!~¢), with
arbitrarily small positive €, while in non linear setting for p as large as exp(n?’/ 5=€). VANISH
could be extended to higher order interaction term, for example including the third order
interactions. The main practical limitation is that one would need to fit of order p® terms

which may not be possible for large p.

1.4 Screening

Although the previous methods have been successfully applied in many high-dimensional
analyses, it is difficult to apply them directly to those ultra-high dimensional statistical prob-
lems, due to their computational complexity. For example, the irrepresentable condition for
the LASSO can be rather stringent in ultra-high dimension.

Fan and Lv (2008) proposed a Sure Independent Screening (SIS) procedure in linear re-
gression models with Gaussian covariates and responses which screens variables by ranking
their marginal correlations with the response variable. Differently from existing methods that
minimize a penalized objective function, SIS uses the statistic w; = %XJTY which represents
a simple marginal correlation between response and standardized covariate. Considering the
covariate one by one, the procedure calculates the statistic and provides a ranking of the X;.

The set M of relevant features is determinated by a simple threshold:
M= {1 <j <p:|wj|is among the top d largest ones}.

The SIS is method in which screening is first applied to reduce the dimensionality from p to a
moderate one d, say, below sample size n, and inference is then conducted on the much reduced
feature space. Fan and Lv (2008) established the desirable sure screening property, that is,
most of the important features are retained with probability approaching one as the sample size

diverges to oo, even if the dimensionality of the features is allowed to grow exponentially fast
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with the sample size. Assuming that 2k +7 < 1, with x € [0,1/2) and 7 > 0, they proved the
screening property achieving a dimensionality logp = O(n¢) with & € (0,1 —2x) and Gaussian
noise € ~ N(0,0?%) for some o > 0. They assume that var(Y) = O(1), Apez(E) = O(n7),
minjer, | B [> can™", and minjepr, | cov(ﬁj_lY, X;) |> c2, where ¥ = cov(X), with
c1,ca > 0 and the p-dimensional covariate vector has an elliptical distribution with the random
matrix X X1/2 having a so called concentration property that holds for Gaussian distributions.
The condition on A, the maximum eigenvalue of the covariance matrix 3 of predictors X,
rules out the case of strong collinearity, 7 controls the rate of probability error in recovering
the true sparse model, x controls the signals of the parameters and the last condition, on the
covariance, rules out the situation in which an important variable is marginally uncorrelated
with Y, but jointly correlated with Y. Under the above conditions, Fan and Lv (2008) showed
that
P(M*C]/W\)—>1asn—>oo

where M, = {1 < j < p: f; # 0} is the true set of relevant covariates. Fan and Lv (2008)
suggested to be conservative in the choice of d, for instance n — 1 or n/logn: a larger d means
larger probability of including the true model M, in the final model M.

Since the marginal utilities are employed to rank the importance of features, SIS can
suffer from some potential issues associated with independence learning. First, some noise
covariates strongly correlated with the important ones can have higher marginal utilities than
other important ones. Second, some important covariates that are jointly correlated but
marginally uncorrelated with the response can be missed after the screening step. To address
these issues, Fan and Lv (2008) further introduced an extension of the SIS method, called the
Iterative SIS (ISIS). The main idea is to iteratively update the estimated set of important
variables using SIS conditional on the estimated set of variables from the previous step.

Independence feature screening is a class of rapidly developing approaches that is par-
ticularly useful in preliminary analysis for pre-processing data to reduce the scale of high-
dimensional statistical problems. Since the work of Fan and Lv (2008), feature screening for
ultra-high-dimensional data received a lot of attentions in the literature. Many authors have
developed various sure independence screening procedures, many of which can be classified

into two categories: model-based and model-free.

1.4.1 Model-based Screening

Fan and Song (2010) extended the SIS procedure to generalized linear models and pre-
sented a more general version of the independent learning by ranking the maximum marginal

likelihoods or the maximum marginal likelihood estimates. Consider the generalized linear

19



model (GLM) with canonical link. That is, the conditional density is given by

fylz) = exp {yd(z) — b(0(z)) + c(y)}

for some known functions b(-), c(+), and (x) = 2T 8. The penalized likelihood is

/4

—n~ Y UXTB,Y; Z (18])
=1

where [(0,y) = b(#)—y6. The maximum marginal likelihood estimator (MMLE) BM* is defined

as the minimizer of the component wise regression

/?*—argmmeow i i)

0 .
’]l:

where X;; is the ith observation of the jth variable. Fan and Song (2010) select a set of

variables whose marginal magnitude exceeds a predefined threshold value ~,,:
7 — y . AM*
M, ={1<j<p:|8;"| >}

This is equivalent to ranking features according to the magnitude of MMLEs | EJM*\ Taking

the population version of the minimizer of the component wise regression

BJM* = arg min E{l(fo + 5;X;,Y)}
/8076]

they show that BJM* = 0 if and only if cov(X;,Y) = 0, and under some additional conditions

if [cov(X;,Y)| > ein™" for j € M,, for given positive constants ¢; and & € [0,1/2), then there

exists a constant ¢y such that

—K

>
2ip 18112 eam

So, as long as X; and Y are somewhat marginally correlated, the marginal signal ij* is

detectable. They proved further the sure screening property:
P(M, C M,,) — 1

if v, = c3n™" with a sufficiently small ¢3. For the Gaussian linear model with sub-Gaussian
covariate tails, the dimensionality can be as high as logp = o(n(l_Q“)/ 4), a weaker result than
that in Fan and Lv (2008) in terms of condition on p, but a stronger result in terms of the
conditions on the covariates. For logistic regression with bounded covariates, the dimension-

ality can be as high as logp = o(n'~2%). The authors also discussed the size of the selected
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model ]\7% in the asymptotic sense. Under some regularity conditions, they showed that
with probability approaching one, |J\//.77n| = O{n* A\pnaz(X)}, where the constant x determines
how large the threshold A, is, and Ajq.(X) controls how correlated the predictors are. If
Amaz(E) = O(nT), the size of ]\//.7% has the order O(n?+7).

A general transformation regression model is defined to be
H(Y) = XTB+ .

Li et al. (2012a) proposed the rank correlation as a measure of the importance of each predictor
by imposing an assumption on strict monotonicity on H(-). They proposed the marginal rank

correlation
1

mzl(Xij < X)) 1(Y; <Yl)_}

w; =
J A 4

1#£l

to measure the importance of the jth predictor X;. According to the magnitudes of all wj’s,

the feature screening procedure based on the rank correlation selects a sub model
M, ={1<j <p:lwj| >y}

where 7, is the predefined threshold value. Li et al. (2012a) referred this rank correlation based
feature screening procedure to as a Robust Rank Correlation Screening (RRCS) procedure to
deal with ultra-high-dimensional data. From the definition of the marginal rank correlation,
it is robust against heavy-tailed distributions and invariant under monotonic transformation,
which implies that there is no need to estimate the transformation H(-). When H(-) is an
unspecified strictly increasing function, supposing that the minimum of the mean of the true
covariates is a positive constant free of p, Li et al. (2012a) proved that the RRCS enjoys the
sure screening property, provided that -, = csn™" for some constant c¢3. The dimensionality
achieved is p = O(exp(n?)) for some & € (0,1) satisfying § + 2x < 1 for any x € (0,1/2).

Fan et al. (2011) developed a Nonparametric Independence Screening (NIS) method by
ranking the importance of predictors via the magnitude of nonparametric components in
sparse ultra-high dimensional additive models. They suggested estimating the nonparametric
components marginally with spline approximation, and ranking the importance of predictors
using the magnitude of nonparametric components. An intuitive population level marginal
screening utility is E(f]?(Xj)), where f;(X;) = E(Y|X};) is the projection of Y onto X;. With
the sample {(X;,Y;),s = 1,...,n}, fj(x) can be estimated via a normalized B-spline basis
Bj(z) = {Bj1(%),...,Bja,(z)}, with

Foj(@) = B] Bj(), 1<j <p,
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where B\j = (Bj1,-- - Bjdn)T is obtained through the component wise least squares regression:
n
Bj =arg min > (Y; — 8] B;(Xi;)).
pierin i
Thus the screened model index set is

My, = {1 <5 <p:ll foj 122 7}

for some predefined threshold value ~,,, with || J?nj 2=n"13"" ﬁj(Xij)Q. Fan et al. (2011)
advocated the sure screening property of NIS based on a set of conditions: the r-th derivative
of f; is Lipschitz of order a for some r > 0, a € (0,1] and ¢ = r + « > 1/2, the marginal
density function of X is bounded away from 0 and infinity, the signal of the active components
do not vanish, i.e., minjenz, E{sz(Xj)} > c1d,n~2F with 0 < k < ¢/(2¢+ 1) and ¢1 > 0, the
sup norm || m(-) || is bounded, the number of spline basis d,, satisfies d,, = o(n'/3) for some
¢ > 0 and the i.i.d. random error ¢; satisfies the sub-exponential tail probability, so for any
B > 0, E{exp(Ba2|¢;|)| X} < By for some By > 0. Under this conditions,

P(M, C M,) — 1

for p = exp{n!=4*d 3 + nd;3}. In addition, if var(Y) = O(1), then the size of the selected
model |]\/4\,y| is bounded by the polynomial order of n and depends on the largest eigenvalue of
the covariance matrix. In the special case in which A\ (2) = O(n7), the size of the selected
variables is of order O(n?**7), that is the same result of Fan and Song (2010).

The empirical likelihood approach (Owen, 2001) is demonstrated effective in scenarios
with less restrictive distributional assumptions for statistical inferences, but this approach
encounters substantial difficulty when data dimensionality is high. More specifically, the data
dimensionality p cannot exceed the sample size n in the conventional empirical likelihood
construction. The properties of marginal empirical likelihood approach, where the available
features are assessed one at a time individually, are systematically studied in Chang et al.
(2013a) for linear regression models and generalized linear models, proposing a screening
procedure based on the marginal Empirical Likelihood approach (EL-SIS). In this case the
dimensionality problem of the empirical likelihood is solved, because they use one covariate
after the other. The study of Chang et al. (2013a) contributes to the sure independence
feature screening for high-dimensional data analysis from the following two aspects. First, a
fundamental difference of this approach compared to all the previous approaches in literature
is that the marginal empirical likelihood ratio statistic is a self-studentized quantity (Owen,

2001) while other screening methods usually rely on the ranking of covariates based on mag-

22



nitudes of some marginal estimators. The EL-SIS approach manages to further integrate the
level of uncertainty resulting from the use of the conditions of finite sample. This special
quality is of fundamental importance because in practice the levels of uncertainty correspond-
ing to the different covariates may be different when contributing to the response variable of
interest. Not considering standard errors could confuse the ranking for screening of character-
istics based on the marginal estimators themselves, especially in high-dimensional statistical
problems. Second, this screening procedure does not require restrictive assumptions about the
distribution of errors or of the response variable. The authors show that EL-SIS represents
a unified framework for feature screening in linear regression models and generalized linear
models. Thanks to this second characteristic, errors can not be normally distributed in linear
models, while in generalized linear models the response does not necessarily have to follow
a distribution that belongs to the exponential family. To apply a marginal empirical likeli-
hood approach for the linear regression model, Chang et al. (2013a) considered the marginal

moment condition of the least squares estimator:
B{X;(Y = X;8/")} =0 (j =1,...,p) (1.9)

where BJM* is interpreted as the marginal contribution of covariate X; to Y. From (1.9),
considering that the explanatory variables are standardized, it is possible to see that 5}/1* =
E(X,Y) is the covariance between X; and Y so that 5JM* = 0 is equivalent to that ¥ and X;

are marginally uncorrelated. Therefore, because E (XJQ) =1, (1.9) is equivalent to
E(X;Y — M) =0 (1.10)

Let {(X;,Y;)}_; be collected independent data, g;;(5) = X;;Y; — 8 (j =1,...,p). Based on
(1.10), Chang et al. (2013a) defined the following marginal empirical likelihood:

EL;(B) =sup {le twy > O,Zwi = 1,2%9@-(6) = 0}
i=1 i=1 i=1

for j = 1,...,p. The empirical likelihood estimates are calculated by maximizing the empirical
likelihood function subject to constraints based on the estimating function and the trivial
assumption that the probability weights w; of the likelihood function sum to 1 (details about
empirical likelihood are in section 2.3 of this thesis). For any given 8 in the convex hull of

{X;;Y;}7,, the marginal empirical likelihood ratio was defined as

1;(8) = —2log{EL;(B)} — 2nlogn =2 log{1+ Agi;(8)}

=1
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where A is the Lagrange multiplier satisfying

0— zn: 95(B)
— 1+ Agi;(B)
The authors proved that the same function g;;(-) can be applied for both linear models and
generalised linear models with centred response variable Y. The value [;(0), the marginal
empirical likelihood ratio evaluated ad 8 = 0, should not be large if BJM* = 0, so Chang et al.
(2013a) used 1;(0) as a device for variable screening. In fact, [;(0) has a very clear practical
interpretation by noting that it can be used to test the null hypothesis Hy : Bj\/[* = 0. The
authors evaluated [;(0) for all j = 1,...,p, and, given a threshold +,, they selected a set of

variables by
M'Yn = {1 <j<p: lj<0) > P)/n}'

The authors also showed that this approach has the screening property under some conditions:
the variable Y must to have bounded variance, there exists a positive constant ¢; such that

in |E(X;Y)| = mi Y, X,)| > ein"
nin [E(X;Y)] = min [cov(¥, Xj)[ > ein™,

J

with x € [0,1/2), and there are positive constants K1, K,7y1 and 2 such that
P{|X;| > u} < K;exp(—Kyu™) for each j =1,...,p and any u > 0,

P{]Y| > u} < K; exp(—Kaou??) for any u > 0.

In case of linear model, the dimensionality may grows as log(p) = o(n'/?=*), which is weaker
than in Fan and Lv (2008) where log(p) = o(n!=2%), because in this case the authors payed the
price for allowing non-normal covariates and a more general error distribution; in generalised
linear models the allowed dimensionality is log(p) = o(n1=2%)71/(271+2)) " which is a stronger
result than that in Fan and Song (2010). The EL-SIS is also selection consistent, so

P{]\//.T7L:M*}—>1asn—>oo

if pj = E(X;Y) =0 for any j ¢ M,, with logp = o(n™((/6).((1=26)7/(v+2))) '\where y = el

pjl = o(n™"), where n > x, min;¢yy, E(X]?YQ) > ¢g for some cp > 0,

In case in which max;¢ y,
for any 7 € (1/2—n,1/2— k), the size of the selected model ]]\7%] is under control, considering
Y = con?T.

If there is some additional knowledge about the importance of a certain set of covariates, it
is helpful to use this prior information and rank the importance of features by replacing simple
marginal correlations with the marginal correlations conditional on such a set of variables. In

many applications, researchers often know this set of certain predictors X ¢ related to the
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response Y in advance. As shown in Barut et al. (2016), conditional information can help
reducing the correlation among the variables. They proposed a Conditional Sure independence
Screening (CSIS) from known active predictors which allows to recover the hidden importance
variables and reduce the number of false negatives. But the CSIS has a strongly restrictive
assumption for distributional model and needs to estimate ¢ repeatedly when individually
measuring the strength of the conditional contribution of the remaining variables given X ¢.

Hu and Lin (2017) proposed a Conditional Sure Screening feature procedure by Conditional
Marginal Empirical Likelihood Ratio (CMELR - CSIS), which can be equally applied in both
linear models and generalized linear models. This screening procedure gives better results
than both EL-SIS and CSIS when the heteroscedastic models have hidden important variables
or unimportant variables that are highly marginal correlated with the response. As a result,
the procedure not only inherits the advantages of EL-SIS and CSIS, but also has flexibility in
practice. In fact, it is able to identify the remaining features that contribute to the response
when their number grows exponentially with the sample size. Hu and Lin (2017) define two

index sets as

A={k: B #0}, A={k: =0}

where A is the active index set that corresponds to the active predictors, and A is the com-
plement set of A. Without loss of generality, they suppose that these known active pre-
dictors are the first s¢ components X7,...,Xs. of X. Denoting X¢ = (Xi,...,Xs,)7
Xp = (Xsgpgse-

ingly, CMELR - CSIS tries to identify the set DN A = {j € D : 3; # 0}. They show that

it is possible to use a unified conditional marginal moment condition for linear model and

)

,Xp)T, and partitioning the parameters § as § = (ﬁg,ﬁg)T, correspond-

generalised linear model as
E{[X; — B(X;|X{B0)Y} —aj =0

where «; is denoted as the correlation coefficient between the centralized variable X; —
E(X;|XZ%pBc) and the response Y. The authors show that a; can be used as a tool for
recruiting the corresponding index j. In fact, if the centralized variables, X; — E(X;| X Ls0)
and X} — E(XMXEBC), are uncorrelated, where j # k, j € D and k € DN A, then

B{[X; — E(XG|IXTB Xk — E(Xk|XTB)} =0, j#k, jeD, keDnA

Since E(X;|XE&Bc) is unknown, Hu and Lin (2017) constructed an estimator of this quantity

and then they used the function ggjc.) (o) = [ X5 — E(Xj | XTBc)]Y; —aj to obtain the estimated
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conditional marginal empirical likelihood ratio at zero as

—

n
[0) =2 log{1+ gl (0)}
i=1
where \ is the Lagrange multiplier satisfying

" g90)

0: - .

=1 14 gl (0)
So, they selected the index set of active variables as
DNA, ={jeD:A0) >~}

Finally, Hu and Lin (2017) established the sure screening property under some conditions. If

there are positive constants K1, Ko,v; and 79 such that
P{|X; — B( X;|XCBc)| > u} < Ky exp{—Ku™}
for any j € D and any v > 0 and
P{lY]| > u} < Ky exp{—Kyu"}

for any u > 0, max; | X;Y;| = Op(n¥) where w < 1/2 — x, for 7 € (0,1/2 — k) and 7, = ¢In?7,
it is possible to show that

P{DNACDNA,}—>1 as n— oo

achieving the same dimensionality of Chang et al. (2013a). However, adding some condi-
tions, max;¢pna |E{[X; — E(X;|X{5B0)]Y} = O(n™") where n > £ and minj¢pna E{[X; —
E(X;|XEBc))?Y?} > c3 for some c3 > 0, for any j ¢ DN A and any 7 € (max((1/2 —
n),w),1/2 — k), they also controlled the size of the selected set of variables.

A popular model selection method is Best Subset Regression. However, one downfall of
this method is that the computational cost increases exponentially in p. Thus, one can imagine
the difficulty this would propose in an ultra-high dimensional setting. An alternative to best
subset selection is Forward Regression. Wang (2009) proposed using Forward Regression (FR)
in ultra-high dimensional settings as a way to shrink the dimension down to a manageable size
in a classical linear regression model. All of the preceding methods employ an independent

screening process where the utility for a given predictor does not depend on any other predictor.
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FR deviates from this trend. Using FR, the result is a sequence of nested models each with one
more predictor than the last. These variables are added according to which one will decrease
the regression sum of squares the most. Defined Cy = (), for each k¥ = 1,...,n the author
repeats the following steps. With each j € F\Cy_1, with F' = {1,...,p}, Wang (2009) fitted
a model using C_1 U {j} as the set of predictors. From this model the author computed the
residual sum of squares

k—
RSS Y =YT(I, — Hjj_1))Y

where H j;,_1) = XCkflu{j}(ng_lu{j}XquU{j})71ng_1u{j} is the projection matrix. Now,

a smaller RSS is more desirable. The author selected

. k—1
ap = argjegilcri_l RSSJ( )
and created the next set in the solution path Cy = Ci_1 U{ax}. The final result is C = {C}, :
1 < k < n} where Cy = {a1,...,ar}. Wang (2009) imposed some technical conditions to
prove the screening property with a dimensionality that diverges to infinity at an exponential
rate: the normality assumption for X and €, a constraint on the smallest and the largest
eigenvalues of the covariance matrix, i.e. with 0 < Tpin < Timaz < 00, 2Tmin < Amin(2) <
Amaz(E) < 27174, and the minimal size of the non-zero coefficients minjepy, |8] > Vgn_fmi”,
with some constant v and &,,;,. The author proved that the FR algorithm can detect all
relevant predictors within a finite number of steps, much smaller than the sample size n.
Another option is to select a set based on some criterion. A possible option would be the BIC
criterion proposed by Chen and Chen (2008)

BIC(M.) =log(yy +n " | My | (logn + 2log d)

where 57, ) = n~'RSS(M.). Let m = argmini<m<n BIC(C(™) and C = C™, Wang (2009)
pointed out that this criterion has only been proven to have the consistency in selection when
p = O(n®) for some o > 0, but has the screening property for log(p) = O(nf),& > 0, when
q < yn&’, SO

P(M,cC)— 1.

The partially linear model,
Y =XTB+g(U)+e (1.11)

where U is an univariate explanatory variable in [0, 1] (for simplicity), and g(U) is an unknown
smooth function of U, with (X T U)T and € independent, is important in the context of semi-
parametric regression. In regression analysis, the profile least squares approach is useful to

convert the semi-parametric model to the least squares setting. Following this approach, it is
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possible to verify that
d
Y - E(Vi|Ui) =) Bi{Xi; — E(Xy5|U)} + €.
j=1

Then, defining the profiled response and the profiled predictor as Y;* = Y; — E(Y;|U;) and
X; = X; — E(X;|U;) respectively, the partial linear model (1.11) reduces to the classical

linear regression model

Vi =XT8+¢. (1.12)

To implement the linear model (1.12) in practice, however, the unknown functions E(Y;|U;)
and F(X;|U;) need to be estimated nonparametrically. Liang et al. (2012) used the local linear
regression technique of Fan and Gijbels (1996) to estimate E(Y;|U;), and using the same steps
of Wang (2009), they proposed a Profiled Forward Regression (PFR) to variable screening.
Adding some conditions on nonparametric regression to that assumed in Wang (2009), Liang
et al. (2012) showed that the performance of PFR can be asymptotically as good as FR and
the screening property can hold at a rate sharper than the rate given in Wang (2009).

Hao and Zhang (2014) considered Interaction-selection procedure featured with FORward

selection, which is referred as iFOR, in a regression model with linear and second order terms
Yi = o+ XYW + 27 8 + ¢

where the vector Z contains quadratic and two-way interaction terms. They proposed an
algorithm, called iFORT. This is a two stage procedure, which at first stage selects only main
effects by FS, obtaining a set M , while in the second stage, the interaction terms generated
under the heredity condition are considered, so they expanded the set M , adding all the
two-way interactions within M and then implemented FS on the extended set. Also in this
case, to select the optimal model from the path, they used the BIC proposed by Chen and
Chen (2008). Under the same condition of Wang (2009), adding a strong heredity condition
Bri # 0 = Bif # 0, Hao and Zhang (2014) stated the sure screening property for interaction
selection for ultra-high dimensional setting, with logp = vn¢, £ < 1/2.

1.4.2 Model-free Screening

The aforementioned screening methods only work well when the models are correctly
specified, but, in the presence of incorrect model specifications, they are unable to select
all the relevant variables. In particular, these models focus on identifying covariates that
have a particular effect on the response variable, not taking into account the possibility that
different covariates give different effects. In practice, we typically have data with a huge

number of candidate variables, but we have little information that the actual model is linear
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or follows any other specific parametric, nonparametric or semi parametric form. Thus, it is
of great interest to develop model-free feature screening procedures for ultra-high-dimensional
data. By model-free, it means that one does not need to impose a specific model structure on
regression functions to carry out a screening procedure. One way to achieve the model-free
goal is to develop feature screening procedures for a general class of models which include
most commonly-used parametric, nonparametric and semi parametric models as special cases.

Zhu et al. (2011) proposed a Sure Independent Ranking and Screening (SIRS) procedure to
screen the significant explanatory variables under a unified model framework, which includes
a lot of parametric and nonparametric models. This flexibility is achieved by using a marginal
utility measure that is concerned with the entire conditional distribution of the response given
the predictors. Another strategy to achieve model-free is to employ the measure of inde-
pendence to efficiently detect linearity and non-linearity between predictors and the response
variable and construct feature screening procedures for ultra-high-dimensional data. Li et al.
(2012b) proposed a SIS procedure based on the Distance Correlation (DC-SIS) and showed
the sure screening property without assuming any particular regression function. Nonpara-
metric quantile regression is useful to analyse the heterogeneous data, by separately studying
different conditional quantiles of the response given the predictors. The Quantile-Adaptive
screening (QA) (He et al., 2013) improved the robustness of NIS by allowing heteroscedasticity

in the model.

Model-free using the conditional distribution function

The Kolmogorov filter (KF) of Mai and Zou (2013) is a fully nonparametric robust screen-
ing method. It deals with binary classification problems and uses the Kolmogorov—Smirnov
test statistic to screen covariates. Considering F', j(x) and F_;(x) the conditional cumulative

probability functions of X; given Y = ¢(1, —1), respectively, and defining

Kj= sup [Fy(z) - F(2)]
—oo<r<oo
for which the sample version is defined as K,j = sUp_,opco0 |ﬁ+](ac) — F\_j(:c)\, Mai and Zou
(2013) ranked all variables by the K,; statistics and selected the subset

Mdn = {j : Kp; is among the first d,, largest of all K,,;}

where the default value for d,, = n/log(n) or, with a more conservative choice, d,, = n.
The Kolmogorov filter significantly outperforms other existing screening methods for binary
classification problems, it works with all types of covariates and is invariant under univariate
monotone transformations of the covariates. It have the sure screening property even when

the covariates are strongly dependent on each other. In fact, the screening property holds
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with probability going to one if

Op. = min K; — max K; > {log(p) /n}'/2.
This result is very promising because it was commonly believed before Mai and Zou (2013)
that marginal screening methods tend to work well if and only if the noise variables are weakly
correlated with the relevant variables. The limitation of KF is that this procedure is designed
for binary classification problems and is inapplicable when the response variable can take more
than two values.

Mai and Zou (2015) developed the Fused Kolmogorov Filter (FKF), a fully nonparametric
model-free variable screening method that could provide a unified solution to variable screen-
ing problems emerging from a wide variety of applications such as binary classification, multi
class classification, regression and Poisson regression, among others. This method should also
work with discrete, categorical or continuous covariates and it is invariant under univariate
monotone transformations of response variable or covariates or both. As the name suggests,
the fused Kolmogorov filter is built upon two main ideas, the Kolmogorov—Smirnov test statis-
tic, as used in Mai and Zou (2013), and fusion. When the response variable is binary, the
fused Kolmogorov filter is exactly the KF proposed in Mai and Zou (2013), and fusion is not
needed. The fusion part becomes critically important when the response variable is continuous.
Following the KF, Mai and Zou (2015) considered

K} = sup sup |Fj(z|Y = y1) — Fj(x|Y = y2)|
Y,y T
where K7 is a natural generalization of K;. In fact, K7 = 0 if and only if X is independent
of Y. In order to use K7, they found an empirical version of K. This step is trivial for
the binary response case, but it is much more difficult when Y takes infinite values because
it requires the knowledge of Fj(z|y) for all possible values y. Mai and Zou (2015) found an

approximation of K]* by slicing the response into multiple slices, considering a partition

G-1
G = {[al,alH) cap < app1,0=0,...,G—1and U [ar, ar41) \ {ao} = R}
=1

where ag = —00, ag = oo and R is the support of Y. They then defined a random variable
H € {1,...,G} such that H = [ + 1 if and only if Y is in the Ith slice. Mai and Zou
(2015) computed a Kolmogorov—Smirnov test statistic for each pair of slices and then took

the supreme of all pairwise Kolmogorov—Smirnov test statistics:

KJG = nl}glxsgp |Fj(x|H = 1) — Fj(z|H = m)|
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where Fj(z|H =1) = P(X; < z|H =1). In fact, X is independent of Y if and only if KJG =0
when Y takes finite values and each possible value forms a slice. The authors showed that it
is possible to use KJG to evaluate the dependence between Y and X; even if Y is continuous
and they stated that KJG is a better measure for variable screening than K7. Mai and Zou

(2015) estimated KJG for all p variables using a partition G by

KJG = axsup |Fj(z|H =1) — Fj(z|H = m)|

where )
FialH =1)== " I(X} <),

Mo
n; is the sample size within the [th slice and H? = [ if Y; is in the Ith slice. To make
the method insensitive to the slicing scheme, Mai and Zou (2015) repeated the procedure
for different ways of slicing and then took the sum of their outcomes as the final screening
statistic. They considered N different partitions G; for ¢ = 1,..., N, where each partition
G; contains G; intervals. They suggested an intuitive uniform slicing to partition data into
G slices. If Y is categorical with levels 1,...,G, or Y is discrete with finite possible values
1,...,G, they set H =Y . If Y is discrete and can take infinite values, they set H =Y + 1
ifY<G—-—1and H=GifY > G —1. When Y is continuous, they consider the intervals
bounded by the éth sample quantiles of Y for [ = 0,...,G. They considered multiple uniform
slicing G;,1 < i < N where G; has G; many slices. At the end, Mai and Zou (2015) combined

the information of all G; and computed the final Kolmogorov Filter statistic as
al G
L j
Kj=> K.
i=1

Finally, they ranked each covariate by its fused Kolmogorov statistic and screened out those

covariates at the bottom of the rank list:

— ~

M = {j: K, is among the d,,’th largest }.

Under the following two conditions:

e there exists a set S such that M, C S

s = (g (G ~ g G)) -

where the slicing is built on the theoretical quantiles of Y, when the distribution of Y

is known, so the jointly important predictors should also be marginally important;
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e considering G, = min; G;, then for any by, be such that P(Y € [b1,b2)) < 2/Gpin, it
is

Ag
|Fj(z|y1) — Fj(xly2)| < =

for all x,j and yi,y2 € [b1,b2), so the sample quantiles of Y are close enough to the

population quantiles of Y;

the sure screening property holds with probability tending to one if

Ag > \/lognlog(pN logn)

n

In addition, if there exist 0 < k < 1 such that A; > n™", the FKF can handle the same order
of dimension as SIS
logp < n® with & € (0,1 — 2k)

without imposing any parametric assumptions. But the FKF screening procedure is com-
putationally heavy since the calculation of the Kolmogorov—Smirnov statistic involves the
numerical optimization problem and it is sensitive to the selection of the number of slices.
Cui et al. (2015) proposed a sure independence screening using Mean Variance index
(MV-SIS) for ultra-high-dimensional discriminant analysis based on the empirical conditional
distribution function. The procedure is robust to model misspecification, heavy-tailed dis-
tributions of explanatory variables and outliers, but they only studied the scenario where
response variable is categorical and explanatory variables are continuous. It not only retains
the advantages of the Kolmogorov filter, but also allows the categorical response having a
diverging number of classes in the order of O(n*) with some x > 0. The MV-SIS is applicable
for the setting in which the response is continuous, but the feature variables are categorical,
in a nonparametric additive model. The authors considered Y a categorical response with R
classes {y1,%2,...,yr}, and X; a continuous covariate with a support Rx;. To investigate
the dependence relationship between X; and Y, they considered the conditional distribution
function of X given Y, denoted by F(z|Y) = P(X; < z|Y’). Denoting by F(z) = P(X; < x)
the unconditional distribution function of X; and F,(z) = P(X; < z|Y = y,) the conditional
distribution function of X; given Y = y,., if F.(v) = F(z) for any x € Rx, andr = 1,2,..., R,
then X; and Y are independent. This motivated Cui et al. (2015) to consider the index

MV (X;|Y) = Ex;[Var y (F(X;[Y))]

to measure the dependence between X; and Y. They showed that MV (X;|Y’) = 0 if and only
if X; and Y are statistically independent, so they used the MV (X;|Y) as a marginal utility
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for feature screening. They also found an estimator of this quantity

MV (X,]Y) = ZZpr F(X5) = F(X))P?

rljl

where 5, = 1 S I{Y; = .}, F(x) = 2 0 {X, < o}, and Fy(2) = L Y7 {X; < 2.Y; =
yr}/Pr. Without specifying a regression model, they defined the active predictor subset by

M, = {k : F(y|z) functionally depends on X}, for some y =y, }
They applied the MV index for each pair (X, Y)
wp = MV (X§]Y)

and used
@ = MV (X,|Y)

to choose the index set
M\:{k:@kZCn_“, for 1 <k < p}.

Therefore, Cui et al. (2015) showed the sure screening property :
P{M,C M} —1

imposing that there exist two positive constants ¢; and ¢z such that ¢1/R,, < minj<,<pg, pr <
maxi<r<p, Pr < ¢2/Rp, assuming that R, = O(n”) for k > 0 is the diverging number of
classes for the response, and that there exist positive constants ¢ > 0 and 0 < 7 < 1/2 such
that mingep wy > 2en™7, the minimum true signal. MV-SIS can handle a dimensionality equal
to logp = O(n®), where a < 1 < 27 — k with 0 < kK < 1 — 27. If R,, is fixed, that is, K = 0,
then MV-SIS can handle the even larger dimensionality logp = O(n®), where a < 1 — 27.

In Yan et al. (2018) the purpose is to develop an effective and computationally feasible
feature screening procedure for ultra-high dimensional data analysis. The proposed screen-
ing procedure can be available for various types of covariates and response variable including
discrete, categorical and continuous variables, and is robust to model misspecification, out-
liers and heavy-tailed distributions of explanatory variables. It is also model-free, without
specifying a regression model of explanatory variables and response variable, and is easily
implemented without involving the numerical optimization problem. To this end, the authors
proposed a marginal slicing feature screening procedure, which is referred to as the slicing
Fused Mean-Variance Filter (FMV) screening, based on the empirical conditional distribution

function of explanatory variable given response variable. They tried to combine two ideas:
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the measure of the dependence between each covariate and the response variable of Cui et al.
(2015), and the slicing technique of Mai and Zou (2015). In fact, they extended the MV-
SIS method for a categorical response to a continuous response variable and then they used
an empirical version of the distribution functions (for the explanatory variables and for the

response) to estimate their index. Yan et al. (2018) defined the following index:
MV; = Ex,[Vary F(X;|Y)] //{F (z|]Y = y) — Fj(2)}2dFj(z)dFy (y).

It is possible to use this index for identify the significant explanatory variables in ultra-high
dimensional data analysis because MV; = 0 if and only if X is independent of Y. In order
to solve the integral problem of continuous variable, they transformed it into a tractable sum
problem using the slicing method of FKF. In fact, it is quite difficult to estimate MV; when
Y is a continuous random variable or a discrete random variable having countable values
because it involves evaluating Fj(x|y) for all possible values y. To address the issue, the
authors approximated MV} by slicing the response Y on its support Ry. To this end, they
defined the following partition of the support Ry for a given positive integer S:

S ={[ag,a9+1) 1 ag < ag41,9=1,...,5}

where a1 = inf{y : Fy(y) < 1} and ag41 = sup{y : Fy(y) < 1}. They also defined a
random variable G = {1,..., 5} such that G = ¢ if and only if Y is in the gth slice [ag, ag+1)
for g = 1,...,S5. In particular, when Y is a discrete variable, they took G = Y. Although
they cannot evaluate Fj(z|Y = y) for all possible values y under our considered case, they
approximate F;(z|Y = y) on a slice G = g (i.e., ag <Y < ag41) by using F]S(x|G = g), where
Fjs(x|G =g) = P(X; < z|G = g). Thus, the sliced MV} can be approximated by

S
—3 8 / (F5(|G = g) — Fy()}2dF;(x)

where pg = P(G = g) and F]-S(x|G =g) =PX; <z,G = g)/pg =P(X; <z,040 <Y <
ag+1)/Plag <Y < agq1). MVjS enjoys the same property as MV} since MVjS = 0 if and only
if X; is independent of Y when Y takes countable values and each possible value of Y forms
a slice. However, when Y is a continuous random variable, M VjS is a consistent estimator of
MYV for feature screening, assuming F)j(x|y) continuous in y, max,— . g P(G = g) — 0 and

limg_,0 SP(G = g) — 1. The sample version of M VjS can be estimated by

n S
- %Z Y B AES (XylG = g) — Fj(Xy)¥.

i=1 g=1
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Following the fusion in Mai and Zou (2015), Yan et al. (2018) considered K different slicing
schemes, computed the M VjS for each K and then they took the sum. The fused mean variance
filter FMV; = Ele M VjS is approximated by

K
e — S
FMV;=) MV}
k=1
The authors showed the sure screening property under some regularity conditions:

e there exists a set F such that M, C F and

Ap = min{min MV % — max MV} > 0;
kE jEE J j¢E J

e given Sy, = ming Sk, for any b; and by such that P(Y € [b1,b2)) < (1+ Ag)/Smin, the

sup | Fj(z|y1) — Fj(zly2)| < Ap/8
ZL‘ERXj

for any j € 1,...,p and y1,y2 € [b1, b2); and moreover Sy, = O(n”) for k > 0.

If A > C'n"™ with some positive constant C', the FMV procedure can be used to deal with the
dimensionality logp = O(nf), where £ <1 —27 —x, 0 <7 <1/2and 0 < k < 1 — 27, which
depends on the minimum true signal strengthen and the number of slices. If the number of
slices is not growing with n, namely & = 0, the dimensionality achieved is log p = O(n¢), where
€ <1-27with0 <7 <1/2.If Sy = O(log(n)) (Mai and Zou, 2015), the FMV filter enjoys the
sure screening property with the probability tending to one only if Ag > +/log(n) log(Kp)/n.

Model-free using empirical likelihood

Chang et al. (2016a) considered an independence feature screening method for a gen-
eral class of regression problems covering the nonparametric and semi-parametric families.
This approach directly targets at quantifying the strength of data evidence against the null
hypothesis that explanatory variables are not locally contributing to the response variable.
Moreover, the statistic in this approach is self-studentized, automatically incorporating vari-
ance of the marginal statistical approach. The authors considered the set M, = {1 < j <
p: E(Y|X) varies with the value of X} as the set of contributing explanatory variables, and,
without loss of generality, they assumed E(Y) = 0 that implies E{m(X)} = 0, since X is
high-dimensional. Without any prior information on which of the covariates are contributing
in explaining Y, Chang et al. (2016a) investigated the marginal contribution from each ex-

planatory variable in explaining Y to justify whether it is relevant. For such a purpose, they
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considered marginal nonparametric regression problems:

min E[{Y — fj(Xj)}2] with j=1,...)p

fi€le
where Ly denotes the class of square integrable functions. Noting that E(Y|X;) is the min-
imizer of the nonparametric regression, they used f;(z) = E(Y|X; = z) to evaluate the
marginal contribution of X; locally at X; = . If an explanatory variable X; is not contribut-
ing to Y marginally, then f;(x) = 0 for all  in the support of X;, X. The authors considered
the Nadaraya—Watson (NW) estimator for f;(z)

-~ n=t Z?— Kh(Xi‘ — ac)Y;
fie) = —= = ].. _
n=t >0 Kn(Xij — z)

although this choice does not compromise the general applicability of the marginal empiri-
cal likelihood with other nonparametric approaches, for example, the local linear estimator
(Fan and Gijbels, 1996), etc. For assessing f;j(z) = 0 at a given z without distributional

assumptions, they constructed the following empirical likelihood:

n n n
ELj(x,0) = sup {Zwl Dwi > O,Zwi = 1,ZwiKh(Xij —n)Y; = O} .
i=1 i=1 i=1

By applying the Lagrange multiplier method, the authors obtained the empirical likelihood
ratio: "
lj(x,0) = —2log{ELj(x,0)} —2nlogn = QZlog{l + MK (X5 — 2)Y3 )
i=1
Since the denominator of NW converges to the density of X; evaluated at x, a large value of
lj(x,0) is taken as evidence against fj(x) = 0 provided that the density of X; is bounded away
from 0 at z. Hence, [;(z,0) is indeed a statistic for testing whether or not the numerator of

NW has zero mean locally at z. For assessing E(Y|X;) = 0, Chang et al. (2016a) proposed

to use
1;(0) = sup [;(z,0)
rEXy
for each j = 1,...,p, where X, is a partition of the support X into several intervals. For

feature screening purposes, they proposed selecting the set of explanatory variables by

—

My, ={1 <7 <p:1;(0) = vn}-
The screening property holds in this case under some conditions:

e the continuity of each f;(z), in fact each f; has to belong in C"(X) with bounded
derivative, and, if » = 0, f;’s satisfy the Lipschitz condition with an order o € [0, 1);
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e the density of each X; does not vanish on its support and it implies bounded support of

the explanatory variables;

e the minimal signal strength of M,, measured by || f; ||, cannot be too weak and

depends on the continuity of f; via 7, so minjens || fj ||oo> c1n™", with x € [0, ﬁ);

e the partition of the support X has to be of size at least O(n~¢), with £ > 0;

e a condition on the tail distribution of Y, such that P(|Y| > u) < Kj exp —Kau?”, with
Ky, K5 and v > 0;

e the requirement for the kernel function so that the bias due to kernel smoothing is not
dominating and h =< n™* with w € [*,1);

with a dimensionality logp = o(n€) for ¢ = min{l — 2K — gil’ (% — K — g%) fy}, with g1 =

max {r,a}. If Y follows a normal or sub-normal distribution, then v = 2, and the highest

dimensionality achieved is logp = o(nl_%_%), while if f; has derivatives of all the orders,

such that g; = r = 0o, then the highest dimensionality become log p = o(n!~2%). Chang et al.

(2016a) show that this procedure can control the size of M% and has the selection consistency

in the ideal case where

Imax | fj [loo=0(n™")

and imposing w = gﬁl. In particular, when Y has a compact support, the selection consistency

holds if logp = o(nlf%f%’f); when all f; € C°°(X) the selection consistency holds if logp =
o(n'=2%). When Y has a normal o sub-normal distribution and in presence of orthogonal
condition (Huang et al., 2010), the selection consistency holds if log p = o(nmin{%fﬂfi’%fﬁ ).

Chu and Lin (2018) proposed a method by combining EL, conditional technique and SIRS.
They took the correlation among the variable into account and applied the marginal empirical

likelihood method on the conditional SIRS: this method is called CSIRS.
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Chapter 2

Independence screening by marginal
empirical likelihood and local

polynomial derivatives

2.1 Introduction of the method

n

Suppose that we have a random sample {(X;,Y;)};"; from the data model

where Y is the response variable, X is the vector of p candidate variables and ¢ is the error,
with E(¢|X) = 0. Finally, m(-) is the unknown regression function. In our method, we don’t
impose any particular form to the function m(-), so we consider a general class of regression
problems, including parametric and nonparametric, additive and non-additive models. As
regard the dimensionality p of the variable vector X, this can grow exponentially with the
sample size n, and, without loss of generality, we assume that F(Y) = 0 implying that
E{m(X)} = 0. Let us denote with

M, = {1 < j < p: the j-th variable in X is relevant for explanation of Y}

the set of s true relevant covariates in model (2.1). Moreover, we consider a very sparse model:
only a small fraction of the explanatory variables contribute to the response (s < p).

In order to identify the s relevant covariates in M, that contribute to the response variable
in high-dimensional nonparametric regression analysis, we propose an independence model-
free feature screening technique that combines two different elements: the local polynomial

regression and the empirical likelihood. We apply the local polynomial regression to estimate
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a marginal derivative with respect to the covariate Xj;, for j = 1,...,p (so, p derivatives
in total) in the regression model (2.1). Once we have this estimation, we use the empirical
likelihood to verify if this derivative is zero uniformly in the covariate’s support. Until now,
based on our knowledge, no other screening method uses marginal derivatives to evaluate the
effective incidence of covariates on the dependent variable.

With the use of derivatives, we investigate the marginal contribution from each explanatory
variable in explaining Y to justify whether it is relevant or not. In fact, the partial derivative

873)(()],() says in what way the value of m(X') changes if you increase X; by a small amount, while

holding the rest of the arguments fixed. We can evaluate partial derivatives using the tools

of single-variable calculus: to calculate 875)({;{) simply compute the (single variable) derivative

with respect to X, treating the rest of the arguments as constants. If an explanatory variable

X is not contributing to ¥ marginally, then the derivative 875)(();) (x) = 0 for all x € &, where

A& is the support of X;. With this idea in mind, we attempt a feature screening procedure

that it is capable to determine whether 821)%_() = 0 or not for each j = 1,...,p. The details

will be given in section 2.4.

Because we impose no restriction on the structure of the model, we need a nonparametric
statistical tool to estimate this partial derivatives. Our choice has fallen on the use of local
polynomial regression: with this method we are able to evaluate the contribution of the

explanatory variable X; locally at X; = x.

2.2 Derivative estimation by local polynomials

Local polynomial fitting method has many notable features both from theoretical and
practical point of view. Local polynomial fitting adapts to various types of designs (random
and fixed, highly clustered and nearly uniform), and there is an absence of boundary effects.
In fact, compared to other kernel estimators, with local polynomial fitting no boundary modi-
fications are required. Furthermore, the local polynomial approximation method is appealing
on general scientific grounds because it uses the least squares principle.

We now start the exploration of the method of local polynomial fitting. We introduce
the framework for this particular smoothing technique in the case of one-dimensional ex-
planatory variables Xy, ..., X, following the notation of Fan and Gijbels (1996). Consider
the bivariate data (X;, Y47),...,(Xn,Yn), which form an independent and identically dis-
tributed sample from a population (X,Y’). Of interest is to estimate the regression function
m(zg) = E(Y|X = x0) and its derivatives m/(zo),...,m® (zy). To help us understand the

estimation methodology, we can regard the data as being generated from the model

Y =m(X)+o(X)e,
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where E(e) =0, Var(e) =1, and X and ¢ are independent. We always denote the conditional
variance of Y given X = xg by 0?(xg) and the marginal density of X, i.e. the design density,
by f(+). Suppose that the (d+ 1) derivative of m(x) at the point g exists and is continuous.
We approximate locally the marginal function m(x) using Taylor’s Expansion by a polynomial
of order d (Fan and Gijbels, 1996):

m(d)(xo)

p (z — x0)%.

m(z) = m(xo) + mW (zo)(z — z0) + - +
Then, we can estimate the expansion terms using weighted least squares by minimizing the

following equation for 3, := B,(z0) = m¥) (xq) /v!:

2

d
Yi =Y Bulxo)(Xi — 20)" | Kn(X; — 0) (2.2)
1 v=0

n

)

where h, called the bandwidth, controls the size of the neighbourhood around ¢, Kj(+) controls
the weights, with Kj,(z) = K(x/h)/h and K a kernel function satisfying [ K(z)dz = 1. Let

B = (El, e ”gd) be the solution of the minimization problem in (2.2), then m(®) (zq) = 1B, is
an estimator for m(*)(zg), with v = 0,...,d. In matrix notation, let X be the design matrix
centred at xq:
1 (X1—20) ... (X;—uz0)
X=1: : : ) (2.3)
1 (X, —z0) ... (Xn—m0)?
Y = (Y1,...,Y,)T and W a diagonal matrix of weights with diagonal elements K} (X; — xo),
for i = 1,...,n. Then, the local estimate of m(")(z) with a dth degree polynomial is
n
) (23 d, h) = vlel  (XTWX) ' XTWY =01 ) Wig(a)Y (2.4)
i=1

for v=0,...,d, where W, 4(z) = el | (XTWX)'X"We;. Here e, is the (d + 1) x 1 vector
having 1 in the rth entry and zeros elsewhere.

To estimate the function m(¥)(.) we need to solve the weighted least square problem for
all points xy in the domain of interest. We remark that we do not need to know whether
Var(Y|X = z) remains constant or not, because we fit (2.2) locally and the variance is
approximately the same in a local neighbourhood. This is a great advantage of the local
polynomial fitting. The matrix X” WX is positive definite as long as there are at least d + 1
local effective design points. This assumption is granted with probability tending to one since

we always assume that nh — oo (Masry and Fan, 1997).
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The estimate for m(z) (when we consider v = 0) is therefore computed as
. n
m(z;d,h) =B =el (X TWX) ' XTWY =) W, q(2)Y;
i=1

where

Wia(z) = el (XTWX) ' XTWe;

and e; is the i-th canonical vector. So, the local polynomial estimator for the function m(z)
is a weighted combination of the responses. When d = 0, the local polynomial estimator is

the Nadaraya-Watson estimator with this explicit weights formulation

_ Kh(Xi — 33‘)
>y Kn(Xi — )’

Wiyo(l‘)

when d = 1, it is the local linear estimator, which has weights equal to

1 §2 —/S\l(Xi — $)
n LT <2

5250 — 59

WZ‘ 1(33) =

)

Kh(Xz — .’E)

where 3, = 5, (z;h) == 2 30 [(X; — 2)"Kp(X; — ).

The extension of local polynomial fitting ideas to estimation of the wth derivative is
straightforward. One can estimate m(")(z) via the intercept coefficient of the vth deriva-
tive of the local polynomial being fitted at x, assuming that v < d. For example, the local
polynomial estimate of m/(z) is simply the slope of the local polynomial fit. In general, the

local estimate of m(¥)(z) with a dth degree polynomial is
m® (z;d, h) = vlel, (XTWX) L XTWY (2.5)

for all v = 0,...,d. As before, e, 1 is the (d 4+ 1) x 1 vector having 1 in the (v 4 1)th entry
and zeros elsewhere.

There are three critical parameters whose choice can have an effect on the quality of the
fit. These are the bandwidth, h, the order of the local polynomial being fit, d, and the kernel
or weight function, K (often denoted K} to emphasize its dependence on the bandwidth):

e a too large bandwidth under-parametrizes the regression function, causing a large mod-
elling bias, while a too small bandwidth over-parametrizes the unknown function and
results in noisy estimates. Ideal theoretical choices of the bandwidth are easy to obtain,

but is not directly practically usable since it depends on unknown quantities;

e for a given bandwidth h, a large value of d would expectedly reduce the modelling bias,
but would cause a large variance and a considerable computational cost. Fan and Gijbels

(1996) showed that there is a general pattern of increasing variability: for estimating
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m(¥)(z,), there is no increase in variability when passing from an even (i.e. d — r even)
d = v + 2q order fit, with ¢ € N, to an odd d = v + 2¢ + 1 order fit, but when passing
from a odd d = v+2¢g+1 order fit to the consecutive even d = v+ 2¢+2 order fit there is
a price to be paid in terms of increased variability. Therefore, even order fits d = v + 2¢q
are not recommended. Since the bandwidth is used to control the modelling complexity,

it is recommend the use of the lowest odd order, i.e. d = v+ 1, or occasionally d = v+ 3;

e since the estimate is based on the local regression, no negative weight K should be used.
In fact, for all choices of d and v the optimal weight function is K(z) = 2(1 — 22),,
the Epanechnikov kernel, which minimizes the asymptotic MSE of the resulting local

polynomial estimators (Fan and Gijbels, 1996).

It is possible to use the notation in (2.2) to express the conditional mean and variance of
B:
EBX) =6+ (XTWX) ' XTWr
Var(8X) = (X"WX) {(XTeX)(X"TWX) !

where r = (m(X1),...,m(X,)) — XB; is the vector of residuals of the local polynomial
approximation, and ¥ = diag{ K?(X;—x0)o*(X;)}. These exact bias and variance expressions
are not directly usable, since they depend on unknown quantities: the residuals r and the
diagonal matrix 3.

When (X;,Y),...,(Xy,Y,) is an i.i.d. sample from the population (X,Y’), Theorem 3.1 of
Fan and Gijbels (1996) shows the following result on the approximation of bias and variance,
using this notation. The moments of K and K? are denoted respectively by pi=[ ! K (u)du

and v; = [w K?(u)du. Considering some matrices and vectors of moments

S = (lj41)o<ji<d ca = (ftar1y -+ p2di1)”
S = (jt141)0<ji<d Ca = (Hdt2, -+ H2ar2)”
S* = (Vjt1)o<ji<d

and the unit vector e, 41 = (0,...,0,1,0,...,0)” with 1 on the (v+ 1) position. Assume
f(zo) > 0, f(-), m@D(.) and a o2(:) are continuous in a neighbourhood of zy. Further,
assume that A — 0 and nh — oco. Then the asymptotic conditional variance of m"(xg) is

given by

e I vlo?(z 1
Var{im® (z0)| X} = eg;157'5"S 16v+1jw(hfl% o (niﬂ“)
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The asymptotic conditional bias for d — v odd is given by

|
Bias{m" (x0)| X} = €Z+15_lcdﬁm(dﬂ)(xo)hdﬂ_v + op(h4T17Y),

Further, for d — v even the asymptotic conditional bias is

Bias{m"(z0)|X;} = e;fﬂs—lad(dfw {m(d+2) (wo) + (d + 2)m<d+1>(x0)1;((§§))} h*T270 0, (R4FH27Y)
provided that f’(-) and m(@t2)(.) are continuous in a neighbourhood of zy and nh? — oo.

From the above result it is possible to see that there is a theoretical difference between the

cases d — v odd and d — v even. For d — v odd the asymptotic bias has a simpler structure

and does not involve f/(zg), a factor appearing in the asymptotic bias when d — v is even. For

this reason, the Nadaraya-Watson estimator, that is a special case of polynomial regression

that uses the local constant fit (d = 0) for estimating the regression function (v = 0), has an
additional term in the asymptotic bias.

In order to give an exhaustive summary on the theoretical results in the literature on the
use of local polynomials, we consider the case of dependent data. When the data are dependent
and d — v is odd, Masry and Fan (1997) obtain the expression of bias and variance of this
estimator using some additional conditions. First of all, they introduce the mixing coefficients.
Let F¥ be the o-algebra of events generated by the random variables {(X;,Y;),i < j < k} and
denote by Lo(F¥) the collection of all random variables which are FF-measurable and have
finite second moment. The stationary process {(X;,Y;)} is called strongly mixing or a-mixing
if

sup |P(AB) — P(A)P(B)|=a(k) -0 as k— oo.
AeF® _ .BeFy

The mixing conditions indicate basically the maximum dependence between two time
events at least k steps apart. Local polynomial fitting techniques continue to apply under
the weak dependence in medium or long term, namely, when k is large. The short term
dependence does not have much effect on the local smoothing method. The reason is that for
any two given random variables X; and X; and a point x, the random variables K (X; — x)
and Kj,(X; — x) are nearly uncorrelated as h — 0. This property is, however, not shared by
parametric estimators.

Masry and Fan (1997) in their Theorem 5 state that under certain mixing conditions, local
polynomial estimators for dependent data have the same asymptotic behaviour as for inde-
pendent data. Note that the bias arguments are unaffected, whereas the variance calculations
are affected under dependence. Let f(x) be the density of X; and o%(z) = Var(Y|X; = ).
Let S, S* and ¢, denote the same moment matrices and vector as those introduced before.

Under conditions:
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1. the kernel K is bounded with bounded support;
2. fx,x,vo.vi (o, Tt|yo, y)) < A—1< o0 VI>1;

3. with a-mixing processes for some § > 2 and a <1 —2/6 ,

D 1a)]? <00, EY|° <00, fxyy(zly) < Az < o0
l

4. for a-mixing processes there exists a sequence of positive integers satisfying s, — oo
and s, = o{(nhy)/?} such that

(n/hy)Y?a(sp) — 0,as n — oo
if by, = O(n'/(4+3)) then as n — oo,

T 5 Tequim(dHD) (z) d el, [ S715*S e, 1 (v))20?(x)
B2+ L 50 () — m®) () — Cot1 pd+1-v N (o, v+1 v+
\/n {m () = m\Y (z) CE) o — @

at continuity points of o2, f with f(x) > 0.

With this consideration, we need a polynomial of order two to estimate the marginal first
derivative for our nonparametric model. In fact, for v = 1 (the order of the derivative that
we consider), we need a polynomial of order d = v + 1. When d = 2 the local polynomial

estimator is called local quadratic estimator and it has this formulation for its weights

1
Wia(x) = —S(a; h)Kn(X; — ) (2.6)
where
S(QZ; h) _ §2§3 — 5184 + [§0§4 — g%](XZ — 1’) + [§1§2 — §0§3] (Xz — x)z

505254 + 2515983 — /S\% — :9\0:9\% — 3%3\4
Following the previous formulas, the bias and the variance are equal both in the case of

dependent data and in that of independent data and have those expressions:

. 1 pee :
Bias{m/(z0)| X} = §62TS Legm® (z0)h? 4 op(h?)

Var{m/(z¢)| X} = el S715*5 e M +o .
0 2 > F(zo)nh3 P\ nh3
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2.2.1 The choice of the bandwidth

A theoretical optimal local bandwidth for estimating m(*) () is obtained by minimizing

the conditional Mean Squared Error (MSE) given by
[Bias{m") (z0)| X }]* + Var{m!) (z)| X }

This ideal choice of a local bandwidth can be approximated by the asymptotically optimal local
bandwidth, i.e. the bandwidth which minimizes the asymptotic MSE. Using the expressions
for the bias and variance introduced before, it is possible to obtain the asymptotic MSE, whose

minimization leads to

1/(2d+3
o?(wo) ] [ )n71/2d+3

hopt(IO) = C"hd(K) |:{m(d+1)(Io)}2f(x0)

where

Coa(K) = (d+1)2(20 4+ 1) [ K:2(t)dt 1/(2d+3)
v,d - 2(d +1-— ’U){f td+1K;(t)dtP}2
and K* is the equivalent Kernel (Fan and Gijbels, 1996).

A commonly used, simple measure of global loss is the weighted Mean Integrated Squared
Error (MISE). Minimization of the conditional weighted MISE

/<[Bias{r%(v)(g;))(} 2 +VaT{m(U)($)|X}> w(w)dz

with w(-) > 0 some weight function, leads to a theoretical optimal constant bandwidth. Using
again the asymptotic expressions for bias and variance we find an asymptotically optimal

constant bandwidth given by

[ o*@)w(@)/f(z)da ] YO e

hopt = Cya(K) [f{m(d—i-l)(x)}?w(x)dx

It is understood that the integrals are finite and that the denominator does not vanish.
These asymptotically optimal bandwidths depend on unknown quantities such as the design
density f(-), the conditional variance o2(-) and the derivative function m(*1(.), and hence
further work is needed for achieving practical bandwidth selection procedures.

In Wand and Jones (1994) there is a rich review of the different type of bandwidth selector
based on the minimization of the MISE. Since the purpose of this thesis is not to find the
optimal bandwidth, we will use the Leave-one-out method that is a conceptually simple and
appealing bandwidth selector. Leave-one-out cross validation uses a single observation from
the original sample as the validation data, and the remaining observations as the training

data. This is repeated such that each observation in the sample is used once as the validation
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data. Although this method often leads to an overestimation of the bandwidth, the results of
our simulations encourage us to consider that this problem does not affect the results in terms

of relevant variables screening.

2.3 Empirical likelihood

Empirical likelihood is a nonparametric method of statistical inference that uses likelihood
methods, without having to assume that the data come from a known family of distributions.
An excellent review on this topic can be found in Owen (2001).

Likelihood methods can be used to find efficient estimators, to construct tests with good
power properties and when the data are incompletely observed, or distorted, or sampled with
a bias, they can be used to offset or correct for these problems. Likelihood can be used to pool
information from different data sources. In fact, it is possible to incorporate knowledge arising
from outside of the data. This knowledge may take the form of constraints that restrict the
domain of the likelihood function, or it may be in the form of a prior distribution to be multi-
plied by the likelihood function. In parametric likelihood methods, the joint distribution of all
available data is assumed to have a known form, apart from one or more unknown quantities.
The problem behind parametric approaches lies in the choice of the parametric family to use.
Indeed, there is no reason to suppose that a newly encountered dataset belongs to one of
the well-known parametric families. Such incorrect specification can render likelihood-based
estimates inefficient and, consequently, the confidence intervals and the corresponding tests
may completely fail. To solve this problem, many statisticians have turned to nonparametric
inferences to avoid having to specify a parametric family for the data.

The advantages of empirical likelihood arise because it combines the reliability of the
nonparametric methods with the flexibility and effectiveness of the likelihood approach. The
name “empirical likelihood” was adopted because the empirical distribution of the data plays
a central role. It was not called nonparametric likelihood, so as not to assume that it would
be the only way to extend nonparametric maximum likelihoods to likelihood ratio functions.

The empirical cumulative distribution function is a nonparametric maximum likelihood
estimate (NPMLE). In fact, for a random variable X € R, the cumulative distribution function
(CDF) is the function F(z) = P(X < x), for —oo < z < oco. We use F(z—) to denote
P(X <z)and so P(X =z) = F(z) — F(x—). Let Xy,...,X,, € R, the empirical cumulative
distribution function (ECDF) of X;,..., X, is

Fo(z) = %ZH(XZ- < 2)
=1

for —oo < & < co. Moreover, assumed X7,...,X,, € R independent with common CDF Fy,
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the nonparametric likelihood of the CDF F' is

L(F) = S (F(X;) - F(Xi-)).
i=1
This is the probability of getting exactly the observed sample values X1, ..., X, from the CDF
F. One consequence is that L(F) = 0 if F' is a continuous distribution. To have a positive
nonparametric likelihood, a distribution F' must place positive probability on every one of the
observed data values. Owen (2001) in Theorem 2.1 proves that the nonparametric likelihood
is maximized by the ECDF. Thus the ECDF is the NPMLE of F.

There are some analogies between parametric and nonparametric likelihood methods. In
parametric models, given 7 the MLE of 7, the MLE of 6(n), where 6 is a particular function,
will be § = 0(7n). In the nonparametric setting, it is possible to consider § = T(F), where F is
a continuous distribution and T is a real-valued function of distributions. The true unknown
parameter is 6y = T(Fp). Proceeding by analogy, the NPMLE of 6 will be 0 = T(F,).
Thus, if the function T is the mean function of X when X has the distribution Fp, i.e.
0y = [ zdFy(z), then by analogy the NPMLE of 6y will be the mean of F,,. This mean is of
course X = (1/n) > | X;. For a subset A C R, the NPMLE of P(X € A) will be the sample
fraction of X; in A.

In parametric inference we may base hypothesis tests and confidence regions on the likeli-
hood ratio. If L(n) is much smaller than L(7), then we reject the hypothesis that 179 = n, and
exclude 7 from our confidence region for ny. Wilks’s theorem provides that —2log(L(ng)/L(7))
tends to a chi-squared distribution as n — oo, under mild regularity conditions, allowing us to
decide just how small L(n) must be in order for n to get rejected. The degrees of freedom in
the chi-squared distribution are usually equal to the dimension of the set of n values. When

we want a confidence region for 6 we take the image of a confidence region for n. That is

{0(n)|L(n) = cL(n)}

where the threshold c is chosen using Wilks’s theorem, with degrees of freedom equal to the
dimension of the set of # values. We may also use ratios of the nonparametric likelihood as a

basis for hypothesis tests and confidence intervals. For a distribution F, define
R(F) = L(F)/L(Fy)

through the nonparametric likelihood L(F'). We proceed by analogy with parametric like-
lihood. Suppose that we are interested in a parameter § = T(F) for some function T of
distributions. This F' is a member of a set F' of distributions. Define the profile likelihood
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ratio function:

R(60) = sup{R(F)|T(F) = 0, F € F}.

Empirical likelihood hypothesis tests reject Hy : T(Fy) = 6y, when R(0y) < ro for some

threshold value rg. Empirical likelihood confidence regions are of the form
{0|R(0) = 7o}

In many settings, the threshold ry may be chosen using an empirical likelihood theorem
(ELT), a nonparametric analogue of Wilks’s theorem. In particular, the Theorem 2.2 of
Owen (2001) for the empirical likelihood used to the univariate mean shows this result: con-
sidering X1, ..., X,, independent random variables with common distribution Fy, puo = E(X;),
and supposing that 0 < Var(X;) < oo, then —2log(R(11)) converges in distribution to X%l)
as n — oo. It is possible to consider two aspects of this theorem. First, the chi-squared limit
is the same as we typically find for parametric likelihood models with one parameter. Second,
there is no assumption that X; are bounded random variables. They only need to have a
bounded variance, which constrains how fast the sample maximum and minimum can grow as
n increases.

Supposing that there are no ties in the data, let w; = F(X;), w; > 0 and > ; w; = 1, the
nonparametric likelihood has the form

n n

L(F)= Hwi and L(ﬁ) = Hl,
i=1

. n
=1

the nonparametric likelihood ratio is
n
R(F) = H nw;
i=1

and the profiled likelihood is

R(6) = sup {Hnwi|T(F) = 9} .

i=1
2.3.1 Empirical likelihood for the mean

To test whether p = pg, we need to compute R(pg). To set confidence limits for u, we
need to find the two values of p that solve the equation R(u) = rg, given a threshold value
ro. To compute the curve R(y), let the ordered sample values be X (1) <,..., < X(;,. First
we eliminate the trivial cases: if u < X1y or p > X(,) then there are no weights w; > 0

summing to 1 for which Y " | w; X; = p. In such cases we take log R(u) = —o0, and R(u) =0
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by convention. Similarly if y = X (1) < X(,) or p = X,y > X(3) we take R(u) = 0, but if
Xay = X(n) = p, we take R(u) = 1.

Considering the non trivial case, with X (1) < p < X(,), we seek to maximize [T, nw;,
or equivalently > | log(nw;) over w; > 0 subject to the constraints that Y . ; w; = 1 and
Yo wiX; = p. So, the profiled likelihood has the form

n n n
R(pt) = sup {Hnwi’wi > O,Zwi = LZwin' = ,u} .
w i=1 i=1 i=1

The objective function Y ;" log(nw;) is a strictly concave function on a convex set of
weight vectors. Accordingly, a unique global maximum exists. We also know that the maxi-
mum does not have any w; = 0, so it is an interior point of the domain.

Proceeding with the method of Lagrange multipliers, it is possible to find that

1 1
.
ol AX; )

and the value X\ depends on the value of u, and solves

1 " XZ‘—,U,
Y e ="

=1
2.4 The proposed procedure

As mentioned before, we estimate the first marginal derivative of our nonparametric model
(2.1) using the local quadratic estimator (2.5) with weights (2.6). In order to use the univariate
local quadratic estimator, we consider fj(z) = E(Y|X; = x), that is the marginal contribution
of X; locally at X; = . On one hand, if m(-) is an additive function as in (1.4), then

Bm(X) B 8m(X) o
TX}‘XJ.::E - 8J7)(j|xj:$ = fj($)7 (27)

where m;(-) is the part of m(-) relative to the X; variable alone and f;(-) is the first derivative
of fj(-). On the other hand, if m(-) is not additive, the equality (2.7) is not true, but we can
evaluate again the marginal incidence of the explanatory variable X; by f;(-). In fact, for an
explanatory variable X; that is not contributing to ¥ marginally, fj’ (x) =0forall z € X;, with
A& is the support of X;. This suggests to investigate a feature screening procedure by assessing
whether fj’ = 0 or not for each j = 1,...,p. We remark that we have chosen to work on the
univariate marginal derivative to efficiently apply the univariate estimate of the derivative
using local polynomials. This, although it significantly alters the regression function, does

not entail significant consequences in terms of the choice of variables, since both the original
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(non-additive) model and the one on which we work (its marginalized additive approximation)
depend on the same set of relevant variables.
For assessing fj’(:n) = 0 at given x without distributional assumptions, we construct the

following empirical likelihood, miming the same steps of Chang et al. (2016a):

n n n
ELj(x,0) = sup {H w; tw; > 0, Zwi = 1,ZwiWi,2(m)1§ = 0} . (2.8)
o li=1 i=1 i=1

By applying the Lagrange multiplier method for solving (2.8), we obtain the empirical likeli-

hood ratio

lj(z,0) = —2log{EL;(z,0)} —2nlogn = 2 Z log{1 + AW, 2(2)Y;} (2.9)
i=1

n Wi 2(x)Y; -0

i=1 1+)\Wi’j’2($)yi -

Since Y | Wi o(x)Y; converges to the marginal derivative of X; evaluated ad z, a large value

where ) is the univariate Lagrange multiplier solving »

of lj(z,0) is taken as evidence against f;(x) = 0. Then, ;(x,0) is a statistic for testing whether
or not (2.5) with W; defined in (2.6) has zero mean locally at x. For assessing fj(z) = 0
uniformly on &, we use

1;(0) = sup I;(z,0)
Z‘EXJ‘

foreach j=1,...,p.
For feature screening purpose, we sort /; for all j = 1,...,p in decreasing order, and we

take the first ~, covariates. In this way, we create a set

o~

Myn:{lﬁjﬁpl]Z’Yn}

We will specify later the value of v, for which the proposed approach is capable to identify
the true relevant covariates, the so called sure screening property.

In order to implement the proposed method, we evaluate the statistic [; using [;(0) =
maxi<j<n [j(Xij,0), where Xj; is the ith observation of the jth explanatory variable. With this
expedient, we can use the univariate optimisation to solve (2.9) using the Lagrange multiplier
method.

2.5 From screening to variable selection

The substantial difference between variable selection and screening selection lies in the
specification of a threshold ~,. In fact, using variable selection procedure, a set of covariates
that is exactly the true one is selected. Thus the exact value of v, is known. The so called

screening property ensures that the result of the screening procedure is a set of covariates
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which contains the true relevant ones. This set relies on the threshold ~,, but its value is
not known exactly because depends on some unknown quantities. Since independence feature
screening was introduced by Fan and Lv (2008), in every method proposed in literature, it
has always been difficult to choose the =, value in practice.

In variable selection literature, nonparametric and non-additive methods present some

drawback. For example, in the Rodeo procedure (Lafferty and Wasserman, 2008) the vari-
logn

log(logn)

dimension s, the number of relevant variables, does not increase with n. We propose to

ables have uniform distribution and the dimensionality of p is O( ) while the intrinsic
transform our screening method in a variable selection method that also works with a larger
dimensionality and, moreover, allows the relevant covariates to grow with n. Furthermore, it
can be used with any type of covariate’s distribution.

As suggested by Hall and Miller (2009), it is possible to use the variable screening results
for variable selection. In each variable screening method, model-based or model-free, the
important covariates are likely to be ranked ahead of the irrelevant ones. Usually, to obtain
exactly the relevant covariates, two steps are performed. In the first one a variable screening
is performed, in the second one a variable selection is made on the top ranked covariates
resulting from the screening. Instead of using this two step procedure, we propose a method
that uses the subsample idea to transform a screening selection technique in a variable selection
technique.

Meinshausen and Biithlmann (2010) proposed the Stability selection in order to find an
estimation of the A value in the LASSO of Tibshirani (1996), using the subsample technique.
Stability selection is based on subsampling in combination with (high dimensional) selection
algorithms. The method is extremely general, in fact, in the first stage, a chosen variable
selection technique is applied to randomly picked subsamples of the data of size |n/2]. In
the second one, the variables which are most likely to be selected at the first stage, using a
prespecified threshold, are taken as the final estimate of the set of important variables. They
prove for the randomized lasso that stability selection will be variable selection consistent,
even if the necessary conditions for consistency of the original method are violated. Moreover,
stability selection will asymptotically select the right model in scenarios where the lasso fails.
In short, stability selection is the marriage of subsampling and high dimensional selection
algorithms.

We propose to use the same sumbsample idea not on the result of a variable selection
procedure, as in Meinshausen and Biithlmann (2010), but after a screening procedure in order
to evaluate the stability of the top ranked screened variables. With this method, the variables
selected through the D-ELSIS are then further evaluated to investigate their probability to
be chosen when the data are randomly sampled. Some considerations motivate this proposal.

As the screening property suggests, in each screening result the probability that the true
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covariates fill the first positions in the ranking tends to 1:
P(M, C M,,,) — 1.
For every subset of I C M,, the probability still tends to 1:
P(I C M,

While if we consider a subset I ¢ M,, so a subset of the variables containing also irrelevant

covariates, this probability tends to zero
P(I C M,,) — 0.

In fact, when we consider a subsample of the variables containing also irrelevant covariates (as
a result after screening), the probability that they will consistently exhibit an high influence
over the dependent variable Y over many subsamples of the data is small. Following this
considerations, we can choose a threshold 7 greater than zero and less that 1 to discriminate
between relevant and not relevant covariates.

In order to identify the true set of relevant covariates, we implement the following pro-
cedure. At the first step, we perform D-ELSIS screening using all the observations in the
dataset, obtaining a ranking of covariates. We choose only the first p* of these, where px is a
previously chosen threshold, obtaining the set M\p*. At the second step, we randomly create
G subsample of the dataset of size m = [n/2]. On these G sets, we carry out the screening
procedure again, obtaining a G different ranking of the p covariate. As done for the ranking
on the whole dataset, we consider only the first px ranked covariates from each subsample,
obtaining the sets ]\//Zgi) for i =1,...,G. At the third step, we consider a set K with only k
covariates included in ]/\4\,,* for k = 1,...,px. For every set K (that includes at most the px

screened variables) it is computed the probability :
m(K) = P(K C M,,). (2.10)

where 7, (K) is estimated as the relative frequency that K C Mp* over all G subsets of size m.
To obtain an estimator of (2.10), we compute the relative frequency that the same variables
that are in K, they are also in J\ZEQ fori=1,...,G:

S UK € M)

%n,m,G (K) = q

(2.11)

Defining a further threshold, 7, between 0 and 1, the set of variables K whose relative frequency

7 (K) will exceed this threshold, will be that one to be considered as relevant, thus the stable
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covariates.

In practice, at the third step we proceed in the following way. Consider all subsets K of
size 1, thus we have p* subsets formed by a single covariate of M\p*. We call this subsets K, for
i=1,...,p*. For each of these, their relative frequency is calculated by (2.11). We choose the
set K whose relative frequency is higher than the threshold 7. In the event that more than one
set exceeds this threshold, we choose the one with the highest relative frequency. We call this
set K1 and we denote with X, the stable covariate, thus K1 = {X, }. We update the subset
K1 adding to X, all the other p* — 1 variables, obtaining the sets K, for i = 1,...,p* — 1,
of two covariates. We repeat the procedure for calculating the relative frequency for each
of these. If the relative frequency of at least one of these subsets, for example the subset
{Xj,,X,,}, exceeds the threshold 7, then we will have the set Ko = {Xj,, X},} as a stable
set. This set will still be updated, forming p* — 2 sets with three covariates. And it will go
on until at a certain step s < p* at which the threshold 7 is not exceeded by any subset K
formed by s variables. The stable variables will be the variables chosen in the previous step,
therefore those contained in K,_.

We want to underline that the choice of the thresholds p* and 7w does not condition the
result of our procedure. The result of the screening, as we have already discussed extensively,
is a subset which contains not only the true relevant covariates, but also not relevant ones.
In the literature, a threshold 7, < n is chosen conservatively. To be uniform, it is possible to
choose p* = n and implement the proposed procedure. Or choose a lower value. In fact, given
the principle of sparsity, the number of true covariates will be much lower than the number
of available variables. For the value of the threshold 7, since for any value of m between 0
and 1, we are able to separate the real relevant covariates from those mistakenly considered
as such given the nature of the screening procedure, we do not need to estimate this quantity.

A higher value will only speed up the iterative procedure.
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Chapter 3

Theoretical results

Screening property of D-ELSIS

In this section we show theoretically that our D-ELSIS procedure has the sure screening
property and its dimensionality. We recall the fundamental quantities for our procedure.
We have a random sample {(X;,Y;)};; from the data model

Y; = m(Xz) + & (31)

where Y is the response variable, X is the vector of p candidate variables, € is the error,
with F(e|X) = 0 and m(-) is the unknown regression function. We consider a general class
of regression problems without imposing any particular form to the function m(-), and, we
assume that F(Y) = 0 implying that E{m(X)} = 0. Let us denote with

M, = {1 < j <p:the j-th variable in X is relevant for explanation of Y'}

the set of s true relevant covariates in model (2.1). Moreover, we consider a very sparse model,
50 s K p.

Considering fj(z) = E(Y|X; = ), that is the marginal contribution of X; locally at
X; = x, with our D-ELSIS we estimate the first marginal derivative of the nonparametric

model using the local quadratic estimator with a polynomial of order d = 2:

(z;2,h) ZWQ (3.2)

where W; 2(x) is defined in equation (2.6).

Throughout this thesis, we use || - ||oc to denote the sup-norm and C"(Z) denotes the
class of all continuous functions defined over Z that are r time differentiable. We assume the

following conditions.
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(A1) {fj}gzl belong to C"(X;), where r > 3 and X; is the support of X;. In addition, there
exists a constant K7 such that \fj(r)(x)] < Kjforany z € Xjand j =1,...,p.

(A2) The marginal density function g; of X; satisfies 0 < Ky < g;(z) < K3 < 0o on X; for

j=1,...,p. In addiction, there exists g(2)

;7 (z) for any x € Xj and j =1,...,p.

r—1
' 2r+1

(A3) There exist nonnegative constants ¢; > 0 and x € [0 ) such that minjear, || f}|loc >

cin” ", where r is given in assumption (Al).

(A4) There exist positive constants K5, Kg, 71 and 7, such that P(|Y| > u) < K5 exp(—Kgu™)
for any u > 0 and P(|X;| > u) < Ksexp(—Kgu??) for each j =1,...,p and any u > 0.

(A5) The kernel function IC(-) is continuous, bounded and symmetric with bounded support.
In addition, K(-) is of order 2, that is, [K(u)du =1, [uK(u)du =0 and [u?K(u)du =
2 < 00.

Here, (Al) is a condition describing the continuity of each f;(z) = E(Y|X; = x). This
condition is necessary in order to apply the univariate polynomial regression for the estimation
of first marginal derivative with a polynomial of order p = 2. Assumption (A2) is standard
for kernel regression implying that the density of X; does not vanishing on its support and
implies bounded support of the explanatory variables. The condition in (A3) is for identifying
M, which require that the minimal signal strength measured by |[f}||cc cannot vanish at
a rate faster than n~'/2 (Stone, 1982). Assumption (A4) on the tail distribution of the
response and the explanatory variables is a conventional technical requirement for Cramér-
type large deviation. For example, v; = 2 if the response variable Y is a normal or sub-
Gaussian distribution and v, = oo if Y has a compact support. Assumption (A5) specifies
the requirement for the kernel function so that the bias due to the kernel smoothing is not
dominating.

Meanwhile, we assume that the bandwidth A satisfies h < n™% for some positive w whose
specification is discussed later.

Instead of using the exact local quadratic estimator, we propose to consider a new estima-
tor,

1
B(x) = meQTXTWY

to discriminate between relevant and non relevant covariates. As it is possible to see from
its formulation, this estimator comes from the estimator for the first derivatives (2.5) with
weights (2.6), for which we delete the inverted matrix (X’ WX)~! and we divide for nh?.
The following Lemma states that the mean of B is different from zero when the covariate is

relevant, while its mean is zero with non relevant covariates.
Lemma 1. Under assumptions (A1)-(A3) and (A5), assuming that the bandwidth h satisfies

h < n~ for some positive 2w > k where k is given in (A3), if f;(x) # ﬁVm € Xj, then
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1. E(B(x)) =0 for any j & M.,
2. 3z e Xj: E(B(x)) #0 for any j € M.,
where B(x) = el XTWY = 537" | Kn(Xij — 2) (X35 — 2)Yi.

Proof. We can simplify the matrix formulation of our B estimator, noting that

E?:l ’Ch(XZ - .’/U)Y; n
eFXTWY = (0 1 0) [ S, k(X — 2)(Xi - )Y | = D Ka(Xi - 2)(X, — 2)Y;

2t Kn(Xs — 2)(X; — 2)?Y,

This means that
1 n
=—3 > Kn(Xi —2)(Xi — 2)Yi
i=1

Now we consider the mean of 3(z). Note that

E(f(x)) {hQZ’Ch ij =) ij—x)Yz}

—ﬁE {Kn(Xij — 2)(Xi5 — 2)Yi}

1
= / K(0) f;(x + vh)g; (z + vh)vdo
by Taylor expansion we have

£ (@)

3
0 +O(h)

fi(x +vh) = fi(z) + fi(x)vh + =

gj(x + vh) = gj(z) + gj(x)vh + O(h?)

and by (A.5), we achieve

1 / K () f;(x + vh)g(z + vhyodv

= fi(@)g;(x)p2 + f;(2)gj(x)p2 + O(h?)

On the one hand, if j ¢ M,, this means f}(z) =0 and f;(z) = 0, so we achieve E(3)=0.
On the other hand, if j € M,, since from (A2) we know the density g;(z) is bounded away from
0, gj(x) is bounded and from (A5) p < oo, then E(3 3) # 0 provided that f(z) # ﬁ Vx € X;

and 2w > K because h? must go to zero at a faster rate than fj’() O

Remark. If the number of relevant variable is finite, x = 0, then the required condition w > &
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is always satisfied.

Using Lemma 1, we can simplify the empirical likelihood, noting that
n n n
ELj(x,0) =sup {sz Dw; > 07211)2‘ =1, Z:wZVVZQ(aU)Yz = O}
v =1 i=1 i=1

n n n
ZSUP{Hwi twy > O,Zwi = 17ZwiUz‘j = 0} .
v i=1 i=1 i=1

where U;; = #Kh(Xij — x)(X;; — 2)Y;. Using the Lagrange multiplier method for solving

the above equation, we obtain the empirical likelihood ratio:

j(2,0) = — 2log{ EL;(x,0)} — 2nlogn = 2 ) log{1 + AUj;}
=1

where A is the univariate Lagrange multiplier. This [;(x,0) is a statistic for testing whether
or not fi(-) has zero mean locally at . For assessing f;(z) = 0 uniformly on the support X}
of X, we use
1;(0) = sup lj(z,0)
TEX;
for each j = 1,...,p, where X} is the support of X;.
For feature screening purpose, we sort [; for all j = 1,...,p in decreasing order and we

take the first , covariates. In this way, we create a set

o~

M, ={1<j<p:lj >}
In order to obtain the screening property of D-ELSIS, we need the following lemmas.

Lemma 2. Under assumptions (A1)-(A3) and (A5), assuming that the bandwidth h satisfies

h < n=% for some positive 2w > k and fj(x) # L vy e X, there ewist two positive constants

g;(x)
C1 and Cy such that

1

= < Cupa || Fj(@)] + 1)

Kops Hf;"($)| — Oyl fi(2)]| < 'E{ Kn(Xij — 2)(Xy5 — fU)Yi}

for any j € M,.

Proof. Without loss of generality, we assume fJ’- (z) > 0. From Lemma 1, we know that

3 [ @G+ obgiGo o+ eh)odv = fi(a)gs a)na + £ )2 + OR)

By assumption (A2), it follows that 0 < [g}(z)| < K3 < oo. Let C1 = max{K3, K3}. There-

o7



fore,

pe || @)Kz — ()| K3) < }E {3 = ) = 0 | < Cu 1) + 15,0

provided that 2w > k. Now, if we set Cy = K} /K>, the result follows. O

Lemma 3. For given j, define Z;; = Ky(X;; —x)(Xyj —x)Y;. Under assumptions (A4), (A5)

and assuming that the bandwidth h satisfies h < u™" for some positive w > k, then

P{|Z;] > u} < Ksexp{~Keu'™}  forany j=1,....p

_ 172
where v = s

Proof. Pick € > 0,

P{|Zij| > u} =P{|Kn(Xij — 2)(Xij — )| > u, |[Kp(Xij — 2) (X5 — 2)Yi[ > u} +
+ P{|Kh(ij — x)(XZ] — .T)| < ’LLE, |Kh(ng — IL’)(XZ] — .’E)Y” > u}
< P{|Kp(Xij — 2)(Xy; — )] > u} + P{|Yi] > u'~}

The distribution of the product Kp(X;; — z)(X;; — «) is a sub-exponential distribution with
parameter v equal to infinity. In fact, this product gives a distribution that has non-zero

values only on a bounded support, because the kernel used is bounded. If 0 < h < ¢ with

> uﬁ}
> ush}

¢ > 0, this product is zero uniformly. But, when h — 0 with rate w,

PAURMCE — 0%~ o)l > 0) =P {1 (2475 (3 -

e ()

< K5 exp(—Kgu(c79))

So, we have
P{|Zij| > u} < Ksexp(—Keu" (™)) + K5 exp(—Kgu??! =)

In order to get the best rate for the right-hand side of above inequality, we need v;(e — w) =

v2(1 — €)). It means that € = % Hence,

P{|Zij| > u} < Ky exp(—Keu' =)

Y172

where v = STEE
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Remark. The part of condition (A4) for X variable, is only sufficient thus it should be relaxed.
In fact, without the sub-exponential condition for the distribution of all the explanatory

variables, the result in Lemma 3 can still achieved, with a v that depends only on ~;.

Lemma 4. For given j, define Ujj = Kp(X;; — x)(Xy; — 2)Y; and po; = E[(U;;)]. Under
assumption (A1), (A2) and (A5), then

E[(Uij — poj)?] < Ch

with C' > 0.

Proof. Note that

1 Xij—x 1 X;i—x
E(Uj1Xy) = 75K ( o > (Xij = 2) B(Y?|X) < 35K <]h> (Xij —x)°

since E(Y?|X;;) < ¢,VX;;, with a constant ¢ > 0. So,

C Xz — X
E[E(UZ| X)) Shg/lcz <]h> (Xij — x)*dXy;

—hc/lC2(v)v2dv =Ch

with C = ¢ [ K2(v)v?dv. Since E[(Ujj — po;)?] < E[Ufj] = E[E(U%\Xij)], we achieve the
result.
]

Proposition 1. Under assumptions (A1)-(A5), pick w € (k,1), then there exists a uniform
constant Cy depending only on K5, Kg,v1 and 2 appeared in assumption (A4), such that for
any j € My and L — oo,

exp(—Cn!=273%) 4 exp(—CLY1=9),
2702 1-2k—4w 2 (1 — 9% — 3w
P{lj(0)<clK2n i ’u2}§ if 1&_2“& 3w)d < k+w
2L exp(—Cn” 1% ) + exp(—CLY1~),
if (1-2k—3w)d>kK+w

where’y:% andézmax(ﬁ—lﬂ).

Proof. Given j € M,, for any t > 0,

P{1;(0) < 2t} < P{l;(x,0) < 2t}.
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We will give an upper bound for the one on the right-hand side of above inequality. Define
Uij = Kn(Xij — z)(Xi5 — 2)Y; and po; = E(Usj). If 2w > k, by Lemma 2, we can always find
the constant Cy such that |po;| > h?Kopg ‘|f3’(:v)] — Oslf (x)\‘ > 0. Without loss of generality,
we assume fig; > 0. If puo; <0, let Ul-j = —U;;. Note that

n n n
ELj;(z,0) =sup {sz Dwy > 07sz’ = I,ZwiUij = 0}
i=1 i=1 i=1
n n n 5
=sup {sz twp > 07211% = 17ZwiUZ‘j = 0} )
i=1 i=1 i=1

This means [;(z,0) = —2log{EL;(z,0)} — 2nlogn does not depend on the sign of jg;. Since

n
l]’(ﬂj, 0) =2 )\Iél/ilifj ZZ; 10g(1 + )\Uij),
where A, ; = {\ : 1+ AU;; > n~lforalli = 1,...,n} (Owen, 2001), we can choose \ =
n~¢/ max; |U;;| for some € > 0, such that for n sufficiently large A € A,, ;. We obtain that

n
Us;
P{l;j(x,0) <2t} < P log (14 ——2— | <tp.
{15(2,0) < 2t} < {gzj og< + L w) }
Hence, using the Taylor expansion, as in the proof of Proposition 1 of Chang et al. (2016b),
by (A4) and Lemma 3, we have

P{lj(z,0) <2t} <P {Z(Um’ — piog) < (tn +n'7) max [Uy;| — WOJ}
=1

1 « (tne_% + n%_E)M - n%/loj
— > (Uij — poy) <

n20 ;= 7

+ Cexp(—CM"17%) 4 logn),

<P

where 02 = E{(Uj; — po;)?}. For L — oo, pick € satisfies n® = L/ug;. Choose n € (0,%) and

2
let M =nL and 2t = %, then

tn“M n nt=¢M
= - and =
npoj 4 Ly

By Lemma 4 we have that 02 < Ch. Since fi(z) goes to zero at a slower rate than f;(z)

(Stone, 1982), so the rate of po; has the quantity |f}(z)| as dominant part. Therefore, with a
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n sufficiently large, by Lemma 1 of Chang et al. (2013b),

252126 p4 2 nuz.
P{zj(x,()) < azen “2} < P{lj(x,O) <

212 212

1 X 50 1VYnZ tos

< P{ T Z(Uij — poj) < WWMOJ} + Cexp(—CM"1%) 4 logn)
n2o = g

< exp(—Cn'=2%h3) + exp(—CLY=)), if (1 -2k —3w)d < K +w

“ | exp(—CnTT AT ) +exp(—CLY®)) i (1— 2k — 3w)d > K +w

where 0 = max(v(%_w) —1,0). O

Proposition 1 gives a uniform result for all explanatory variables contributing in the true
model. With large probability and uniformly for all j € M,, the diverging rate of 1;(0) is not
slower than n'=2¢=4 [ =2 If j ¢ M,, that is, the explanatory variable X does not have the
marginal contribution to Y (i.e., f; = 0), following the argument of Owen (2001) and Chang
et al. (2013a), it can be shown that the corresponding ;(0) is O,(1). Hence, n'/27+=2 =1 is
required to diverge as n — oo for sure independent screening. Furthermore, we note that the
requirement for the bandwidth used in Proposition 1 is mild, which can be naturally satisfied
by the conventional optimal bandwidth h = O(n~'/7) selected by cross-validation method.

Let L = n!/27F=29=7 for some 7 € (0, % — Kk —2w), we obtain the following corollary, based
on Proposition 1, more specifically summarising that the set M, can be distinguished by the
statistic 1;(0).

Corollary 1. Under assumptions (A1)-(A5), pickw € 5,3 — %), 7 € (0,45 — k — 2w) with
K < %, then there exists a uniform constant C1 depending only on Ks, Kg,v1 and 2 appeared
in assumption (A4) such that

e P{1(0) < BRI} < exp(—Crn/3-5- 271101
JE€ M

—+ eXp(_Clnmin{l—Qm—Sw,(l—n—Qw)/(1+5)}>

where 6 = max{ﬁ — 1,0}, Cy is given in Proposition 1 and ~y is given in Lemma 3.

K

Remark. In order to have § < i — 4, we need to impose K < i.

We establish the sure property of our approach in the following theorem based on Corollary

1.

Theorem 1. Under assumptions (A1)-(A5), pick w € [5,% — %) and v, = EK3n* 13 for

some T € (0, % — Kk — 2w) with k < i, then there exists a uniform constant Cy depending only
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on Ks, K¢,v1 and vo appeared in assumption (A4) such that
P{M* - ]/\4\7 } > 1_SeXp(_Cln(l/Z—n—Qw—r)(l—w)v) _SeXp(_Clnmin{1—25—3w,(1—n—2w)/(1+5)})

where 6 = max {ﬁ -1, O}, C4 is given in Proposition 1 and vy is given in Lemma 3.

Proof. Consider a threshold level 7, = ¢3 K3n?7 i3 for the estimated set ]\7% and note that
P{M, & ]\//f%} = P{There exists j € M, such that 1;(0) < ¢ K3n* 13}
< smax P{l;(0) < ci Kan®" 13}
JEM.

where s = |M,|. Using Corollary 1, we achieve the result. O

Theorem 1 implies that D-ELSIS method can handle the following non-polynomial dimen-
sionality: logp = o(n¢) for e = min{(1/2 — k — 2w — 7)(1 — w)~, 1 — 2k — 3w}. By noting that
2w > k and that the rate of € is increasing as w increases, then we can choose as the best rate
for the bandwidth the value w = §. In this case, considering 7 close enough to zero, the highest
dimensionality is achieved with the optimal e = min{(3 —2x)(1—%)v,1—Ix}. If Y and X; for
j=1,...,p follow the normal or sub-Gaussian distribution such that v = 1, the correspond-
ing highest dimensionality satisfies logp = o(n(%_m‘)(l_%)). If Y and X; for j =1,...,p have

a compact support which means v = oo, the corresponding highest dimensionality satisfies
logp = o(nl_%“).

In what follows, we consider the size of the selected ]\7% under the ideal case that

/ _ —K
max [ filloo = o(n™"). (3.3)

Now we need to investigate how large is the set M .- This question is closely related to
the probabilistic behaviour of P{l;(0) > ¢K2n?" 3} for each j & M,.. We need the following

lemmas.

Lemma 5. Under assumption (A2) and (A4), suppose that h < n=* for some w < 1 and
there exists a positive constant p such that inf ¢, ) E(Y%X; =u) > p for any j & M,, then

1 exp(—Cn'™¥), if y(1 —w) > 4
P{sz < gE(U’L?])} < 10—
exp(—Cn~ 1 ), if0<y(l —w) <4
where S]2 = %Z?:l Uizj, C is uniform for any j =1,...,p and v is given in Lemma 3.
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Proof. Note that

P{S? < Z{ U} < —*E[Ufj]

n2 E[UZ]

LS w2 - 5w AR

UJ'Ll

1
2

=P

t\.’)\»—A

n -

where &JQ- =F [{Ufj - E(U%)}Q} By the same way in the proof of Lemma 4, we can get
that 62 < Ch for all j = 1,...,p. On the other hand, by (A2),

B(U2) > E {Z KX — 2)(X - m>2E<Y2|XU>>} > K3ty [ K(0)oPdo = Ch
Then, by Lemma 1 of Chang et al. (2013b),

P{S? < ZE(U2)} < exp(—C(nh) ™)

N | =

where § = max( 1,0). Note that the positive constant C' is uniform for any j & M,. O

_4
7(1-w)

Lemma 6. Under assumption (A2) and (A5), suppose that h < n™* for some w < 1 and
there exists a positive constant p such that inf gy EY%X; =u) > p for any j &€ M. If

max;gnr, |toj| = O(n=") for some ¥ > 2w, then there exists a uniform positive constant C
for any j & M,

IAj] > An~! > i1 Uil exp( cntt (QW)(; K ) i —2w< m
/ = _ (-w)®y
3S2 exp (—Cnmax((lw)m)u) if v — 2w > m
(3.4)

where \j is defined by n~t Yo 1-&% =0 and v s given in Lemma 3.

Proof. Using Lemma 3 of Chang et al. (2016b) and Lemma 5, we obtain the result. O

Lemma 7. Under assumption (A2) and (A5), suppose that h < n™% for some w < 1 and there
exists a positive constant p such that inf,epq E(Y?|X; = u) > p for any j ¢ M. Choose
T E (0,% —k —2w), for a given j & M. If maxjgn, |oj] = O(n=Y) for some ¢ > 2w and
¢+T—%—%>O, then
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exp (~=On=20=D) if ) — 2w < e
(1—w)

P{li(z,0) > GK2u2n?"} <
(e, 0) 2 caMaun™} < exp< Cn (0712772 > i =22 e G

exp(—Cn?7), if 21 < M
—w)2
exp(—C’nWUG : ), if 27 > W

where C is a uniform positive constant not depending on j and x and vy is given in Lemma 3.

Proof. We follow the same line of proof of Lemma 4 of Chang et al. (2016b). Consider |¢;1| < 1

and |c2| < 1 for all i =1,...,n. Then by Taylor expansion, we have
-1 2
1 n 1 n 1 n n )\2U3
1j(z,0) =n | - U?. > U, | —n|=) U? LY
2 )\3U3

+
3 P —|—Cﬂ)\ Ul])

=0 + I + I,
Now, we can define

4’71_1 Zn, UZ|
=\ < —=E=L"Y 0 and
{ ’ 3n~l 3L, UF

n

1
w2 U

i=1

1 n
.mJaX’Uij’ < MZU’%} )
i=1

Using Lemma 6 we have

C exp( COn¥—2w)(1-w) ) , i — 2w < m
(A°) < S ) e T l-w (3.5)
exp | —CnmaxG0=w)2+2 | | if 1) — 2w > (7 (1—w) 2) 72

We can note that, if A holds, we obtain

n 3 n -
1 Z 1 Z
n =1 . <n i=1 UE])

I3 < C <Z |Uz‘j|3>

=1

Noting that
P{lj(x,0) > ¢t K3 p3n® )} <P(I + I3 > ] K3 p3n®T)

<P <11 fclKQ,uQn > +P <13 > %C%Kg,ugn%,fl holds > + P(A9),
we only need to give an upper bounds for the quantities appeared on the right-hand side
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. . . . 1
respectively. Using Lemma 1 of Chang et al. (2013b) and Lemma 5, considering 7+v¢—% —3 >

0, we have
P > 102K2u2n27) < exp(—Cn?7), if 27 < 11;—2‘*3 exp(—C’nl_:), ify(l—-—w)>4
1 = 3 > 27—w+1 . _ —w
g exp(—Cn 750, if 27 > Lo exp(—Cn ™ 5), i 0 < y(1 - w) < 4
and
1
P(I3 > ic%KQQ,u,%n%,A holds )
exp(—C’nM?H), if 27 < % exp(—Cn'=), if y(1 —w) > 6
< _C 212042 ifor > (1=0)(1-w) L ame)? B
exp(—Cn ), if 27 > s exp(—Cn~ 6 ), if0<y(1—-w) <6

where 0 = max(m —1,0). Hence, noting that 7 < £ — k — 2w,

1 1
P, > ic%Kg,ugnQT) + P(I3 > ic%KQQ,u%nQT,A holds )

exp(—Cn?7), if y(1 —w) > 6
- . (1—w)?
< exp(—=Cn®7), if 0 < y(1 —w) < 6 and 27 < 120

7(1*(»)2 (1_w)2

exp(=Cn~ 5 ), if 0 <v(1 —w) <6 and 27 > L=~

We complete the proof of this lemma. O

Proposition 2. Under assumptions (A1)-(A2) and (A4)-(A5), suppose maxjgnr, ||filloo =

O(n™") for somen > 2k. Pickw € [5, min(—%,2(n—k)), 7 € (max(3—n—322,0),  —k—2w).

If infyc(qp) E(Y?|X; =u) > p for some positive p for any j & My, then there exists a uniform
positive constant Cy such that for any j & M,

P {ZJ(O) > C%K%M%n?r} < eXp(_C2nmin{n(1—w)’y,(l—w)z’y/[max(’y(l—w),2)+2},27,7(1—0.1)2/6})

where v s given in Lemma 3.

Proof. Given j & M,, for any t > 0,

P(1;(0) > t) < > P{lj(x,0) > t}.
reX;

We need to bounded P{l;(x,0) > t} for each x € Xj. Note that max g, ||fjllc = O(n™"),
then |poj| < Ch?n=" for any j & M.. Note that |puo;| = O(n™%), then ¢ = n + 2w. As

P{1;(0) > dKZu3n®} < 3 P{1j(2,0) > A K3u3n®"}
TEX)
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noting that the number of z in &; is O(n), by Lemma 7 we can obtain

P{1;(0) > ¢ K330}

—w : 1—w
exp (~Cn"0 logn) | if 1) < r ST exp(~Cn?" +logn), if 2r < 2
+

= C me((l(_l%f)Lz);z 1 if n > 1w St i Y(1-w)?
exp [ —Cnmax(v ; +logn |, itn> ax(7(1—w).2)F2 exp(—Cn~ 6  +logn), if 27 > =

Since all the exponents of n are positive, we can delete logn in all the quantities. In this way,

we complete the proof. O

Using Proposition 2, we can find the corresponding upper bound for P{l;(0) > C%K 22 u%n%}.

The result is given in the following Corollary.

Corollary 2. Under assumptions (A1)-(A2) and (A4)-(A5), suppose maxjgn, ||fjllc =
O(n™") for somen > 2k. Pickw =%, 7 € (max(1—n—25,0), 3 —2x). Ifinf,epon E(Y?X; =
u) > p for some positive p for any j & M., then there exists a uniform positive constant Cs
such that for any j & M.,

P{1;(0) > EKZu3n?} < exp(—Can™nn0-51:01-5)/lmax(2(1-§).2)+2)27:7(1-5)2/6})

where v 1s given in Lemma 3.
From Corollary 2, we obtain the following theorem for the size of ]\/4\%.

Theorem 2. Under assumptions (A1)-(A2) and (A4)-(A5), suppose maxjgnr, || fi|lcc = O(n™")

for some n > %/ﬂ. Pickw = § and vy, = A K21u3n2" for some T € (max(% —n— %’“‘,0), % —2K).

If inf e lq ) E(Y?%X; =u) > p for some positive p holds for any j & M., then

p(|]\/4\v | > 5) < pexp(—Can™nn(1=5)7(1-5)%/Imax(v(1-5),2)+2],277(1-5)*/6})

where v is given in Lemma 3 and Cs is given in Corollary 2.

Proof. By noting that

\J/\I\%] = Z I{(0) > C%Kgu%n%}—l— Z I{1;(0) > C%Kg,u%n%} < s+ Z [{;(0) > C%Kg,u%n%}
JEM, JEM. JEM

we have P(|J\/4\%| > s) < D g, 1{1;(0) > }K3u3n®"}. Using Corollary 2 we achieve the
result. O

This theorem shows that our screening procedure can really control the set size of the

selected variables. With large probability, the number of the selected variables is not larger
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than the true size s. From Theorem 1 and Theorem 2, we have that

P(]/W\%:M*)%lasn%oo

_ K2
provided that logp = o(n™m M (1=5).(0=5)/max(x(1-5).2)+2)2r, g2 1= L. (3267 (1= 57}

This selection consistency property demonstrates that, under condition (3.3), our approach
performs very well by distinguishing the true relevant variables from false ones. In order to

obtain the optimal diverging rate for p, we can select

v1-%) 4 . 1 11ky(1—-%5)+6k
_ 7(1—75% (5 - 2”) if 7 > FI-E)+2 + 4[7(1—52)+2] 3.6
= 1 e < 1 11sy(1-5)+6k (3.6)
R e IS CT(ErEe)

o~

where ¢ can be chosen to be positive and converging to 0 as n — oco. Hence, P(M,, = M,) —

1 as n — oo provided that

,

O(nmin{(lf%)%/[max((lf%)w)w],%,(14@%&@2})

logp = itn > 7(1*1%)+2 ™ 1111?((11—;’2;)):-2615 (3.7)
o(nmind(1-5)27/max((1-5)7.2)+2), U525 (-5 m) (1-5)7)

More specifically, if Y and X, for j = 1,...,p have a compact support which means v = oo,

the above selection consistency holds if logp = o(n'=%*). When v = 1 and 1 = oo, that is
when Y and Xj for j =1,...,p, follow normal or sub-Gaussian distribution and in presence

of partial orthogonal condition (Huang et al., 2010), the selection consistency holds if logp =
min{ﬁ@—m)2 1-dr (2—&)})

o(n R

By comparing our optimal diverging rate of p with that achieved by the other competitor
screening procedures, it is possible to note that our approach achieves a lower dimensionality.
So, we need more observations to have the selection consistency property, compared, for
example, to Chang et al. (2016a), which represents our direct competitor. In Chang et al.
(2016a) when Y follows a normal or sub-Gaussian distribution and in presence of partial
orthogonal condition, the selection consistency holds if logp = o(nmin{%_ﬁ_ﬁ’%_ﬁ}), where
01 characterizes the continuity of the marginal projections f;(x). In fact, their rate depends
on the continuity of the marginal fj(x). The greater the smoothness of the function, the
better the dimensionality achieved. For example, if f;(x) € C°° their dimensionality becomes
logp = o(n'=2%). Local polynomial theory suggests that a consistent estimate of the first
derivative can be achieved if f;(z) € C", with » > 3. Increasing the smoothness of the
function does not increase our dimensionality.

Since the estimation of first marginal derivative f; (z) with local polynomials needs more
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observations than the estimation of f;(z) with the NW, as in Chang et al. (2016a), this result
was expected. Furthermore, the ultra-high dimensional rate of our competitor is achieved
under some very stringent assumptions. Compared to Chang et al. (2016a), we do not reg-
ularize the maximum distance between two point in the support &; and we use a Kernel of
order 2 instead of a Kernel which the order depends on the parameter that characterizes the
smoothness of the function. This is a substantial advantage of our method. In fact, it is very

difficult to manage with a Kernel of order greater that 6.

Screening vs variable selection

As said in the previous chapters, the threshold ~, is unknown and it is difficult to estimate
it. For this reason we fix a tuning parameter, px > s = |M,|, such that we choose px covariates
with the largest values of our statistic /;. Denote with ]\/4\1,* such a set of selected covariates. In
this way, we get the D-ELSIS Screening Property by using assumptions (A1l)-(A5). It means
that all the relevant covariates belong to the set ]\/4\19*.

Let I C {1,...,p} and define m,(I) = P (I - MZ,*). The transformation of our screening

selection method in a variable selection method is based on the following ssumptions:
(a1) maszgr, [1]]0 = o(n™");
(a2) If j,5' & M,, then min ; P (Hffjuoo > Hffj,uoo) — ¢3 and

max; j» P (H]?’]HOO > Hf’j/Hoo> —cqgasn — oo with 0 < ez <ey <1

Assumption (al) says that all the marginal derivatives of the irrelevant covariates are
smaller than the minimum coefficient of the relevant covariates. Assumption (a2) states that
all the irrelevant covariates can be exchanged. Then, there does not exist one irrelevant

covariate which is dominant with respect to the other irrelevant ones.

Theorem 3. Suppose that assumptions (A1)-(A5), (al) and (a2) hold. If p = p, — oo as
n — oo and |M,| < oo, then

(M) —1 and 7,(I) —0

as n — 0o with anyISZM*.

Proof. Since |M,| < oo, we can set px > |M,| such that px < co. By assumptions (A1)-(A5)
and by the D-ELSIS Screening Property, it follows that m,(M,) — 1 as n — cc.

Now, consider a set I € M,. Without loss of generality, suppose that I = M, except for a
covariate, say j. ¢ M,. For absurd, suppose that P(I C M\p*) — ¢ > 0asn— oo. It implies
that also P(j. € ]\/Zp*) converges to a positive quantity. By using the Borel-Cantelli Lemma
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and p = p, — 00 as n — 00, it follows that

> PPl > 117,

JEM,j 7

asn — oo. So P (Hf’]Hoo > HJ/C\’J*HOO) — 0 for any j # j. and j € M,. Since both j, and j
are irrelevant covariates, then the last result is an absurd by assumption (a2). Thus, we can
conclude that P(I C ]\/Zp*) — 0 as m — oo. Since px is finite, then the result follows for any
I'¢ M, and ]/\4\,,*. O

Only for simplicity we assume in Theorem 3 that the number of relevant covariates is finite,
ie. |M,| < oc.

Now, we need to estimate m,([). For this purpose, we can use the subsampling technique
with m < n, the size of each subsample. In this way, we apply the D-ELSIS Screening
procedure to each subsample of size m. The total number of subsample is (;‘l) This number
can be very large. So, we can randomly draw without replacement G subsamples. Therefore,
for each subsample, we have the set of covariates ]\//.7121), i =1,...,G, which is built by using
the statistic /;, with m observations and G is the number of subsample. Then we can estimate
mul1) by Frma(D) = & 22,1 (1 ¢ M),

Now, the next theorem states the consistency of 7, . ¢ (I) for m,(I).

Theorem 4. Suppose that the assumptions of Theorem 2 hold. Then
’%n,m,G(I) - Wn(I)| £> 07

when m — 0o as n — 00 and G — oo.

Proof. By Theorem 3, we have that m,(I) — 7(I) as n — oo, where w(I) =1 if I C M, and
m(I)=0if I ¢ M,.

Let E*(),Var*(-) and P*(-) be E(:|X,), Var(:|X,) and P(:|X,), respectively, with X, =
{1, X1),...,(Yn, X))} Moreover, let Z; =1 (I - ]\//.7152')). So, we can write

| & 1 (m)
B (finma(D) = & > EN(Z) = ™ > Zi=Fpm(I) B w(D) (3.8)
=1 m/) =1

as m — oo and n — co. Z; is the same as Z; except that it is randomly chosen over all the
different subsamples. Remember that the conditional mean of Z;, given the set ]\7151), is T, (1).
Since each subsample is drawn without replacement, the conditional variance Var*(-) has

to be considered with respect to the hypergeometric distribution. So, it follows that

1
Var* Rpma(I)) < aﬁn,mu)u — Fum) 2 0,
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as m — 0o, n — oo and G — oo. By using the conditional Chebyshev inequality, we have

that

.~ . Var x (T m,c(
P*(|Fnmc(I) = E*Fpma(D))| > €) < (62 a(l)) 20

for any € > 0 as m — 00, n — 00 and G — oo. Finally, T, m.q(I) 2 (1) by (3.8). The proof

is complete. O

Generally, in order to have a consistent estimator using the subsample technique, we need
to impose the condition * — 0. In our case, choosing m = |n/2], this condition is not
satisfied. Theorem 4 shows that, even in this case, 7, m,c(I) = éZiGZIH (I C ]\//.7151)) is a

consistent estimator of m,(I). So, the condition ™ — 0 is not necessary in our case.
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Chapter 4
Simulations and empirical study

Several simulation studies are conducted to investigate the performance of the proposed
D-ELSIS method in terms of the following three criteria: (i) the median of the minimum
model size (MMSs, i.e., the smallest number of the selected covariates including all the active
explanatory variables) for 100 repetitions; (ii) the IQR divided by 1.34 (SD), that is the robust
measure of the standard error of MMS; (iii) the true positive rate in percentage (TPR) that
control the precision measuring the proportion of actual relevant variables that are correctly
identified as such. To calculate the TPR we consider that the predicted relevant variables are
the first 20. In order to have a very good method, the MMS should be equal to the number
of the true active variable, with small SD and high TPR. We set n = (500, 750, 1000) and
p = (100,n/2,2n).

For comparison, we also considered other three previous screening methods for nonpara-
metric models: the Fused Kolmogorov Filter (FKF') of Mai and Zou (2015), the Fused Mean-
Variance (FMV) of Yan et al. (2018) and the local Empirical Likelihood SIS (ELSIS) of Chang
et al. (2016a), described in Chapter 1 of this thesis. For the implementation of the best band-
width in the kernel regression estimation for ELSIS and D-ELSIS, we used the R package
NonpModelCheck of Zambom et al. (2017). Among the various options of the package, we
have chosen for both models the cross-validation leave-one-out, which performs satisfactorily.
Instead, as regard the likelihood estimation for empirical likelihood, we used the R package
emplik of Zhou (2018). Furthermore, for the FMV method, we used the code that the authors
provided in their paper (Yan et al., 2018).

We consider the following experiments in the simulation study.

Example 1 : Additive model with uniform covariates

This example is taken from Example 3 of Fan et al. (2011) and from Example 2 of Chang
et al. (2016a). In this case we are interested in evaluate the performance of our approach
in detecting relevant variables in nonparametric model with additive component when

the signal to noise ratio increases. Data are generated from model
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sin(27X3)

Y =5X; +3(2Xy —1)2 44— """
1+ 3EX =17+ 2 — sin(27X3)

6 [0.1sin(27X4) + 0.2 cos(2mX4) + 0.3(sin(27X4))? + 0.4(cos(2m X4))* + 0.5(sin(27 X4))* | +0€

Here predictors X;’s are i.i.d random variables of U(0, 1) distribution, and ¢ ~ N (0, 1)
is independent of X;’s. In this case we have s = 4 relevant covariates. We consider four
different signal to noise ratios by varying o2, as in Chang et al. (2016a). The results are
in Table 4.1.

Example 2 : Non-additive model with uniform covariates

This example is taken from Example 4.1 of Lafferty and Wasserman (2008). We consider
a nonparametric non-additive model and covariates with bounded support. Data are

generated from model

Y =5X2X2 +e
In this case, predictors X;’s are i.i.d random variables of U(0,1) distribution, and € ~
N(0,0?), with o = 0.5, is independent of X;’s. The results are in Table 4.2
Example 3 : Linear model with correlated normal covariates

We are interested in assessing whether the presence of correlation between predictors

influences the performance of our procedure. Data are generated from model

Y=X1+Xo+Xs+Xy+¢€

where X ~ N(0,%) and € ~ N(0,1) is independent of each X; with j =1,...,p. In this
model we have s = 4 relevant linear covariates, all of which with the same parameter 1.
We set the variance-covariance matrix ¥ = (oy;) with oy, = 1 and p = o3 = ¢(0,0.5):
so we consider both independent and correlation cases between active and non-active

covariates. The results are in Table 4.3.

Example 4 : Single index model with independent normal covariates

This example is taken from Example 4 of Chang et al. (2016a). Data are simulated from

model

Y =m(X) + oe

. V(X2 X2, X2, X2 .
where m(X) is generated from exp{—35 (g5 + 5o + 1 + 142 ) ¢ Dy appropriately

scaling it to have zero mean and unit variance, predictors are independently gener-
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ated from standard normal distribution and € ~ N(0,1) is independent from X;’s. We

set the noise levels as 0.5. The results are in Table 4.4.

4.1 Simulation results

Overall, in all the settings are considering here, D-ELSIS typically offers similar and some-
times better performance than its competitors.

In Example 1, where we have a nonparametric additive model, D-ELSIS and ELSIS are
equivalent in each considered combination of number of observations and covariates. Both
approaches are able to correctly identify the set of true variables in the first 20 top ranked
covariates for all the signal to noise ratios considered. Furthermore, the percentage of relevant
covariates included from the top ranked is always 100, so both the methods do not make
the error of excluding the relevant among the first 20. On the other hand, the other two
competitors considered, FMV and FKF, fail to achieve the same performance. This happens
in each of the cases evaluated, even when the number of observations is greater than the
number of covariates, as in the case n = 500 and p = 100. Furthermore, the TPR rate is
always lower compared to TPRs of the first two approaches. So, with this example, both
approaches based on the fused technique fail to be competitive.

In Example 2 and Example 4 the four approaches are practically equivalent, both in terms
of MMS and precision. In Example 2 we considered uniform covariates in a nonparametric
and non-additive model, while in Example 4 a Single index model with independent standard
normals. The two models have in common the fact of being composed of a single non-additive
function, depending on two or more independent covariates. The equivalence in the four
different approaches is substantially due to the independence between the covariates. This is
also confirmed by the results of Example 3.

In Example 3, we have a linear model with normal correlated covariates. When the co-
variates are independent, the four methods are equivalent. In case of correlation among active
and inactive covariates, so when p = 0.5, D-ELSIS is equivalent to methods based on the fused
technique, FKF and FMV, while its performance is higher than the ELSIS model, even when
the number of covariates is lower than that of observations.

In their simulation Chang et al. (2016a) use the combination n = 100, p = 1000, while
in this thesis we set the following values: n = (500, 750,1000) and p = (100,n/2,2n), so a
different proportion contemplating also a not-so-high dimensional case. We have not chosen
the same proportion to give uniformity to the various simulations, since this proportion has
brought satisfactory results compared to the other procedures, especially respect to those
based on the fused technique and in the presence of correlation. Given this good performance

results with low proportion between the number of covariates and the number of observations,
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Table 4.1: Simulation results from Example 1

n =500 n =750 n = 1000
s=4 p=100 p=250 p=1000 p=100 p=37 p=1500 p=100 p =500 p = 2000
MMS (SD) TPR |[MMS (SD) TPR |MMS (SD) TPR|MMS (SD) TPR [MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR
Method dt=1
D-ELSIS| 4(0.00) 100.00| 4(0.00) 100.00| 4 (0.00) 99.50| 4 (0.00) 100.00/ 4 (0.00) 100.00{ 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00] 4 (0.00) 100.00
ELSIS | 4(0.00) 100.00| 4(0.00) 100.00| 4 (0.00) 99.00{ 4(0.00) 100.00{ 4 (0.00) 100.00 4 (0.00) 100.00/ 4 (0.00) 100.00| 4(0.00) 100.00| 4 (0.00) 100.00
FMV | 9(896) 95.75 |13 (16.42) 92.00 | 37 (70.52) 83.25| 5(2.99) 9850 | 8(7.65) 95.25 |25 (37.50) 86.50 | 4 (0.76) 100.00| 5 (5.04) 97.00 | 15(20.34) 91.25
FKF |10 (1045) 94.00 | 12 (21.27) 90.50 |54 (104.29) 81.75| 6 (3.73) 97.25 | 10 (16.41) 92.00 | 30 (59.51) 8625 | 4(0.75) 99.75 | 6(4.66) 96.75 | 11 (34.33) 91.25
o° =174
D-ELSIS| 4(0.00) 100.00] 4(0.00) 100.00{ 4 (0.00) 9950 4(0.00) 100.00| 4 (0.00) 100.00] 4 (0.00) 100.00] 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
ELSIS | 4(0.00) 100.00| 4(0.00) 100.00f 4 (0.00) 99.50| 4(0.00) 100.00{ 4 (0.00) 100.00/ 4 (0.00) 100.00/ 4 (0.00) 100.00| 4(0.00) 100.00| 4 (0.00) 100.00
FMV | 7(466) 97.25 |12 (14.55) 91.25 | 46 (32.84) 82.25| 5(2.24) 99.00 | 8(821) 9475 | 17(25.37) 875 | 4(0.75) 100.00| 5(3.17) 98.25 |13 (12.69) 93.25
FKF | 9(858) 95.25|20(29.29) 88.00 |60 (111.75) 82.25| 5(2.99) 99.25 | 8 (10.63) 94.00 | 22 (44.78) 8725 | 4(0.75) 99.75| 6 (5.97) 97.50 | 8 (13.99) 93.25
o=
D-ELSIS| 4(0.00) 100.00f 4(0.00) 100.00| 4 (0.75) 93.75 4(0.00) 100.00/ 4 (0.00) 100.00{ 4(0.00) 100.00| 4 (0.00) 100.00 4 (0.00) 100.00/ 4 (0.00) 100.00
ELSIS | 4(0.00) 100.00f 4(0.00) 100.00 4(0.00) 99.50 4(0.00) 100.00 4 (0.00) 100.00f 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
FMV | 8(896) 9550 | 16 (21.64) 89.75 | 32 (61.19) 81.75| 5(3.73) 9875 | 8(6.90) 96.00 | 18 (25.00) 8325 | 4(0.75) 99.75| 5(2.99) 98.75 |10 (13.62) 92.75
FKF | 10(9.14) 95.25|18(20.90) 89.00 | 45 (83.21) 83.00| 6 (4.67) 98.25| 9(1343) 93.25|17(30.41) 825 | 4(0.75) 99.75| 5(4.66) 98.50 | 12 (18.66) 82.00
=3
D-ELSIS| 4(0.00) 100.00f 4(0.00) 99.75| 4(0.19) 93.75| 4(0.00) 100.00/ 4 (0.00) 100.00{ 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00) 4 (0.00) 100.00
ELSIS | 4(0.00) 100.00| 4(0.00) 99.75| 4(0.19) 9875 4(0.00) 100.00{ 4 (0.00) 100.00 4 (0.00) 100.00/ 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
FMV | 8(9.14) 9550 | 17 (1847) 89.25 |37 (73.13) 83.50| 5(2.24) 99.50 | 8(5.97) 9550 [ 19 (28.73) 87.75 | 4(0.75) 99.75 | 6(3.73) 9850 | 9(16.79) 92.25
FKF |10 (11.19) 94.00 | 15 (19.03) 89.75 | 39 (60.82) 83.25| 5(3.17) 9850 | 13 (18.84) 91.50 | 19 (47.76) 83.00 | 4(2.24) 99.75| 5 (448) 96.75 | 11 (14.55) 91.25




Table 4.2: Simulation results from Example 2

gl

00 n =750 n = 1000
s=2 p =100 50 p = 1000 p=100 p =375 p = 1500 p =100 p =500 p=2000
MMS (SD) TPR TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR
Method
D-ELSIS 0.00)  100.00 100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 100.00
ELSIS 0.00)  100.00 100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 100.00
FMV 0.00)  100.00 100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 100.00
FKF 0.00)  100.00 100 .00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 0.00)  100.00 100.00




Table 4.3: Simulation results from Example 3

9.

n =500 n =750 n = 1000
s=4 p=100 p =250 p=1000 p=100 p=375 p=1500 p=100 p =500 p = 2000
MMS (SD) TPR |[MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR [MMS (SD) TPR |[MMS (SD) TPR |MMS (SD) TPR |[MMS (SD) TPR |[MMS (SD) TPR
Method p=0
D-ELSIS| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00{ 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
ELSIS | 4(0.00) 100.00| 4(0.00) 100.00{ 4 (0.00) 100.00| 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
FMV | 4(0.00) 100.00| 4 (0.00) 100.00/ 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00 4 (0.00) 100.00
FKF | 4(0.00) 100.00| 4(0.00) 100.00{ 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
p=05
D-ELSIS| 4 (0.00) 100.00{ 4 (0.75) 96.50 | 4(0.00) 100.00{ 4 (0.00) 100.00| 4 (0.75) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 99.75
ELSIS | 5(299) 99.00 | 8(9.89) 94.75|18(25.56) 87.50 | 4(0.75) 100.00| 5(2.24) 98.00 | 5(224) 98.00| 4(0.00) 100.00| 4 (0.75) 99.75| 5(5.22) 98.75
FMV | 4(0.00) 100.00| 4 (0.00) 100.00/ 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00 4 (0.00) 100.00
FKF | 4(0.00) 100.00| 4(0.00) 100.00{ 4 (0.00) 99.50 | 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00 4 (0.00) 100.00| 4 (0.00) 100.00




L.

Table 4.4: Simulation results from Example 4

n =500 n =750 n = 1000
s=4 p =100 p=250 p=1000 p=100 p =375 p=1500 p=100 p =500 p = 2000

MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |[MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR

Method
D-ELSIS| 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
ELSIS | 4(0.00) 100.00| 4(0.00) 100.00| 4 (0.00) 99.75| 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
FMV | 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00{ 4 (0.00) 100.00{ 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
FKF 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00




for a higher proportion we expect to improve the performance of our procedure compared to
competitors. Furthermore, we could not consider a lower dimensionality for the number of
observations in the dataset because to obtain consistency using local polynomials to estimate
the first derivative requires more observations than the estimate of the simple function. Some
tests, which are not in this thesis, were done with a higher proportion and the performances
were satisfactory. Finally, we have also chosen cases where the number of observations is
higher with respect to the number of the covariates, since an approach that fails to correctly
select the relevant covariates in this convenient case, will surely achieve worse results for

high-dimensional data.

4.2 Empirical study

In this section we use a real dataset to illustrate our new variable selection method, that
combine the D-ELSIS and the subsample technique. In the dataset used Italian firms that
operated in the building sector in the period 2006-2017 are reported. The financial information
are collected from the Orbis database, provided by Bureau van Djik.

One problem of interest is to discriminate companies based on their (high / low) probability
of failure and predict bankruptcy before it occurs. In these cases, the dependent variable, which
indicates whether a firm is distressed, is binary, and its knowledge is crucial for estimating
the model parameters. We evaluate the probability of business failure in terms of financial
stability by using profitability ratios (e.g., return on assets [ROA] and return on equity [ROE]).
These ratios are suitable measures of a firm’s performance and business stability, as is shown
in Amendola et al. (2017). Since the period includes the economic instability, we opt for
analyzing the years 2007-2009 in order to evaluate if our proposal is robust to choose the most

relevant covariates in presence of financial shock. The sample consists of two subsets:

e the disease group is composed of those industrial firms that had undertaken the juridical

procedure of bankruptcy in Italy between 2007 and 2009;

e the reference group consists of firms that were still active as of 2009 and has provided

full information for the years between 2007 and 2009.

For each company, all financial statements and information available in the database are
collected. The predictor database for the years of interest is elaborated starting from the
financial statements of each firm included in the sample, for a total of 41,203 balance sheets.
In particular, we compute 124 indicators selected as potential predictors according to three
criteria (see Table 4.5):

e they have a relevant financial meaning in the failure context;

e they have been widely used in the failure prediction literature;
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e the information needed to calculate these ratios is available.

Table 4.5: Variables used in the study divided according to the area.
Area +#
Turnover 24
Liquidity 19
Efficiency 19
Profitability | 36
Solvency 26

To take into account the possible status changes of firms over the time considered, the
binary variable indicating if failure has occurred is set equal to one only in the year in which
a bankruptcy filing occurred. Thus, it is possible to use all available information to produce
bankruptcy probability estimates for all firms at each time point.

A preliminary analysis is performed to prepare the data for a detailed statistical analysis.
First, the missing data are identified, and those variables for which the percentage of missing
values is high are deleted. Second, the financial ratios with a high number of values equal
to zero are analyzed to determine if their values are affected by input errors. If the financial
statements of a firm have excessive null information (i.e., zero or not available values), they are
deleted. Third, the correlation between the surrogate dependent variable and other covariates
was computed to throw out those ratios with a correlation greater than or equal to 0.98.
Finally, the data are standardized in order to have zero mean and unit variance, and it was
verified that the new design matrix is well defined.

For each year under analysis, we proceed as follows. First, we perform on a certain sample
the D-ELSIS procedure selecting the first 10 top ranked variables. Second, we randomly
sample 500 observations for 100 times (which means that we have 100 subsamples with 500
observations), and then for each subset we perform the D-ELSIS procedure again selecting
only the first 10 top ranked variables, as in the first step. For the variables identified in the
first step, we calculate their relative frequency of being selected from the top 10 positions in
the various sabsample. From Theorem 3 in Chapter 3, we can choose a threshold 7 between
zero and one to distinguish the relevant covariates from the noise ones. We set this threshold
m = 0.8. We identify as relevant only those variables for which the probability of being selected
from the top 10 positions in the various sabsample, exceeds the threshold. Table 4.6 reported
the variables selected by our procedure.

As a result of our variable selection, we obtain 9 of the covariates of the dataset. Some of
these are aligned with what was established in the literature by the paper of Amendola et al.
(2017). It can be noted that the number of variables extracted changes across years. In fact,
we observe that there are 6 variables that are common to all years. These are the variables that

over time will affect business failure, that is measured by our dependent variable ROA. These
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Table 4.6: Selected variable for each year
Variable 2007 2008 2009
Xo V
Xor v
Xa9
X30
Xa1
Xs7
X6
X90
Xo1
Xy is the age of the company, Xo7 is the EBIT to fixed
assets, Xog is the net quick assets to Inventory, Xjq is
the Ebit to total sales, X3; is the Ebitda to Sales, X57
is the other shareholders fund to total assets, Xrg is the
operating cash flow, Xgo is the inventory to Operating
income and Xy is the gross profit to sales.

L <
L <

L

variables take into account the age of the company (X32), its profitability (Xa7, X31, Xg0), its
solvency (Xs57) and its liquidity (X7¢). The remaining 3 variables are Xag, X39 and Xg;. The
first regards liquidity while the second and the third concern profitability. The first is selected
for the years 2007 and 2009. We can note that the opposite situation occurs instead for the
variable Xg1, which represents an index of profitability. Furthermore, the profitability index
X3 is selected only among the relevant variables only in the 2007. These different sets of
identified covariates are mainly due to the financial crisis that has taken place in the years

considered, which certainly had a strong impact on the bankruptcy of Italian companies.
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Chapter 5

Conclusions

After a review of the literature for variable and screening selection methods in ultra-
high dimensional setting, we have proposed and investigated a new procedure D-ELSIS in
a nonparametric and non-additive context, which combines the local polynomials with the
empirical likelihood. The innovative element of this approach consists in the estimation of the
first marginal derivative with the use of local polynomials. By derivatives, we investigate the
marginal contribution of each variable X; in explaining Y, to justify whether it is relevant or
not. Furthermore, we use the empirical likelihood to detect if this partial derivative is zero
uniformly in the covariate’s support.

Our theoretical results suggest that D-ELSIS has the screening and variable selection
properties with a nonpolynomial dimensionality. Unfortunately, we achieve a dimensionality
that, despite being ultra-high, does not exceed the dimensionality of our direct competitor.
We expected this result because the use of local polynomials to estimate the first marginal
derivative requires a lot number of observations. Furthermore, we have not imposed maximum
distance between two adjacent observations. For any order of smoothness of the function, our
procedure uses a Kernel of order 2 instead of a Kernel whose order depends on the parameter
that characterizes the smoothness. This is a substantial advantage of our method compared
to the competitor, as it is very difficult to manage with a kernel of order greater than 6.

The simulations results, show that D-ELSIS has really good screening performance com-
pared to other model-free screener method in literature. Unlike the other approaches, D-ELSIS
is able to select the true relevant covariates both when the underlying model is nonparametric
and when it is linear. Furthermore, it manages to have significant results even in the presence
of correlation between relevant and non-relevant covariates. As in all screening method in
literature, in D-ELSIS the problem is the identification of the threshold ~,, that detects how
many covariates one needs to select in order to obtain the true set of active variables. We
have shown theoretically that it is possible to transform our screening method in a variable

selection method, using the subsample technique. In fact, with the subsample procedure, we

81



select the variables through the D-ELSIS and, after, we investigate their probability to be
chosen when the data are randomly sampled. In this way, we can achieve a variable selection
procedure without penalisation in the ultra-high setting, even if the model is nonparametric
and non-additive.

Another important aspect of regression is the type of impact of independent covariates on
the dependent covariate, the so called structure discovery. The literature focuses on partially
linear models, or on nonparametric but additive models, often using methods with penalty.
Also in this case, as for variable selection, the dimensionality is not very high, especially when
we consider various order of interactions. For example, VANISH (Radchenko and James, 2010)
could be extended to high-order interaction term, including the third order interactions, but
it may not be possible for large p. We can use D-ELSIS also for structure discovery. In fact, a
variable is linear in the regression model when the difference between the marginal derivative

of the covariate and its mean is zero for each point:
fi(zo) — E(fj(X;)) =0 Vao € &]

where X is the support of X;. If this difference is null, for each point, then it can be said that
the covariate taken into consideration is linear. With D-ELSIS we have already the estimation
of marginal derivatives. Then, we need only to test if the difference is identically null. Our
choice of which method to use to test this difference is, again, the empirical likelihood. We
hope to work along this direction with our D-ELSIS procedure, finding its theoretical results
for structure discovery.

Finally, D-ELSIS not only manages to transform itself into a method of variable selection
with the subsample technique, but can also distinguish linear covariates from non-linear ones.
The other approaches in screening literature, including our direct competitor Chang et al.
(2016a), do not have this advantage. All this, however, has a price: the lowest achievable

dimensionality.

82



Part 11

Regression problem in survival

analysis
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Introduction

Modern biomedical studies generate a large amount of survival data or “time to event
outcome variable” with high dimensional biological indicator for various scientific purposes.
In practice, many covariates are often available as potential risk factors. To enhance model
predictability and interpretation, a parsimonious model is always desirable. For this reason,
variable selection is also vital in survival analysis. Thus, selecting significant variables plays
crucial role in model building and is particularly challenging in the presence of a large number
of predictors.

In literature there are statistical techniques to analyse a time-to-event outcome variable,
which is a different type of outcome variable than those considered in the previous chapters. A
time-to-event variable reflects the time until a participant experiences an event of interest (e.g.,
heart attack, goes into cancer remission, death). Statistical analysis of time-to-event variables
requires different and more specific assumptions than those described thus far for other types
of outcomes because of the unique features of these variables. The statistical analysis, in
this case, is called time-to-event analysis or survival analysis, even though the outcome is not
always death. Some questions of interest in survival analysis are: What is the probability
that a participant survives 5 years? Are there differences in probability between groups (e.g.,
between those assigned to a new versus a standard drug in a clinical trial)? How do certain
personal, behavioral or clinical characteristics affect participants’ chances of survival? For
instance, identifying genomic profiles that are associated with a particular disease may help
with understanding its progression processes and designing more effective therapies.

With the advent of new biotechnologies, the emergence of gene expressions, methylation
and next-generation RNA sequencing, have increased the dimensionality of data leading to
larger and larger scale (Hong and Li, 2017). In these cases, the dimensionality of covariates
may grow exponentially with the sample size and such data has been commonly referred as
ultra-high dimensional data. Thus, the context is very similar to that introduced in the first
part of the thesis. If the event occurred in all individuals, many methods of analysis seen in
the previously part of this thesis would be applicable. However, it is usual that, at the end of
observational time, some individuals have not experiences the event of interest and, thus, their

true time-to-event is unknown. When this happens, the survival time is said to be censored.
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In addition, survival data are rarely distributed normally, are usually distorted, and events of
interest typically take place at the beginning of study time, while relatively few events occur
at the end of that period. These features make the construction of special methods for survival
analysis necessary.

When the number of covariates p is less than the sample size n, many ad-hoc statistical
tools have been developed for survival data. The parametric and semiparametric regressions,
such as the Accelerated Failure Time model (AFT) and the Cox Proportional Hazards model,
respectively, have been routinely used for modelling censored outcome data in many practical
settings. When p > n, penalized likelihood methods for variable selection have been proposed
by various authors since the paper of Tibshirani (1997), and the oracle properties and statis-
tical error bounds of estimation have been established (Huang et al., 2013). However, when
p > n, computational issues inherent in these methods make them not applicable to ultra-high
dimensional survival data because of serious challenges from computational cost, statistical
accuracy and stability. In order to overcome these problems, also in survival analysis, many
authors (such as Zhao and Li (2012); Gorst-Rasmussen and Scheike (2013); Song et al. (2014))
suggest to use the screening technique: obtaining a set of covariates that with probability 1
contains the set of true relevant ones. Even in this particular context it is possible to consider
different statistical approaches, related to parametric and non-parametric models.

The aim of the part of this thesis is to find a model-free screening method in ultra-
high dimensional setting different from the existent ones. Most of the model-free methods in
the literature consider a conditional estimate of the survival function, using the Kaplan and
Meier estimator (Kaplan and Meier, 1958). This estimator has some disadvantages, especially
with continuous covariates. Our intent is to manage conditioning appropriately, taking into
account the direct effect of covariate on survival. We have managed to highlight and justify the
possibility of applying the D-ELSIS method, proposed in the first part of this thesis, also in this
context. The element of innovation lies in the use of the marriage between local polynomials
and empirical likelihood. In fact, no other time-to-event variable screening method uses these
methods for screening purposes. The results demonstrate that the proposed nonparametric
screener selects the true relevant covariates, especially in the presence of correlation.

In Chapter 6 we introduce the variable selection problem in linear and nonparametric
regression models for survival analysis and the different methodologies for screening and vari-
able selection purposes available in the literature. In Chapter 7 we explain how it is possible
to use our D-ELSIS method to carry out screening in the context of nonparametric models
with time-to-event data. In Chapter 8, we carry out extensive numerical simulations to asses
the performance of the proposed D-ELSIS screener, also comparing it with other existing

approaches.
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Chapter 6

Variable selection in survival

analysis

Survival analysis is a branch of statistics for analysing data which times of interest from
a well-defined time origin until the occurrence of some particular events or end-points are
investigated. In medical research, the time origin often corresponds to the recruitment of
an individual into an experimental study, such as a clinical trial to compare two or more
treatments. If the end-point is the death of the patient, the resulting data are literally survival
times (Collett, 2015). This type of analysis, in the last years, is applied not only in medicine,
but also in a number of others research areas, such as public health, socio-economic science,
and engineering. In socio-economic research, it is used to investigate complex phenomena such
as unemployment, employment, inflation, supply and demand for bank loans, life expectancy
of the products, etc. The engineering sciences have also contributed to the development of
survival analysis called reliability analysis where the main focus is in modelling the lifetimes
of machines or electronic components (Kleinbaum and Klein, 1996). The standard statistical

procedures cannot be applied in survival data analysis for several reasons:

e survival data are not symmetrically distributed (typically positively skewed);

e there is a presence of censored data, which means that for an individual the end-point
of survival time has not been observed for different reasons, i.e. individual may drop
out of a study, he/she may have a different event (an accident, a first childbirth, leaving

school), he/she may decease or its lost to follow-up.

The censoring should be taken into account in the estimation of survival model. Three main

type of censoring exist (Figure 6.1):

o left censoring: the start date of the event is not observed and the exact length of the
survival time is not known (the subject was at risk for the event being studied before
the start of the study);
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e right censoring: at the time of observation the relevant event has not yet occurred (or
the study ends before the event has occurred), and the total length of time between

entry and exit from the state is unknown;

e interval censoring: the event time is only known to fall into an interval.

not

X censored

left

E ,v\ccn:mc

¥ interval

%7 ] mesiod

~
e
— = KNOWN period - =di
time >< died

------ = unknown period ’ = alive

Figure 6.1: Type of censoring data

An important assumption in the analysis of censored survival data is that the actual sur-
vival time of an individual is independent from any mechanism that may cause the individual’s
survival time to be censored. Independent censoring essentially means that within any sub-
group of interest, the subjects who are censored at time should be representative of all the
subjects in that subgroup who remained at risk at that time with respect to their survival
experience. In other words, censoring is independent provided that it is random within any
subgroup of interest. Another assumption concerns the censoring mechanism that is assumed
to be non-informative. A non-informative censoring occurs if the distribution of survival times

does not provide any information about the distribution of censorship times, and vice versa.

6.1 Estimation of survival function

6.1.1 Basic concepts

Let T be a non-negative random variable representing the time until the occurrence of the

event of interest. Its distribution function represents the probability that the survival time is
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less than same value ¢ and is given by

F@:P@<®:Afwm

where f(u) is the probability density function.
The Survival Function S(t) is defined as the probability that the survival time is greater
than or equal to ¢
St)=P(T>t)=1—-F(t)

i.e., the probability that an individual survives from the time origin to some times beyond ¢.
The Hazard Function h(t) is the risk or hazard of death at some times ¢ and is given by the
limiting value of the probability that an individual dies at time ¢, conditional on the individual

having survived to that time:

o) =

{P@ST<HWWZQ}7 (6.1)

o

where the numerator is the probability that T lies between ¢t and t + J, given that T is
grater than or equal to t, while the denominator is the time interval §. In literature, the
hazard function is also called as hazard rate, instantaneous death rate, intensity rate or force
of mortality. From equation (6.1), h(¢)d is the approximate probability that an individual
dies in the interval (¢,¢+¢), conditional on that individual having survived to time ¢ (Collett,
2015).

There are some useful relationships between the survival and hazard functions. The con-
ditional probability in (6.1) can be expressed as

Pt<T<t+9d) F(t+adt)—F(t)

> == =
Pt<T <t+d|T >1) TS 50 ,

then,

Noting that

= 10
Then J
h(t) = —%log S(t)



and so

where

H(t) = /0 h(u)du.

The function H(t) is called integrated or cumulative hazard. From equation (6.1.1), the

cumulative hazard can be obtained from the survival function, since
H(t) = —log S(t).

These three functions give mathematically equivalent specification of the distributions of
the survival time T'. In fact, if one of them is known, the other two are determined. One of
these functions can be chosen as the basis of statistical analysis according to the particular
situations: the survival function is the most useful for comparing the survival progress of two
or more groups, while the hazard function gives a more convenient description of the risk of
failure at any time.

Below we introduce notation that will be used throughout this thesis. Suppose we have
n observations with p covariates. Denote by Xj;; the jth covariate for subject ¢, and let
X, =(Xi,... 7Xip)T be a p-dimensional vector of covariates for the i-th individual. We add
the assumption that the p variables are time-independent. Let T; and C; be the underlying
survival and censoring times, respectively. We only observe Y; = min(7;, C;), and the event
indicator ¢; = I(T; < Cj), where I(-) is the indicator function. In general, we consider
right censoring time and we assume independent and non-informative censoring. We assume
(Y3, 04, X;) are i.i.d. In particular, we assume (73, X;;), @ = 1,...,n, are i.i.d copies of (T, X;),

the random variables that underlie the survival time and covariates.

6.1.2 Kaplan-Meier estimator

The Kaplan-Meier (KM) estimator, developed by Kaplan and Meier (1958), is a nonparametric
method used to estimate the survival function from lifetime data. The Kaplan-Meier survival
curve is defined as the probability of surviving in a given length of time while considering time
in many small intervals. Its plot is a step function, where the estimated survival probabilities
are constant between adjacent death times and only decreases at each death. For this estimator
only the times at which the event happens are considered, while the censored times are ignored,
taking into account however that the number of subjects at risk decreases in the presence of
the censored. In order to estimate the KM, a series of time intervals is constructed such that
only one death occurs per interval with the time of death indicating the start of an interval.
Suppose that there are n individuals with observed survival times t1,t2,...,t,. Some of

these observations may be right-censored. We therefore suppose that there are r death times
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amongst the individuals, with » < n. Let ¢1) < t(g) < ... < () be the ordered death times
in non-decreasing order, where the jth is denoted ¢(;), for j = 1,2,...,7. The number of

individuals who are alive just before time ¢(;, including those who are about to die at this

)
time, will be denoted n;, for j = 1,2,...,r, and d; will denote the number who die at this
j) — 0 to i),

includes one death time. Since there are n; individuals who are alive just before ¢(;) and

time. The time interval from #( where § is an infinitesimal time interval, then
dj deaths at t(;), the probability that an individual dies during the interval from ;) — ¢ to
t(;) is estimated by d;/n;. The corresponding estimated probability of survival through that
interval is then (n; —d;)/n;. Assuming that the deaths of the individuals in the sample occur
independently of another, the estimated survivor function at any time ¢ in the kth constructed
time interval from ¢y to ¢(x11), k = 1,2,...,7, where (1) is defined to be oo, will be the
estimated probability of surviving beyond ¢(;y. This is actually the probability of surviving
through the interval from ;) to ¢(x1) and all preceding intervals, and it leads to KM estimate

of the survivor function, given by
st =11 <Jnj> (6.2)
j=1 J

for t) <t <tgyqr),k=1,2,...,r, with §(t) = 1 for t < t(;) and where (, ) is taken to be
oo. If the largest observation is censored, for example t*, S (t) is undefined for ¢t > t*. On the
other hand, if the largest observed survival time, ¢(,, is uncensored, ng,) = ¢, and S (t) is

zero for t > ().

6.1.3 Cox Proportional Hazard model

Regression can be used to determine whether a characteristic of subjects affects the survival
and, if so, how much and in what direction (to increase or decrease). Survival prediction could
be difficult if some relevant risk factors are neglected. It is therefore necessary to identify those
variables that affect the survival. A model that links the survival and covariates is called Cox
Proportional Hazard regression.

Assuming that we have n individuals under observation, the Cox Proportional Hazards
model (Cox, 1972) is given by

h(t’X) = h(](t) exp (,31X1 + BoXo+ -+ 5po) = ho(t) exp (Z ,BTX1> , (6.3)
=1

where hg(t) is called baseline hazard function, which is the hazard function for an individ-
ual for whom all the variables included in the model are zero, X; = (Xj1, Xi2,... 7Xip)T

is the p-dimensional vector of explanatory variables for a particular individual, and 7 =
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(B1, B2, .., Bp) is the p-dimensional vector of unknown coefficients.

The corresponding survival functions are given by
S(tX) = So(t)eXp(Zf:1 BiXi)

This model does not make any assumptions about the form of hy(¢) and assumes parametric
form for the effect of the predictors on the hazard. For this reason it is a semi-parametric
model: hg(t) is the nonparametric part of model while the exponential is the parametric part.
The first part depends only on ¢, but not on X, and it summarizes the pattern of duration
dependence, assumed to be common to all individuals. The second part is an individual specific
non-negative function of covariates X, which does not depend on ¢ (under the assumption that
the covariates are time-independent), which scales the baseline hazard function common to
all units. The beauty of the Cox approach is that this indeterminateness does not create any
problems in the estimation. Even though the baseline hazard is not specified, we can still get
a good estimate for regression coefficients and hazard ratio.

The measure of the effect is called hazard ratio. The hazard ratio of two individuals with

different set of covariates X and X* is

77— ho(t) exp(57X)

_ e —exp (BT(X — X*)).
ho(t)exp(BTX*) (7" )

Under the assumption that the covariates are time-independent, this hazard ratio is also
time-independent. For this reason the Cox model is called the proportional hazards model. A
value of f; greater than zero, or equivalently a hazard ratio greater than one, indicates that
as the value of the ith covariate increases, the event hazard increases and thus the length of
survival decreases. An hazard ratio above 1 indicates a covariate that is positively associated
with the event probability, and thus negatively associated with the length of survival (Walters,
1999). Essentially, this model is a multiple linear regression of the logarithm on the hazard on
the variables, with the baseline hazard as the “intercept” term that varies over time (Bradburn
et al., 2003).

Since the baseline hazard is unspecified, the Cox model can be still estimated by the method
of partial likelihood, developed by Cox in 1972. Despite the resulting estimates are not as
efficient as maximum likelihood estimates for a correctly specified parametric hazard regression
model, there is a compensative virtue of this specification. In fact, with the advantage that
the partial likelihood doesn’t depend on the baseline, we overcome the problem of baseline
misspecification. Having fit the model, it is possible to extract an estimate of the baseline
hazard (Fox, 2002). Under regular conditions, the maximum partial likelihood estimator
behaves the same as the ordinary maximum likelihood estimator of i.7.d. random samples in

terms of asymptotic consistency, asymptotic normality and asymptotic efficiency (Cox, 1975).
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Suppose that we have data for n individuals, among whom there are r different death
times (so n — r are the right censored times). The r ordered death times will be denoted by
ta) <t < - <ty (so t(;) is the jth ordered death time). The set of subjects that are at
risk at time #(;) will be denoted by R(t(;)), called risk set. This set is taken over individuals
who have died and for whom the times of death have been recorded.

Cox (1975) showed that the relevant likelihood function for the proportional hazard model

in (6.3) is given by

B exp(87 X )

= e
j=1 ZZGR(t(],)) exp(ﬁ X(]))

L) (6.4)
where X ;) is the vector of covariates for the individual who dies at the jth ordered death
time, ¢(;). The denominator is a sum of the values of exp(BT X) over all individuals who are
at risk at time t(;). The product is taken over the individuals for whom death time have
been recorded. The individuals for whom the survival times are censored do not contribute to
the numerator of the log-likelihood function, but they do enter into the summation over the
risk sets at death times that occur before a censored time. Moreover, the likelihood function
depends only on the ranking of the death times, since this determinates the risk set at each
death time. Consequently, also the inferences about the effect of explanatory variables on the
hazard function depends only on the rank order of the survival times.

It is possible to give another form of this likelihood function with the same results. In
fact, considering again n observed survival times, t1,to,...,t,, and considering ¢;, the event
indicators (which is zero if the ith survival time t;,i = 1,2,...,n is right-censored), the

likelihood function in equation (6.4) can then be expressed in the form

exp(BT X)) }Ji 7 (6.5)

L(B) = g {ZleR(ti) exp(6T X7)

where R(t;) is the risk set at time ¢;. In this last expression (6.5), the likelihood function is
calculated using information about all the individuals in the dataset, and not, like the previous

one (6.4), those referred only to the uncensored individuals.

6.2 Variable selection in Cox model

An important and challenging task is to efficiently select a subset of significant variables upon
which the hazard function depends. There are many variable selection techniques in linear
regression models. Some of them, such as Akaike Information Criterion (AIC) of Akaike (1974)
and Bayesian Information Criterion (BIC) of Schwarz et al. (1978), can be easily extended to
survival analysis. Volinsky and Raftery (2000) extended the BIC to the Cox model. They

proposed a modification of the penalty term in the BIC, defining it in terms of the number of
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uncensored events instead of the number of observations. Moreover, it is possible to extend to
the context of survival data analysis the best subset variable selection and stepwise procedure
(see Collett (2015)). The latter is a combination of forward and backward selection. In forward
selection, variables are added to the model one at time. At each stage, the variable added
is the one that gives the largest decreases in the value of —QIOgE on its inclusion, where L
is the estimation of likelihood function. The stopping rule happens when the next candidate
for inclusion in the model does not reduce the —2logf by more than a particular quantity,
chosen at the beginning of the procedure. In backward selection, a model that contains the
largest number of variables under consideration is first fitted. Variables are then excluded
one at time: at each stage the variable omitted is the one that increases the value of —2log L
by the smallest quantity on its exclusion. The procedure ends when the next candidate for
deletion increases the value —2log L by more than a pre-specified quantity. The most general
procedure, the stepwise, works as follows. Variables are added to the model one at time and
a variable that has been included in the model can be considered for exclusion at a larger
stage. So, after adding a variable in the model, the procedure checks whether any previously
included variable can be deleted. These procedures have two main disadvantages: they lead
to the identification of one particular subset, rather than a set of a equally good ones and
they also depend on the stopping rule (Collett, 2015). This procedure works well only in
low-dimensional predictor scenario, while in high-dimension it is preferable to adopt different
approaches.

When p > n, it is possible to extend the penalised partial likelihood methods for variable

selection in the Cox model, with the following formulation
P
log L(8) —n ), px(I5])
j=1

using the same idea of Section (1.1) of Chapter 1, where is presented the penalised objective
function. When py(.) = 0, this is reduced to the partial likelihood function of Cox (1975). The
penalized likelihood estimate of § is derived by maximizing the penalized partial likelihood
with respect to 5. With a proper choice of py, many of the estimated coefficients will be zero
and hence their corresponding variables do not appear in the model. Tibshirani (1997) extends
the LASSO method imposing px(|3;]) = A(|B;]), while Fan et al. (2002) propose a SCAD
penalty. However, both algorithms were theoretically tested only when p < n. It is rather
unlikely that the two assumptions of LASSO, the beta-min and irrepresentable conditions,
hold (i.e. in genomics data). Since the first condition is sufficient and (essentially) necessary
condition for model selection consistency, in general we cannot expect that the selected set,
as retrieved by the LASSO, will be the true set of variables.

Bradic et al. (2011) addressed the problem of existence of an oracle estimator and regu-
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larization estimator under an ultra-high dimensionality setting, where the full dimensional-
ity might grow exponentially or non-polynomially fast with the sample size, in the order of
logp = O(n®) for some § > 0 and the order of true regressors goes to infinity, in the order
of s = O(n®) for a € (0,1). With bounded covariates, it is possible to find a strong oracle
inequality for the LASSO and SCAD in Cox model, imposing some conditions on covariance
matrix and on the score vectors of the log partial likelihood. For LASSO, it is needed to im-
pose a version of irrepresentable condition for censored data very stringent. The restriction has
the following formulation: 8% 3> \/sn~0-5+(05eta1=Ditaz where 85 = min{|B;|,j € M} is the
minimum signal strength and ag, ag > 0 are constants, and () is the positive part of . With
this condition the oracle property holds with s = O(nl/ 3). For the SCAD, there is the oracle
property, with a less stringent version of irrepresentable condition and with 8 > /sn=0?
and )\, > /sn-05+05ata—1)+as,

Wit et al. (2014) extend the dgLARS method of Augugliaro et al. (2013) to Cox model.
The basic idea underlying the dglLARS method is to use the differential geometrical structure
of a generalized linear model (GLM) to generalize the LARS method originally proposed in
Efron et al. (2004).

6.3 Screening

Zhao and Li (2012) generalized the sure independence screening of Fan and Lv (2008) for
the Cox proportional hazards model with p covariates. This screening procedure is called
the Principled Cox Sure Independence Screening (PSIS). Assuming a marginal Cox model,

possibly misspecified, on each X, namely,
ho,;(t) exp(X4535),

they obtained the maximum partial likelihood estimate of 57 , denoted by B\j- Then, the
importance of X; is measured by a Wald type statistic for testing 57 = 0. As a result, the

estimated M,, where M, is the true set of explanatory variables, is given by
M, = {j - L(B;) 21851 = M}

, where j = 1,...,p, Ay is a pre-specified cut-off that depends on n and Bj solves the partial

likelihood score equation

I M e S Xyep(XyB)Yit) |
) “;/o {X” S exp(Xy8)Yi(t) }dN’(t) "

where Ij(@) = —mjgﬁ(ﬁ) |B=§j is the observed information at ij N;(t) = I{min{T;,C;} <
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t,8; = 1} is the observed failure process and Y;j(t) = I(min{T};, C;} > t) is the at-risk process.
Here, v > 0 is the study duration, which is assumed to be long enough to ensure that sample
events are observed during the interval [0, v]. When the true model size |M,| = s, the expected

false positive rate can be written as

MEen M, 1 ~ ~
E <| | M| ’> T Sj;;f P{I;(8))"218;] = An}.

Moreover, when 3; = 0 or j € M, Ij(ﬁj)l/ 2| BJ| converges in distribution to a standard
normal variable and )\, controls the expected false positive rate at 2{1 — ®(\,,)}, where ® is
the standard normal cumulative distribution function. In order to decrease the false positive
rate to 0 as p increases with n, Zhao and Li (2012) fixed the number of false positives (F'P)
that they are willing to tolerate, which would correspond to a false positive rate of FP/(p—s).
Because s is usually unknown, it is possible to be conservative choosing A\, = ®~1{1 — ¢/2}
where ¢ = F'P/p, so the expected false positive rate is 2{1 — ®(\,)} = ¢ < FP/(p—s), which
is close to the desirable false positive rate, F'P/(p — s). To study the sure screening property,
Zhao and Li (2012) first established the following S-min condition (that is, the true signals
have enough marginal strengths): there exist constants ¢; > 0 and 0 < k < 1/2 such that
minjep, |cov[Xi;, E{Fr(C;| X ;)| X;}]| > cin™", where Fr(-|X;) is the cumulative distribution
function of T; given X ;. Then Zhao and Li (2012) proved that

min |8;] > con™®
JEM, w]’ ="

where ¢y is a positive constant. This result leads to the sure screening property
P(M, C M,) — 1

for the non-polynomial dimensionality problem log(p) = O(n!~2%). However, given that PSIS
stems from a Wald test based on a Cox model, its performance is unclear when the underlying
assumption of a Cox model (i.e. the proportionality of hazard) fails.

With the goal of making the screening procedure less model-centric, Gorst-Rasmussen
and Scheike (2013) proposed a Feature Aberration at Survival Times (FAST) statistic that
measures the aberration of each covariate relative to its at-risk average. Specifically, for
covariate X, the FAST statistic is defined as
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where ¢ € [0,v]. With standardized covariates, the population version of d; is

d; = B(d;) = cov{X;, Fr (v X:)} + /0 " con{ X, Fr(tX ) K (1)t

where Fp(t|X;) = P(T; < t|X;) and K(.) is a strictly positive function. Thus, d; is large
if cov{X;, Fr(t|X;)} has a constant sign throughout ¢t € [0,v]. Thus, it is reasonable to
consider the magnitude of d; as a marginal utility to rank the importance of X;. FAST can
be also viewed as a score test statistic based on a Cox model. To study the sure screening
property, Gorst-Rasmussen and Scheike (2013) assumed that the true hazard function is of

the single-index form
hi(t) = h(t, XIB),i=1,...,n,

requiring the resulting survival function exp{ fg h(s,.)ds} to be strictly monotonic for each

t > 0. They proposed to estimate the true set of variable by
M, ={j:|dj| > M}

for a given A,,. The authors showed that there exists a threshold ¢;,, > 0 such that min;eas, ]J]| >
Cn and max;¢ g, |Jj| = 0, assuming a linear regression property, which holds for Gaussian
features and, more generally, for features following an elliptically contoured distribution, a
restriction on the censoring mechanism that have to be partially random in the sense of de-
pending only on irrelevant features and the partial orthogonality condition that was also used
by Fan and Song (2010). Thus, the signals d}- when j € M, are stronger than those when
j ¢ M,. They further assumed that |cov(X;, X7 B)| > cin™*, j € M,, for some ¢; > 0 and
0 < k < 1/2. Then they showed that, by taking A\, = con™" for some constant 0 < ¢y < ¢1/2,
the sure screening property holds even when p grows exponentially fast with n. Like the
SIS, FAST assumes that the covariates present in the true model M, are independent of the
irrelevant covariates. This assumption is often violated in practice. To account for possi-
ble correlations between variables, Gorst-Rasmussen and Scheike (2013) proposed an iterated
FAST procedure.

6.3.1 Model-free screening

It is desirable for screening tools to possess invariance properties under transformations of
variables (X; or T;) and robustness against outliers. Researchers proposed Kendall’s 7 based
screening methods (Li et al., 2012a), since Kendall’s 7, a widely used measure of correlation,
is robust against heavy tailed distributions and invariant under monotonic transformations.
To accommodate survival data, Song et al. (2014) considered the concordance between failure

time 7" and covariate X; in the presence of censoring. This procedure is called the Censored
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Rank Independence Screening (CRIS). Defining 7; = P(X;; > Xy, T; > Ty) — 1/4, that
measures the association between 7" and X;. In fact 7; is 0 if 7" and X, are independent.
Let ¢; = 8 1(X;5 > Xi'5,Y: > Yir)/S?(Yir), it can be easily shown that E(¢;) = P(X;; >

Xy, T; > Tyr). Thus, a natural estimate of 7; is:

<H

-1
n (5‘/
= Aiz[XZ“>XZ'/',Y;>Y;/ —1/4,

<2) ; SQ(Y;/) ( J J ) /

where S is the Kaplan-Meier estimator of S(t) = P(C; > t). Define the true set as M, =
{7 : p(T" > t|X) functionally depends on X;}. Then, it is estimated by a set of important
predictors with large 7; :

M. = {j: [7] > M},

where ), is a predefined threshold value. Song et al. (2014) showed that 7; is a consistent
estimator for 7;. Moreover, the sure screening property with a dimensionality logp = o(n'=2r)
is achieved taking A, = ¢;n™" with ¢7 < ¢9/2 and when minjcy, |P(X1; > Xoj,T1 > To) —
1/4] > con™" for some 0 < k < 1/2 and ¢y > 0. The latter assumption states that the
minimal marginal rank correlation between the active variables and the response variable
should exceed a certain threshold. Model selection consistency can be achieved if there is a
gap between signal variables and noise variables. In this case, a sufficient condition for model
selection consistency is that X 57 (the relevant variables) and X ;7. (the irrelevant variables)
are independent. However, the computation of 7; requires the Comgarison of all possible pairs
of samples. This exceedingly heavy computational burden may hamper its applicability when
the sample size is large.

The validity of model-based screening methods, such as PSIS, often hinges upon the as-
sumptions of the underlying models. For example, when the proportional hazards assumption
fails, the model-based approaches may incur a large number of false negatives and lead to
invalid results. To develop a model-free framework that can be applicable to a more general
class of survival models, He et al. (2013) proposed the Quantile Adaptive sure independence
screening (QA). This approach performs screening based on the disparity between uncondi-
tional and conditional quantiles given each covariate. However, since not every quantile is
estimable under censoring, its performance under heavy censoring is unclear.

QA and CRIS are model-free screeners, but they may not capture the full-range impact
of covariates on the overall survival since QA focuses on a specific quantile level and CRIS
relies on a summarized value of association. To more fully capture the overall influence
of a covariate on the outcome distribution, Li et al. (2016) proposed a new metric called
the Survival Impact Index (SII), which evaluates the absolute deviation of the covariate-

stratified survival distribution from the unstratified survival distribution. Specifically, for
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each X;,7=1,...,p, SIl is defined as
G= [ Weltwlsulx; > ) - 5(0)ldsa,
teT,xeX

where We(t, ) is a pre-determined weight function introduced to capture the covariate impact
on either early or late survival. The authors argued that if, for at least one ¢ and one x, the
survival function stratified on X; > x differs from the unstratified survival function at ¢, then
&; will be non-zero under mild conditions. On the other hand, if 7" and X; are independent,
then & = 0. To estimate ;, Li et al. (2016) proposed to use

& = / We(t, x)|S(t|X; > x) — S(t)|dadt,
teT,xeX

where §(t\Xj > z) is the Kaplan-Meier estimator based on sub-sample X; > z and S(t) is
the Kaplan-Meier estimator for the survival function of 7. The set of important predictors is
defined by

M,={j:& >}

Under some regularity conditions, the estimated survival impact index EJ is uniformly
consistent to &;. If p = O(exp(n®)) for some 0 < ¢ < 1 and minjepr & > con™* for some
constants cg > 0, 0 < a < (1 — ¢)/2, and if the information collected from the region 7" x X
can produce a rather stable estimation of X;’s impact on the distribution of 7", Li et al. (2016)
proved that

p(M, C M,) — 1
by taking A\, = bn~™* with b < ¢p/2.

In a survival setting, non-parametric variable screeners have focused on discerning how
each candidate variable influences survival functions. One way of detecting such influence is
by studying the variability of survival functions for the sub-populations or strata defined by
each variable. The difference patterns, however, may vary across covariates. Specifically, the
differences may occur either during the early or late period in the follow-up due to disease-
related characteristics. Therefore, screening approaches that rely on a single screening criterion
may not be able to capture the complex difference patterns and may lead to false non-discovery.
In order to capture the differences during the periods, Hong et al. (2018) proposed to consider
the following Integrated Powered Density (IPOD):

/ ' Fi(s)ds,

where a power index (> 0) inflates either early (v > 1) or late differences (v < 1) during
the life span and thus it gives more flexibility in detecting distributional differences. TPOD
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resembles the cumulative distribution function (CDF) and satisfies the basic properties of
CDF's, except that it does not necessarily approach one when ¢ — oco. To derive the screening
criterion, first consider a discrete X; with R; categories. The unique property of IPOD

motivates the following marginal utility to detect distributional differences:

I(W’)

;= max sup

r1,r2€{1,,Rj} 1e[0,]

t t
/0 f%\Xj(S|XJ' =1r1)ds _/0 f%\xj(s‘Xj =r9)ds|,

where frx;(s|X; = r) denotes the conditional density function of T" given X; = r. Since
I J(»V) = 0 if and only if 7" and X; are independent, it serves as a measure of marginal utility
for each X;. The framework of IPOD accommodates different ’s. For example, when v = 1,
I(); is simply the classical Kolmogorov difference: max;, r,c(1,...r;} SUPsejo,] [Fr] X; (¢ X; =
r1) — Fr|X;(t|X; = rg)|. So this framework is general, including the Kolmogorov filter (Mai

and Zou, 2015) as a special case. Denote by h,, > 0 the bandwidth of a kernel function K(-),

I('Y)

;7 can be estimated by

_f('y) _

;= max sup

t t
f/\ ,SX’:TldS—/f)\ .8X‘:?”2d87
ri,r2€{1,,Rj} t[0,] /0 T\XJ( |X; ) 0 T\Xj( | X )

with

frit) = Z K((t —t:)/hn)(Sr(tio1) — St(ta),

where S (t) is the Kaplan-Meier estimator for the survival function of T and the conditional
density estimator ]?T‘ X; (t|X; = r) can be obtained similarly as fT(t) by restricting samples to

X, =r. Hong et al. (2018) defined the true important feature set as
M, = {j : S(t|X) functionally depends on X for some ¢ € (0,00)}

estimated by ]\71* = { J: T (v); > /\n} where A, > 0. This procedure is referred to as the
IPOD screening.

When a covariate X is continuous, it can be discretized into R; slices. Suppose there are
N different ways of slicing a continuous covariate X; by using the percentiles of the empirical
distribution of Xj;, denoted by Aj,,u = 1,..., N, with each slice Aj, contains R;, intervals.
Denoting as I (7)j.a,, the IPOD screening statistic corresponding to the slicing scheme of Aj.,,
they proposed the following fused TPOD screening statistic that collects all information from

each slice:

This statistic leads to the following screening criterion, J\//.72>k = { gl ](7) > )\n}, where A, >0
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is a pre-specified constant.
For large sample results, Hong et al. (2018) stipulated the following assumptions. Let Ajy,
() _ ZN I(”/)

be the partition based on the theoretical quantiles g;, () of X; and I jZ w=1Tj A0 and

assume that there exist ¢ > 0 and 0 < v < 1/2 such that minjcy, IJ(»Z) > 2cn~? for a specific
~v. When covariates include both continuous and discrete values, under the above conditions,
for 0 < <1—=3k—2v—2u—2p, if N =0(logn) and logp = O(n%), the fused IPOD has
the sure screening property. IPOD enjoys the invariance property like other non-parametric
screeners such as SIT and CRIS, but it is more computationally efficient with increasing n. The
performance of the method depends on how well the distribution function can be estimated
on each covariate-defined stratum. Hence, it may not work well for small sample sizes.

To accommodate censoring in ultra-high-dimensional survival data, Liu et al. (2018) re-
placed the conditional distribution of each covariate given a response variable in FKF of Mai
and Zou (2015) with a conditional distribution of a response variable given each covariate, and
then they used the Kaplan—Meier to estimate the unknown conditional distributions. This
Kolmogorov—Smirnov statistic-based independence screening method can deal with discrete,
categorical or continuous covariates and it is called the fused Kolmogorov—Smirnov statistic-

based Sure Independence Screening (KS-SIS). Liu et al. (2018) proposed the following statistic:

KjGj =max sup |S;(t|l; =11) — S;(t|L; = la)]
lilz o<t<r

where G; = {[a{,a{H) : a{ < a{H,l =0,...,G; — 1 and Ulejgl [a{,a{H) \ {ag} = R}. When

X takes finite values such that each possible value forms a slice, X; is independent of 7" if

and only if K]-Gj = 0. When Xj is continuous or discrete, it is independent of T if and only if

K€

;7 =0 for any partition G;. The estimate of Kfj is defined as

[?J-Gj = Imax Sup ’§j<ﬂfj = ll) - §j(ﬂ[j = lg)‘,
lilz o<t<r

where §j(t|lj = lp), with b = ¢(1,2), is the Kaplan-Meier estimator of S;(t|I; = l;). Fur-
thermore, they used the idea of fusion to improve the efficiency of the Kolmogorov-Smirnov

measure. Then
N
K; = E Kj
k=1

is an estimate of K; = Zgil KJ-ij considering N; different partition G,k = 1,..., N;. Then

based on K j, they defined the estimated active set as

Aldy) ={1<j<p: I?j is amongst the first d,, largest of all I?]}
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where d,, is a prespecified positive integer. Under the following two conditions

e there exists a set B such that A C B

. . (o) N (o) )
Ap = min min K;7(Gyj) max max K;7(Gyj) > 0

where the slicing is built on the theoretical quantiles of X;, so the jointly important

predictors should also be marginally important;

e if X, is continuous, then for any dp,ds such that P(X; € [dy,d2)) < 2/miny Gy;j, they
have

Ap
|95 (t1) = Sj(tla2)] < —=
for all ¢, j and x1,x9 € [d1,d2),

the sure screening property holds with probability tending to one if

Ap > \/lognlog(i)N logn)

with a dimensionality p = O(n®) with ¢ < 1.
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Chapter 7
D-ELSIS in survival analysis

Let T, C and X (,xp) be respectively the survival time, the censoring time and their asso-
ciated covariates, with n < p. Correspondingly, let Z = min(7,C) be the observed time and
let 6 = I(T < C) be the censoring indicator. To analyse the association between T' and X
in a statistical setting, we consider the observed data {(X;, Z;,d;) : i =1,...,n} as an i.i.d.
random sample from a population (X, Z,§). Further, we consider two classical assumptions

on the censoring times:
(B1) the independence censoring, so 7' and C' are independent given X;

(B2) the noninformative censoring, so the conditional distribution of C' given X does not

involve the parameters of interest.

The requirement (B1) essentially means that the uncensored subjects under follow-up have
to be representative of the surviving population. This condition that is satisfied when censoring
occurs independently of the survival time. When there are covariates, then the independent
censoring assumption is made conditional on the covariate information. The assumption (B2)
assumes that participants should drop out of the study only for reasons unrelated to the study.
These two assumptions are classical in survival analysis.

Following the notation in Fan and Gijbels (1996), it is possible to study the contribution of
the risk factors via the conditional hazard rate function. For a given covariate X, the hazard

rate at a given time ¢ is

P@<T T> 1,
W) = i DS TS IHOT 2 6 X))
J 0—0 4]

representing the risk that an individual fails immediately after time ¢ given survived at the
that time. There are two popular models based on the hazard rate: the Accelerated Failure
Time model (AFT) and the Cox Proportional Hazards model (PH-COX). The AFT assumes
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that the hazard rate has the form

h(tlz) = ho(ty () (x)

and the PH-COX describes the hazard rate via

h(t|z) = ho(t) exp(i(z)),

where hg(-) is the baseline hazard function and ¥ (x) is the function depicts the contribution
of covariates x.
Assume for simplicity that the covariates X are not time varying and that the random

variable T is absolutely continuous. Note that
h(tlx) = f(t|lz)/S(t|x), with S(t|lx) =1— F(t|x)

being the conditional survivor function, where f(t|x) and F(t|z) are respectively the con-
ditional density and distribution function of T' given X = z. From the property of the
distribution function, the survival function is continuous and non-increasing. The conditional

survivor function can be represented as

S(tlz) = exp { /Ot h(u|x)du} (7.1)

for a nonnegative random variable T'. Hence, modelling the hazard rate function is equiva-
lent to assume a specific form for the conditional distribution or for the conditional survival
function.

Regarding the considerations state above, it is possible to introduce a more general ap-

proach to study how the variables affect the event of interest via the regression model:
Y =9g(T)=m(X)+e

for a given transformation g(-), often a logarithmic function, with 02(X) = 1. This approach
attempts to assess the contributions of risk factors via a mean response function m(-), where
m(+) is an unknown function.

Also in this context, as we did in the previous chapters, we are looking for a method that
allows screening without imposing conditions on the functional form that links time, which
in this case is the response variable, to the other covariates. To do this, we therefore need a

nonparametric estimator.
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7.1 Limitation of Kaplan Meier estimator

As we said in Chapter 6, the Kaplan Meier (KM) estimator is a nonparametric statistical

method used to estimate the probability of survival over time, given by

S(t) = f[ (W) (7.2)

Jj=1

fortg) <t <tgyr,k=1,2,...,r, with §(t) = 1fort < t(;) and where ¢(, ;) is taken to be co.
Kaplan Meier plots visualize the probability that a patient survives a certain time. For each
time interval, survival probability is calculated as the number of subjects surviving divided
by the number of patients at risk. Subjects who have died, dropped out, or move out are not
counted as at risk, and since they are considered as censored, they are not included in the
denominator. Total probability of survival till that time interval is calculated by multiplying
all the probabilities of survival at all time intervals preceding that time. The Kaplan Meier
estimator is well defined for all time points less than the largest observed study time. If the
largest study time corresponds to a death time, the estimated survival curve is zero beyond this
point. If the largest time point is censored, the value of S(¢) beyond this point is undetermined.

As it is possible to see from the formula (7.2), this estimator does not involve covariates.
However, we know that there are significant factors that contribute to different survival times.
With additional information we can have more accurate survival estimates to individual pa-
tients. In fact, when we have a study for example on the effect of a drug for a particular
disease, we want to evaluate whether this medicine is effective or not. To do this, we can con-
sider the difference between survival functions, taking into account patients with and without
the treatment. When the covariate is discrete, the KM can be used to compare survivals.
Two survivals are obtained, one for the case-subjects and one for those under control. With
the help of a graph, we can evaluate which of the two functions obtained through the KM
estimate is higher. If the subjects who took the treatment have a higher survival, then it
is possible to say that the medicine is able to treat the patients. We underline that Kaplan
Meier estimator does not test the difference of survival functions. In fact, the Kaplan Meier
estimator estimates survival probabilities and does not compare them. It does not compare
them. To make inferences on these survival probabilities we need a test. In the literature
there are various procedures that allow to test whether the difference between the two curves
is significant or not. Among these, the well known test is the log-rank test (Peto and Peto,
1972).

When we estimate S(t) function conditioned on a continuous variable, we need to discretize
the variable and get as many survival functions as classes in which we have divided the

variable. Evaluating the comparison of the classes with the plot, in this case, becomes much
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more complicated. Furthermore, the KM estimator cannot be used to estimate the survival
function conditioned by the effect of several variables at the same time.

Some model-free screening methods, such as KS-SIS (Liu et al., 2018) and IPOD (Hong
et al., 2018), use the KM estimator in order to discern how each candidate variable influences
survival function, even in the presence of continuous covariates. In both cases, the continuous
covariates are discretized into slices and the authors compare the survival functions (estimated
on each slice using KM) with the Kolmogorov-Smirnov statistic. KM is estimated considering
the number of events that occurred and the number of subjects that survived up to that point.
Substantially, when they calculate the survival function on the slice, they take into account
a subset of the observations, so only a subset of the events and a subset of the subjects at
risk. If instead of considering more slices for the continuous covariate we consider only one
slice, we cannot actually estimate the effect of the covariate on survival, because the set that
we select is the whole set of observations. Therefore, considering a single slice, we obtain an
estimation of the survival function which is not conditioned. It is possible to estimate directly
the covariate’s effect on survival function using a different approach not involving the KM

estimator, as we will see in the next section.

7.2 D-ELSIS in survival analysis

For the survival-based screening, we intend to recover a sparse subset
M, = {1 < j <p:the j-th variable in X is relevant for explanation of Y'}.

In biomedical studies, it is reasonable to stipulate a sparsity condition that only a small
number of covariates are relevant. That is, the cardinality s of M, is small relative to p.

In order to construct a nonparametric screening procedure, we need a nonparametric es-
timator different from KM that does not suffer from the problems considered in the previous
section. Specifically, the KM estimator conditioned by continuous covariates depends on how
the subsets are chosen. To solve the problem of the conditional estimation of the survival

function, we consider the general regression model in survival analysis:
Y=g(T)=m(X)+e (7.3)

with a generic function ¢(-) strictly monotone. Depending on the form of ¢(-), we can obtain
the COX and AFT models. If g(t) = t we model the time directly.

This model has the same structure as the nonparametric model considered in the first
part of this thesis, in Chapter 2, since we do not impose condition on the functional form of
m(-). The substantial difference is that dependent variable is a function of time and not time

directly. We need the following assumptions:
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C1) there exists a ¥ > 0 such that S(v|X;) > 01 > 0 for 1 < j < p, where 6; is a positive
J

constant;
(C2) for any t € [0,v], fr|x,(t[x) is greater than a positive constant ¢y for j € M..

Condition (C1) is imposed to avoid problems with estimating the tail of the conditional
survival functions. Because (C1) is satisfied in many clinical settings, it is widely used in
literature (Peng and Fine, 2009). In practise, v is often chosen to be the study duration.
Condition (C2) states that the conditional density is positive.

Using these two assumptions and the strict monotonicity of g(-), the relevant covariates in
the model (7.3) will also be relevant for the survival function. In fact, the strictly monotonicity
of g(-) ensures that a variation of ¢ leads to a variation of g(t). When a variable X influences
Y = g(t) in the regression model (7.3), this variable is relevant. Since the survival function
S(t|lz) and the density frx,(t[z) are positive, as ensured by (C1) and (C2), respectively, a
variation of ¢, due to a variation of X in (7.3), leads to a variation of S(¢|X; = z). In this way
we can handle the problem of the conditioned survival function in a better way than using
the KM estimator. Therefore, looking for the covariates relevant for the regression model is
sufficient to find the covariates being also relevant for the survival probability.

Since we have the same regression model structure of (2.1), we can use the same procedure
considered in Chapter 2. In fact, in order to identify explanatory variables that contribute
to the response variable in high-dimensional non-parametric regression in survival analysis,
we consider our independence model-free feature screening technique D-ELSIS, proposed in
Chapter 2. With our D-ELSIS procedure, we obtain a model-free screening procedure without
the use of the KM estimate of survival function. This is the fundamental difference among our
method and the other model-free screeners in literature, such as IPOD of Hong et al. (2018)
and KS-SIS of Liu et al. (2018). Furthermore, based on our knowledge, in survival context,
a screening method that combines empirical likelihood and local polynomial regression has
never been used.

As regards the assumptions in Chapter 3 for the screening property of D-ELSIS, we need to
adequately adopt them in this context. Consider the marginal contribution f;(z) = E(Y|X; =
xz) = E(g(t)|X; = z) of explanatory variable X; on g(t). Since g(-) is strictly monotone, this
is the same that considers a marginal contribution of an explanatory variable X; on t. We
apply the local polynomial regression to estimate the first partial derivative with respect to
the covariate X; in the regression model, for j = 1,...,p. Once we get this estimation, we
use the empirical likelihood to verify if this derivative is zero uniformly in the covariate’s
support. With the use of partial derivative, we investigate the marginal contribution from
each explanatory variable in explaining Y, that is a function of time, to justify whether it is
relevant or not, following the same idea of Chapter 2. In fact, if f]’() = 0, the covariate X is

not relevant, otherwise X is an active variable.
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As we mentioned in Section 2.4 of this thesis, we estimate the first marginal derivative of

our nonparametric model (7.3) using the local quadratic estimator
n n 1
o)=Y W; YVi=Y —S(z;h)Kp(X; —2)Y; 7.4
fi(x) ; 2(2) ; S (@ ) En(X; - 2) (7.4)

As we explained in Lemma 1 of Chapter 3, for assessing f]’(x) = 0 at given z without
distributional assumptions, we can use a simplified version of the local quadratic estimator in

the following empirical likelihood:
(7.5)

ELj(x,0) = sup {le tw; > O’Zwi = 1vzwiUij — 0} 7
w =1 i=1 i—1

x)(Xi; — x)Y;. By applying the Lagrange multiplier method for

where Uij = #Kh(Xij
solving (7.5), we obtain the empirical likelihood ratio
n
Ij(x,0) = —2log{EL;(z,0)} — 2nlogn = 2y _log{1 + AUy}, (7.6)
i=1
Us;; .
71+)\i,ij = 0. The l;(x,0) is a
0,

where A is the univariate Lagrange multiplier solving » ",
statistic for testing whether or not (7.4) has zero mean locally at x. For assessing f]’() =

we use
1;(0) = sup I;(z,0)
Z‘EXJ‘

,p, where X is the support of variable X;.

for each j =1,...
For feature screening purpose, we sort /; for all j = 1,...,p in decreasing order, and we

take the first , covariates. In this way, we create a set

My, ={1<j<p:l;>m)

In order to implement the proposed method, we evaluate the statistic [; using [;(0) =

maxi<;<n lj (Xij, 0)

As we did in the previous part of this thesis, we can transform the screening selection
procedure in a variable selection procedure with the use of subsample tool, as we explained in

Section 2.5 of this thesis.
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Chapter 8

Simulations for screening in

Survival analysis

Simulation studies are conducted to investigate the performance of our D-ELSIS method,
proposed in Chapter 2 of this thesis and extended to survival analysis in Chapter 7, in terms
of the following three criteria: (i) the median of the minimum model size (MMSs, i.e., the
smallest number of the selected covariates including all the active explanatory variables) for
100 repetitions; (ii) the IQR divided by 1.34 (SD), that is the robust measure of the standard
error of MMS; (iii) the percentage of true positive rate (TPR) that controls the precision
measuring the proportion of actual relevant variables that are correctly identified as such. To
calculate the TPR we consider that the predicted relevant variables are the first 20. In order
to have a very good method, the MMS should be equal to the number of the true active
variable, with small SD and high TPR. We set n = (500, 750, 1000) and p = (100,n/2, 2n).

For comparison, we also consider other two existing screening methods for nonparametric
models: the Integrated Powered Density (IPOD) of Hong et al. (2018) and fused Kolmogorov
—Smirnov statistic-based (KS-SIS) of Liu et al. (2018), presented in Chapter 6. For the imple-
mentation of the best bandwidth in the kernel regression estimation for D-ELSIS, we use the
R package NonpModelCheck of Zambom et al. (2017). Among the various options of the
package, we choose the cross-validation leave-one-out, which performs satisfactorily. Instead,
as regards the likelihood estimation for empirical likelihood, we use the R package emplik of
Zhou (2018). Furthermore, for the IPOD method, we use the code that Hong et al. (2018)
provided in their paper and we consider v = (0.8,1.0,1.2) as in their study.

We consider the following experiments in the simulation study.

Example 5 : Cox model

The Cox model represents the most widely used model in survival analysis. In this case

we want to verify how much the increase of censoring rate affects the performance of our

108



Example 6

8.1

estimator. The survival time is generated from a Cox model

h(t1X) = exp(ATX).

Here predictors X;’s are generated from a multivariate normal distribution with mean
p = 0, variance 02 = 1, correlation p = {0,0.5} and 3 = (1% 05_5). The censoring time
is generated from a uniform distribution U(0, ¢), where ¢ is chosen to achieve censoring

proportion of 20% and 40%. The results are shown in Table 8.1.

: Non-linear covariate-response relationship

In this case we are interested in evaluating the effect of the increased correlation between

the covariates on the results of the screening. The survival time is generated from
log(T') = 5X1—4X2(1—X2)+10 [exp{—3(X3 — 1)*} + exp{—4(X3 — 3)*}| —1.5-+4sin(2rX4)+e

Here predictors X’s are generated from a multivariate normal distribution with mean
p = 0, variance 02 = 1 and correlation p = {0,0.5}. The error € ~ N (0, 1) is independent

from X. The four true main effects were initially generated as
filz) =5z, faolz) = —d2(l —2)

f3(x) = 10 [exp{—3(z — 1)*} + exp{—4(z — 3)*}] — 1.5, fu(x) = 4sin(27x)

Then, each f; is standardized by subtracting E|[f;(x)] and dividing by SD[f;(z)] to have
zero mean and unit variance. The censoring time C' is generated from a 3-component
normal mixture distribution N(0,4) — N(5,1) + 0.5N(25,1). This example is adopted
from Li et al. (2016). The results are displayed in Table 8.2

Simulation results

The results shown in Table 1 reports the values of MMS and TPR for the first scenario
where the data are generated from the Cox model. In order to check how the D-ELSIS

method works, we consider different settings to analyze the effects of correlation and censoring

on the performance of the D-ELSIS. In particular, the correlation is fixed to be equal to

p = ¢(0.00,0.50), and the censoring percentage is set to be equal to ¢(20%,40%). Moreover,
the D-ELSIS performance is compared with that of IPOD (with different values of v) and

KS-SIS. Looking at the TPR, if correlation between covariates does not exist, i.e. p = 0,

D-ELSIS has a better performance when the censoring is low and when n > p. Then, when

n < p, our proposed screening technique is less efficient for smaller sample sizes, while its
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performance increases when the sample size goes up. In absence of correlation, its performance
is substantially equal in terms of TPR. Moreover, the censoring affects the TPR especially
when n < p. In fact in order to make the results stable, we have to increase the sample size at
n = 1000. In terms of MMS, D-ELSIS fails only when n = 500 and p = ¢(100, 250). In all the
other cases, it performs well. Now, if we assume that the covariates are linearly correlated,
D-ELSIS works very well for most of the settings, in terms of both TPR and MMS. Moreover,
the SD of MMS decreases when the sample size increases. Compared with the IPOD and
KS-SIS, D-ELSIS performs particularly well when there is correlation, independently of the
censoring percentage. Instead, in terms of MMS, it works better because it is able to capture
the number of relevant covariates when both n > p and n < p.

For the second scenario, where a non-linear relationship between covariates and time of
interest is assumed, the results are shown in Table 2. It is possible to observe that D-ELSIS
works as better as the other methods when there is not correlation between covariates. Instead,
it outperforms them when there is a linear relationship in terms of both TPR and MMS,
whatever the sample size and number of covariates are. It is particular evident that ITPOD
and KS-SIS fail in presence of correlation, and their performance is very poor when n < p, in
terms of MMS and SD, while D-ELSIS is quite stable in selecting the true set of covariates.
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Table 8.1: Simulation results from Example 5

TTT

n = 500 n =750 n = 1000
s=5 p =100 p =250 p=1000 p =100 p =375 p=1500 p =100 p =500 p=2000
MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |[MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR |MMS (SD) TPR
Method
p=0 CR=20%

D-ELSIS 5(0.75) 100.00] 6(0.93) 99.60 | 8(3.73) 9840 | 5(0.00) 100.00| 5(0.00) 100.00] 5 (0.00) 99.80 | 5(0.00) 100.00] 5 (0.00) 100.00| 5 (0.00) 100.00
IPOD (y=0.8)| 6(1.49) 100.00 8 (4.66) 97.60 | 15 (5.11) 90.00 | 5 (0.00) 100.00| 5 (0.00) 100.00| 6 (1.49) 99.60 | 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 99.80
IPOD (y=1.0)| 5(0.00) 100.00| 5(0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00
IPOD (y=1.2)| 5(0.00) 100.00| 5(0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00

KS-SIS 5(0.00) 100.00| 5 (0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00
p=0 CR=40%

D-ELSIS 5(0.75)  99.60 | 6(2.99) 98.60 | 8(6.71) 96.20 | 5(0.00) 100.00| 5(0.00) 100.00| 5 (0.19) 99.80 | 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00
IPOD (y=0.8)| 6(0.93) 99.80| 6(2.99) 99.00 | 11 (9.14) 9520 | 5(0.00) 100.00| 5(0.00) 100.00| 5 (0.75) 99.60 | 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 99.80
IPOD (y=1.0)| 5(0.00) 100.00/ 5 (0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00
IPOD (y=1.2)| 5(0.00) 100.00| 5(0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00{ 5(0.00) 100.00| 5 (0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00

KS-SIS 5(0.00) 100.00| 5 (0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00

p=05 CR=20%

D-ELSIS 5(0.75) 100.00| 6 (1.49) 100.00| 9(6.43) 97.60 | 5(0.00) 100.00| 5(0.00) 100.00| 5 (0.75) 99.40 | 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00
IPOD (y=0.8)| 9(6.72) 9740 | 15(12.87) 91.40 | 44 (47.95) 76.80 | 5(1.49) 9940 | 6(3.73) 9840 | 13 (19.96) 91.20 | 5(0.00) 100.00| 6 (2.24) 99.40 | 7(5.97) 98.00
IPOD (y=1.0)| 8(522) 98.40 |11 (11.38) 93.80 | 30 (48.13) 82.60 | 5(1.49) 99.60 | 7 (4.48) 98.80 |11 (15.30) 92.80 | 5(0.00) 100.00| 5 (1.49) 99.00 | 7(4.48) 98.40
IPOD (y=1.2)| 8(392) 99.00 | 11 (840) 9520 |25 (34.33) 8420 | 5(0.75) 99.60 | 6 (3.73) 99.00 | 10 (13.06) 93.80 | 5(0.00) 100.00| 5(0.75) 99.00 | 6 (2.43) 99.00

KS-SIS 5(0.75)  99.80 | 6(224) 9940 | 8(6.16) 96.80 | 5(0.00) 100.00| 5(0.00) 100.00| 5 (1.49) 98.60 | 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00

p=05 CR=40%

D-ELSIS 5(0.75) 100.00{ 6 (1.49) 99.60 | 10 (7.65) 99.60 | 5(0.00) 100.00| 5 (0.00) 100.00] 5(0.75) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00
IPOD (y=0.8)| 15 (11.20) 92.80 | 28 (26.12) 82.80 | 91 (96.45) 59.60 | 8 (4.48) 98.40 | 21 (25.75) 86.80 | 65 (82.28) 71.40 | 6 (2.24) 100.00| 11 (11.94) 93.40 | 27 (40.49) 83.80
IPOD (y=1.0)| 9(597) 97.60| 13(9.70) 93.80 | 35 (44.96) 80.60 | 6 (2.24) 100.00| 8 (6.16) 97.00 | 19 (19.22) 89.00 | 5(0.75) 100.00| 5 (2.24) 99.00 | 7 (5.97) 97.20
IPOD (y=12)| 7(448) 98.20| 10(7.46) 96.20 | 19 (30.41) 87.20 | 5(1.49) 100.00| 6 (2.99) 9840 |10 (12.13) 93.20 | 5(0.00) 100.00| 5 (0.75) 99.80 | 6 (3.17)  99.20

KS-SIS 5(1.49) 9920 | 6(224) 99.80 | 11 (13.43) 93.40| 5(0.00) 100.00| 5(0.75) 100.00| 5 (1.49) 98.80 | 5(0.00) 100.00| 5 (0.00) 100.00| 5 (0.00) 100.00




Table 8.2: Simulation results from Example 6

¢lt

n = 500 n = 750 n = 1000
s=4 p =100 p =250 p = 1000 p =100 p =375 p = 1500 p =100 p =500 p = 2000
MMS (SD) TPR |MMS (SD) TPR | MMS (SD) TPR |MMS (SD) TPR |[MMS (SD) TPR | MMS (SD) TPR |[MMS (SD) TPR |MMS (SD) TPR | MMS (SD) TPR
Method
p=0
D-ELSIS 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 99.50 | 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00)  100.00
IPOD (y=0.8)| 4(0.00) 100.00| 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00)  100.00
IPOD (y=1.0)| 4(0.00) 100.00| 4 (0.00) 100.00| 4(0.75)  99.50 | 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
IPOD (y=1.2)| 4(0.00) 99.75| 4(0.75) 100.00| 4 (2.42) 99.00 | 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00
KS-SIS 4(0.00) 100.00| 4(0.75) 100.00| 5(3.92) 97.25| 4(0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00) 100.00| 4 (0.00)  100.00
p=05
D-ELSIS 4(149) 9875 | 5(3.73) 97.75| 11(17.35) 90.75| 4 (0.00) 100.00| 4 (0.75) 99.00 | 5(1.49) 9850 | 4(0.00) 99.75| 4(0.00) 100.00| 4 (0.75)  98.75
IPOD (y=0.8)| 19 (24.07) 87.25 | 24 (71.08) 84.50 |190 (229.85) 71.25 | 13 (16.60) 90.25 |62 (102.43) 82.00 [127 (305.60) 77.50 | 13 (21.08) 89.25 | 37 (86.38) 84.50 |138 (384.13) 77.25
IPOD (y=1.0)| 18 (21.83) 88.75 | 21 (50.19) 86.00 [183 (255.97) 70.50 | 13 (16.04) 91.00 | 57 (97.76) 81.25 |103 (318.84) 76.50 | 13 (20.15) 90.75 | 32 (80.78) 85.00 |139 (308.58) 77.50
IPOD (y=1.2)| 18 (22.20) 88.50 | 25 (47.95) 84.25|190 (242.72) 68.50 | 13 (17.35) 89.00 | 42 (89.55) 81.75 [105 (308.77) 74.75 | 12 (17.91) 90.25 | 35 (77.98) 84.75 |153 (286.01) 76.00
KS-SIS 20 (21.27) 85.50 | 46 (78.92) 77.50 |217 (279.85) 65.00 | 10 (14.18) 93.00 | 27 (51.49) 85.50 206 (336.01) 74.00 | 11 (26.31) 90.50 | 33 (79.85) 84.25 |306 (530.22) 74.25




Chapter 9

Conclusions

In the second part of this thesis, after a review on the recent developments of variable and
screening selection for survival data analysis in ultra-high dimensions, we proposed to use
D-ELSIS screening procedure with time-to-event data. Many approaches developed for un-
censored data have been adapted to time-to-event data. Following the same idea introduced
in the first part of the thesis, we have shown that it is possible to use our new proposal also
in this context.

D-ELSIS differs from other model-based screening methods in survival analysis since it
selects the relevant covariates without imposing assumptions on the underlying model. Fur-
thermore, it does not use the KM estimator and the fused technique, as some model-free
screening methods do. In particular, we focused our attention on handling the conditional
survival function, without using the KM estimator, which has numerous disadvantages in the
presence of continuous covariates. In fact, in order to find the relevant variables for the survival
function we used the general regression model, in which the response variable is a function of
time. Under some regularity conditions, we have shown that the relevant covariates for the
regression model are relevant also for the survival probability.

The simulations results show that our approach is able to select the relevant covariates,
especially in the presence of correlation between the relevant and non-relevant ones. In fact,
compared to model-free competitors based on fused technique, when the effect of the covari-
ate on the event of interest is non-linear and in the presence of correlation, D-ELSIS has
significantly better results.

Since the results obtained from the simulations are very promising, as future works we
will demonstrate that D-ELSIS has the screening property with survival data in ultra-high
dimensions. Furthermore, we will test that the subsample technique of Chapter 2, that is very
general, transforms screening into variable selection also in this particular context. Finally,

we will apply our proposed method on some real data sets, in order to assess its performance.
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