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Introduction

The theory of micromorphic bodies, developed by Eringen in [1,2], considers
a material point as endowed with three deformable directors. When the di-
rectors are constrained to have only breathing-type microdeformations, then
the body is a microstretch continuum [3-5]. The points of these materials can
stretch and contract independently of their translations and rotations. The
microstretch continuum defines a model useful for the study of composite
materials reinforced with chopped elastic fibers, porous media whose pores
are filled with gas or liquid, asphalt, etc. Further, the theory of microstretch
continua is an adequate tool to describe the behavior of porous materials. In
fact, if the microrotation vector field is neglected, then the linear equations
that describe the behavior of a microstretch elastic body become similar to
the equations of an elastic material with voids, as established by Cowin and
Nunziato [6].

In [7] Iesan and Quintanilla establish existence and uniqueness results for
the basic boundary-value problems of elastostatics for the microstretch elastic
solids. Moreover, they use some results of the semigroups theory to prove
an existence theorem in the dynamic theory. In the context of the theory of

thermo-microstretch elastic solids, Bofill and Quintanilla studied existence



and uniqueness results [8] and for a semi-infinite cylinder with the boundary
lateral surface at null temperature Quintanilla [9] established a spatial decay
estimate controlled by an exponential of a polynomial of second degree.

The problem of asymptotic partition of energy has been studied by Gold-
stein [10,11]; applying the semigroup theory the author proves an equiparti-
tion theorem. Using the Lagrange identity method, Levine [12] shows that
the difference of Cesaro means of kinetic and potential energies vanishes as
time goes to infinity. Day [13] establishes the asymptotic equipartition of ki-
netic and strain energies in linear elastodynamics. This last result is extended
by Chirita [14] to the theory of linear thermoelasticity.

Following the methods developed by Chirita [14], and Chirita e Ciar-
letta [15], Ciarletta and Scalia [16] obtain a complete analysis of the spatial
behavior of the solutions with time-dependent and time-independent decay
and growth rates. In this context they study the spatial behavior for large
and short values of time.

On the other hand, the backward in time problems have been initially
considered by Serrin [17] who established uniqueness results for the Navier-
Stokes equations. Explicit uniqueness and stability criteria for classical
Navier-Stokes equations backward in time have been further established by
Knops and Payne [18] and Galdi and Straughan [19] (see also Payne and
Straughan [20] for a class of improperly posed problems for parabolic partial
differential equations). Such back in time problems have been considered also
by Ames and Payne [21] in order to obtain stabilizing criteria for solutions of
the boundary-final value problem. It is well known that this type of problem

is ill posed.



In [22], Ciarletta established uniqueness and continuous dependence re-
sults upon mild requirements concerning the thermoelastic coefficients; in
particular the author considers hypotheses not realistic from the physical
point of view, such as a positive semidefinite elasticity tensor or a non positive
heat capacity. Moreover, introducing an appropriate time-weighted volume
measure, Ciarletta and Chirita [23] established the spatial estimate describ-
ing the spatial exponential decay of the thermoelastic process backward in
time. Recently Quintanilla [24,25] improved the uniqueness result obtained
by Ciarletta, giving a proof based on more concrete assumptions, in par-
ticular considering a strictly positive heat capacity. The author use such a
proof to show in an elegant way the impossibility of localization in time of
the solutions of the forward in time problem for the linear thermoelasticity
of Green and Naghdi (see [26,27]), and for the linear thermoelasticity with
voids (see [6,28,29]).

In the context of the linear theory of thermoelasticity, in [22] and [30]
Ciarletta and Chirita investigate the past history of a thermoelastic process
by using the final set of data. In particular, in [30] the authors introduce
the Cesaro means of various parts of the total energy and then establish
the relations that describe the asymptotic behavior of the mean energies,
provided suitable constraint restriction is supposed on the backward in time
process.

The backward in time problem for porous elastic materials has been stud-
ied by Quintanilla [25] and by lovane and Passarella [31]; such backward
in time problem has never been studied for the general case of thermo-

microstretch elastic solids.



In this work we consider the boundary-final value problem associated with
the linear theory of thermo-microstretch elastic materials. In Chapter 1 we
give a brief introduction to the basic concepts of machanics of continua. In
Chapter 2 we extend these concepts to the theory of microstretch materials.
In Chapter 3, we formulate the backward in time problem for such material,
where the final data are given at t = 0 and then we are interested in ex-
trapolating the solution to all previous times, and we present some auxiliary
Lagrange identities [32,33] which will be used in the following chapters. In
Chapter 4, using some of these Lagrange identities and energy arguments,
we prove the uniqueness of the solutions for the backward in time problem
assuming that the heat capacity a is strictly positive. This result implies
the impossibility of the localization in time of the solutions of the forward in
time problem, and this is proved in Theorem 12. In Chapter 5, the Cesaro
means of various parts of the total energy are introduced. Then, extending
the method developed by Chirita [14] for the classical case, the relations de-
scribing the asymptotic behavior of the mean energies follow, provided some
mild restrictions are imposed on the backward in time process.

We have to outline that the present paper considers nonstandard problems
concerning the general theory of microstretch thermoelastic materials. Such
important nonstandard problems are intensively studied in literature (see,
for example, the paper by Quintanilla and Straughan [34] and the papers

cited there).



Chapter 1

A Short Introduction to

Continuum Mechanics

In this first chapter a short survey on the fundamental concepts of the Con-

tinuum Mechanics will be given.

1.1 Kinematics

1.1.1 Description of motion

A continuum body is a set of particles in one-to-one relation with points
of a three-dimensional domain. We assume at time ¢y the body occupies a
domain By of the three-dimensional space, called the reference configuration.
The motion of the body is given by the time evolution of the position of
each of his points. Let be X;, i = 1,2, 3, the coordinates with respect to an
orthogonal frame of the point Fy where a given particle is located at time ¢,

and x; the coordinates of the point P where the same particle is located at



time ¢. The description of the motion of the body is given by

Ty = T (X17X27X37t)

We assume such set of functions is sufficiently smooth and has inverse for

each fixed value of t, so that

8@- i
J = det (8Xj> #0;

for t = tog we have J = 1, so for continuity it should be positive for each
t > t,.

The domain B occupied by the body at time t is called the current config-
uration. The transformation from the reference configuration to the current
configuration is called deformation of the body. The coordinates X; are called
material or lagrangian coordinates, the coordinates x; are called spatial or
eulerian coordinates. Each physical quantity can be equivalently expressed
in terms of X; or in terms of z;; the first description is called material or
lagrangian, the second is called spatial or eulerian, and is particularly useful
in describing the motion of fluids.

The displacement vector field is defined as



1.1.2 Deformation tensors

The tensor defined by
al‘i
Fy =
¢

is called material gradient of deformation; its inverse

0X;
Fol— ¢
E 8xj

is called spatial gradient of deformation. We can express the square length

of a deformed infinitesimal vector as

Oz O,
0X, 0X,

(dx)? = dw;dr; = dX,dX, = FLFdX,dX,

and the tensor

Crs - FE;ES

is called Cauchy-Green tensor of deformation (or Cauchy right tensor).
The difference of square length of a deformed and undeformed infinitesiam

vector is given by
(dx)? — (dX)? = (C}; — i) dX,dX; = 2E;dX,dX;

where we have defined the Green tensor of deformation (or Green strain
tensor).

Eij = 5(Cyj — 6i5) -

1
2



1.1.3 Velocity of deformation

Another important tensor useful in many questions is the gradient of velocity

aUZ'
J 5’xj

Its symmetric part

1 8?& (%j

is called welocity of deformation tensor; the antisymmetric part

. 1 81% 8Uj
Wi=3 (axj a 8%;)

is called spint tensor

1.1.4 Linear theory of deformation

If we assume that the motion of the body depends upon some parameter ¢,
supposing the value of this parameter is sufficiently small, we can expand
in Taylor series each physical quantity and take only first order terms with
respect to €. In this view, the Green tensor of deformation is reduced to the

infinitesimal strain tensor

e — 1 (?ul i 8uj
Y2 \0X;  0X;

that is the symmetric part of the material gradient of u;.

10



1.2 Laws of balance

1.2.1 Conservation of the mass

We assume that on the current configuration is defined a positive real function

p, called mass density, such that

m (P) :/dev

where P is a part of the domain B, and m (P) is its mass. The conservation

of mass in the deformation of the body imply

pJ = po

where pq is the density function in the reference configuration. It can be seen

that, in the spatial description, the law of conservation of mass is written
p+pdivv =0

where v is the eulerian velocity vector field and the divergence is with respect

to eulerian coordinates.

1.2.2 Balance of the inpulse

The law of balance of inpulse state that for each part P we have

d
— pvdv:/pfdv—i-/ tda
dt Jp P oP

11



where f is the body force per unit mass and t the force per unit surface acting
on the boundary of P and due to the contact with the rest of B, also called
stress wvector. It can be shown that t is linear with respect to the surface

normal unit vector n (Cauchy theorem)

ti (Il) = tjmj

and the tensor ¢;; is the Chauchy stress tensor. The local formulation of the

conservation of impulse is

8tﬁ
896]-

+ pfi = pli

An analogous expression can be given in the lagrangian formulation, yield-
ing

oTy;

0X;

+ pofi = poti

where T;; is the first Piola-Kirchhoff stress tensor.

1.2.3 Balance of the angular momentum

The law of balance of angular momentum state that for each part P we have

4 pxxvdv:/pxxfdv+/ x X tda.
P oP

dt Jp
The local form of such law state the symmetry of the stress tensor

tij = tjz‘-

12



The lagrangian formulation of this conservation law is
Sij = Sji

where S;; is the second Piola-Kirchhoff stress tensor, defined in terms of the

first through the relation
82%'

T = —t
MTOX,

Sij.

1.2.4 Conservation of the energy

The conservation of energy expresses the first law of thermodynamics, and
can be written as

d 1
— p(—v2+5>dv:/p(f-v+s)dv+/ (t-v+h)da,
dt Jp~ \2 P opP

where ¢ is the density of internal energy per unit mass, s the density of heat
sources per unit mass and per unit time and h the heat flur through P per

unit surface and per unit time. The heat flux can be expressed as

where the vector ¢; is called heat flux vector.

The local form of the conservation of the energy is

. ov; aqi
Pe=tigy TPt o,
7 1

13



or also

0g;

The local form in lagrangian formulation is

U; an’
= T
e =Ligx, T T gy,
or also
. : 0Q;
Po€ — SjiEij + PoS + (9_)(1"

where (); is the heat flux vector in the lagrangian representation.

1.2.5 Clausius-Duhem inequality

The second law of thermodynamics state that

d 5 h
— dv > —d —d
dt Ppr]v_/PpTv—l—/{)PTa

where 7 is the entropy per unit mass and 7' the absolute temperature. The
local form of this law is called Clausius-Duhem inequality, and its expression

in eulerian and lagrangian form is, respectively,

. dq; ¢ OT
Tn > - =
: 0Q; Q; OT
Tn > - = )
Po 77_/)05+8Xi T OX,

14



1.3 Constitutive equations

1.3.1 Introduction

The equation introduced in the preceding sections should be satisfied during
the motion of a continuum body. But such equations are not sufficient to
determine the motion of the body, as can be seen making a simple check of
the balance among number of unknown functions and equations.

In the development of general equation until here, we have not taken into
account the characteristics of the material of the body. So it is not a surprise
the indetermination we have to deal to, and it is clear that to have a well
posed problem we must to consider some other equations that give us the
mathematical representation of the behaviour of the material.

Such equation are called constitutive equation and define classes of ma-
terial that represent, up to some limitations and under suitable conditions,

the behaviour of real materials.

1.3.2 Elastic solids

An elastic solid is defined by the following constitutive equations
8%
=c|=—,X

ox;
Spo =S [ = X5 ).
\ Pq Pq <(9Xj k)

If such equations do not depend on X}, the material is said homogeneous.

Because of the objectivity principle, one of the most important postulates

15



constitutive equations bust obey, the first of these equations became
e =¢(Eij, Xk),
while for a purely mechanic theory the second equation became
Sijzlpo( Oe N Oe >
2 OE;; 0Ej;

1.3.3 Linear theory of elasticity

In the linear theory of deformation the internal energy has the form

1
£ = §Cz'jrsgij5rs'

This can be interpreted as a Taylor series expansion of £ with respect to
the component of the infinitesimal strain tensor ¢;;; the zero order term is
null with a suitable choice of the additive constant of the energy; the first
order term is null if we assume the stress tensor is null in the reference
configuration.

From this we deduce the contitutive equations

t

ij = Uijrs€rs

known as generalized Hooke law. The elasticity tensor Cj;rs does not depend

on X; for a homogeneous material, and has the following symmetry properties

Cijrs = Crsij = Cjirs-

16



1.3.4 Elastic moduli

In the linear theory of elasticity, the internal energy of an isotropic body is
a function of the invariants of the tensor ¢;;. The expression of the elasticity

tensor is

Cijrs = >\5ij5rs + % ((5ir5js + 6@'56]'7’)

where A, p are the Lam elastic moduli, and for physical reason is commonly

assumed that they obey the following conditions

w>0, 3A+2u>0.

The constitutive equation for the stress tensor became

tij = )\grr(sij + 2[1,81']‘,

and can be inverted to obtain the deformation in function of stresses

1+v v
Eij = Ttij - Etrr5ij>

where

_ p(3A+2p)

A+
is the Young modulo, and
A
V= —-—
2(A+p)

is the Poisson ratio.

If the continuum is homogeneous A, u are constants, and the equations

17



of motion can be written

pAU; + (A + @) i + pofi = poiii,

called Navier-Chauchy equations.

18



Chapter 2

Microstretch matrials

In the atomic scale, crystalline solids possess primitive cells in the form of geo-
metrical figures (lattice structures) like cubes, hexagonsm, etc. In crystalline
solids there are many different arrangements with ions occupying many dif-
ferent positions in their primitive lattices. This is also true for more complex
structures consisting of molecules. There exist also fluids characterized by
oriented molecules. For example liquid crystals possess dipolar elements in
the form of short bars and platelets. As an example, we can talk about ani-
mal blood which carry deformable platelets. In general all these media, such
as blood, clouds with smoke, bubbly fluids, granular solids, concrete, com-
posite materials, can be all considered examples of media characterized by
microstrucures. In alla these examples we notice that the primitive elements
of the media are stable elements. These stable elements are considered de-
formable but not destructible. For brevity we shall call these stable elements

particles.

Definition 1. A microcontinuum is a continuous collection of deformable

19



point particles.

Physically, the particles are point particles, i.e., they are infinitesimal in
size. They do not violate continuity of matter and yet, they are deformable.
Clearly, the deformability of the material point places microcontinuum the-
ories beyond the scope of the classical continuum theory. We want represent
the intrinsic deformation of point particles.

A particle P is identified by its position vector (or its coordinates X)
K =1,2,3, in the reference state B and vectors attached to P, representing

the inner structure of P by E. Both X and E have their own motion.

2.1 Motions and deformations

A physical body B is considered to be a collection of a set of material particles
{P}. The body is embedded in a three dimensional Euclidean space E3, at
all times. A material point P (X,E) € B is characterized by its centroid
C and vector E attached to C. The point C is identified by its rectangular
coordinates X7, X5, X3 in a coordinate frame Xg, K = 1,2,3 and the vector
E by its components =1, 2, Z3 ( in short Zx ) in the coordinate frame X.
Deformation carries P (X, E) to p(x,&) in a spatial frame of reference b so

that Xx — g, Ex — & (K =1,2,3; k=1,2,3). These mappings are

expressed by
X—>X:§(X,t) or ZEk:i’\k (XK,t>, (21)
E-— =X E ) or & =6 (XK, Ex.t). (2.2)

20



The mapping 2.1.1 is called the macromotion (or simply the motion) and
2.1.2 the micromotion. Material particles are considered to be of very small
size as compared to macroscopic scales of the body. Consequently a linear

approximation in E is permissible for the micromotion 2.1.2 replacing it by

& = xex (X, 1) Ek, (2.3)

where, hanceforth, the summation convention on repeated indices is un-

derstood.

Definition 2. A material body is called a micromorphic continuum if its mo-
tions are described by 2.1.1 and 2.1.3 which posses continuous partial deriva-

tives with respect to X and t, and they are invertible uniquely.

The tensor yix is called microdeformation. The matemathical idealiza-
tion 2.1.3 is valid from the continuum viewpoint, only when the particles
are considered to be infinitesimally small, so that the continuity of matter
is not violated. In order to retain the right-hand screw orientations of the

frames-of-reference we assume

ox .
J = det (8Xl;<) >0, j = det xrpr>0. (2.4)

A material point in the body is now considered to possess three de-
formable directors, which represent the degrees of freedom arising from mi-
crodeformation of the physical particle. Thus, a micromorphic continuum is
none other than a classical continum endowed with extra degrees of freedom

represented by the deformable directors xj -

21



2.2 Rotation

According to a theorem of Cauchy, a non singular matrix F may be decom-
posed as a product of two matrices, one of which is ortogonal and the other

is a symmetric matrix

F = RU = VR, (2.5)

with

U? =F'F, V? =FF’, (2.6)

where a superscript 1" denotes transpose. If we take Fyx = xj i, then R
represent a classical macrorotation tensor. U and V' are called right and left
stretch tensors for macro and microdeformations. In the case of microdefor-

mations the above equations read:

X =Tru = Vr, (2.7)

and

v=x"x, v'=xx". (2.8)

Definition 3. (Microstretch continuum) A micromorphic continuum is called

macrostretch if satisfy

XeEXIK = J 0k, XeKXkL = J 0K L (2.9)

A microstretch continuum is a micromorphic continuum that is con-
strained to undergo microrotation and microstretch (expansion and contrac-

tion) without microshearing (breathing microrotations).

22



Definition 4. (Micropolar continuum). A micromorphic continuum is called

macropolar if its directors are orthonormal, i.e.

XkK XU = Okl (2.10)

Amongst the substancies that can be modeled by Microstrech Continua
Model we can classify: animal lungs, bubbly fluids, polluted air, slurries,
springy suspension, mixtures with breathing elements, porous media, lattices
with base, biological fluids, smal animal etc.

As a consequence, a micromorphic continuum, that is constrained to un-
dergo a uniform microstretch (a breathing motion) represented with v and

rigid microrotation, represented with 1y, is a microstretch continuum.

2.3 The balance laws of microstretch continua

The balance laws of microstretch continua may be obtained by imposing the
Galilean invariance requirement to the energy equation, see [5].

So we obtain the conservation of mass:

p+pV-v=0, (2.11)

the conservation of microstretch inertia:

=0 9o =0, (2.12)

23



Dj ) ) )
Difl — 2V + (ErprJip + €1priinp) vr = 0, (2.13)

the balance of momentum:

teik +p (fl — bl) =0, (2.14)

and finally the balance of momentum moments:

Mtk + Etmntmn +p (I — 01) = 0, (2.15)

myx +t—s+p(l—o)=0. (2.16)

24



Chapter 3

Backward in time Problem for

Microstretch Materials

3.1 Formulation of the problem

Throughout this paper we shall denote by B a bounded regular region of
the physical space £*, whose boundary is the piecewise smooth surface dB.
Identifying E? with the associated vector space, we introduce an orthonor-
mal system of reference so that vectors and tensors will have components
denoted by the usual Latin subscripts ranging over 1, 2, 3. Summation over
repeated subscripts and other typical conventions for differential operations
are implied, such as a superposed dot or a comma followed by a subscript
to denote partial derivative with respect to time or the corresponding Carte-
sian coordinate. All involved functions are supposed sufficiently regular as
necessary.

We suppose that B is filled by an anisotropic and inhomogeneous ther-

25



moelastic material with stretch. We consider the problem associated with
the linear theory of thermo-microstretch elastic solids, as established by Erin-
gen [4], on the time interval I. Thus, in the absence of supply terms, the

fundamental system of field equations consists of the evolution equations, in

B x1
pl; = tji; Lijp; = myij + Eirslys
) (3.1)
Jo = Nii —w, plon = g,
the constitutive equations, in B x I
tij = Aijrsérs + Bijrstirs + Dijryr + Aijd — Bij
mi; = Bysijers + Cijrskirs + Eijryr + Bijo — Cj50
3>\z - Drsiers + Ersiﬂrs + Dij/Yj + dsz - 5197
(3.2)
Jw = Arsers + Brsfirs + dz’)/z + m¢ - CQ )
pn = 6rs€rs + Crs/{rs + gz/yz + (Qb + ab ’
g = k0,
and the geometrical relations, on B x [
€ij = Wji + EjikPk » Kij = $ji s Vi =@ (3.3)

In the above equations we have used the following notations: t;; is the stress
tensor, m,; is the couple stress tensor, \; is the microstress vector, w is the
microstress function, u; is the displacement, ¢; is the microrotation, ¢ is the
microstretch function, 7 is the specific entropy, p is the mass density, Tj is

the absolute temperature in the reference configuration, ¢; is the heat flux

26



vector, 0 is the temperature variation from the temperature Ty, I;; is the
symmetric microinertia tensor, J is equal to I;;/2 and ¢, is the alternating
symbol.

The constitutive coefficients and I;; are prescribed functions of the spatial

variables with the following symmetries
Aijrs = Arsij Cijrs = Crsi D;j = Dj;, kij = kji . (3.4)

The internal energy density W associated with the kinematic fields u;, ¢;, ¢
is defined by

W= (Aijrsez’je'rs + Cijrs"iij/irs + DZJ’YZIVJ + m¢2) +

1
2
+ Bijrseijtirs + Dijreijye + Aijeid + Eijrkijyr + Bijkij¢ + divi¢.

(3.5)

We denote by I,,,(x) the minimum eigenvalue of I;;(x).
We assume that p and [;; are continuous functions and the constitutive
coefficients are continuously differentiable functions on B. Furthermore, we

suppose that

[(D)]

L. p(X) > Po, -[m<x> P ]07 J(X) > ‘]Oa CL(X) Z aop, where Po, ]07 J07 Qg are

positive constants;
2. k;; is a positive definite tensor;
3. W is a positive definite quadratic form.

It is obvious to see that, as a consequence of (1), I;; is a positive definite

27



tensor.
The hypotheses (2) and (3) imply that there exist positive constants k,,,

kary o and pps such that

km0i0: < kij0:0 5 < kn0:0. (3.6)
I 3J, 1 3J
Hom (eijeij + 0+ ik + —0%‘%‘) < 2W < i (%‘%‘ + ¢+ kg + —0%‘%‘) -
Po Po Po Po
(3.7)

Now we consider I = (—o00,0] and so we study the boundary-final value

problem P defined by the relations (3.1) to (3.3), the homogeneous boundary

conditions
u; =0 on 251) X (—00,0], ti =0 on Zgl) X (—00,0],
$; =0 on 252) X (—00,0], m; =0 on 222) X (—00,0],
(3.8)
¢ =0 on 253) X (—00,0], h =0 on 2(23) X (—00,0],
0 =0 on 2 x (—o0,0], g =0 on 2% x (—00,0],

and the final conditions in B

ui(X7 O) = u?(x) ) (bi(xa O) = ¢?(X) ) (b(X? O) = (bO(X) ) 0<X7 O) = HO(X) ]
’di(X, O) = u?(x) ) éi(xv 0) = (b?(X) ) (b(X, 0) = ¢O<X) ’

where

ti = tjmj 3 m; = mjmj ; h = 3)\]'77,]' y q = anj .
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In these relations, n; is the outward unit normal vector to the boundary
surface and, for each i = 1,...,4, we have that 25"), ES) are subsurfaces of
0B such that

sOasd — g, SOUSY — o8,

0

where the closure is relative to B, and where u?, a2, 0, ¢, ¢°, ¢°, 6° are
prescribed continuous functions compatible with (3.8) on the appropriate
subsurfaces of 0B.

For further convenience, we use an appropriate change of variables and
notations suitably chosen in order to transform the boundary-final value
problem P into the boundary-initial value problem P*. In particular, for
every function depending on time f(t) we set f*(t*) = f(t), with t* = —¢.
Removing the star signs from notations for sake of simplicity, we have the
boundary-initial value problem P* defined by the following equations

pl; = tj;;, Lijp; = myij + Eirstrs , (3.10)

Jé = /\i,z’ —w, pIon = —dqii,

in B x [0,4+00), equations (3.2) in B x [0, +0o0), and equations (3.3) on

B x [0, +00), with the boundary conditions

u; =0 on Zgl) x [0, 4+00), t; =0 on Zgl) x [0, +00),

¢;=0 on 252) x [0, 400), m; =0 on 252) x [0, +00),

(3.11)
¢» =0 on 253) x [0, 400), h =0 on 253) x [0, 4+00),
0 =0 on 254) x [0, 400), g =0 on Egl) x [0, 4+00),
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and the initial conditions (3.9).
An array field U = (u, ¢, ®,0) meeting equations (3.10), (3.2), (3.3),
(3.11) and (3.9) will be referred to as a solution of the boundary-initial value

problem P*.

3.2 Auxiliary integral identities

In this section we establish some integral identities of Lagrange type [32,33],
that we will use in the next sections. To this end, we introduce the following

energetic terms

K(t) = % [t ()1 (6) + Ly (1), (1) + 3782(1)] (3.12)
Et) = / [/C(t) LW + %a@Q(t)] dv, (3.13)
£4(t) = /B [lC(t) W) — %a@%ﬁ)} dv. (3.14)

We can prove the following lemmas

Lemma 5. Let U be a solution of the boundary-initial value problem P*.

Then, for allt > 0, we have

E(t) = £(0) + /0 t/B Tiokije,xs)e,j(s) dvds (3.15)

Proof. Starting from the expression of X

1

K(t) = 5 |pis®)ia() + Iyd(d;(1) +3I60] . (3.16)
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if we consider the time rate of the kinetic energy per unit volume C

oK

5 = Pla(t)i(t) + Lis(t) 5 () + 3J90(1) (3.17)

and take into account the equations of motion (3.10) and the geometric re-

lations (3.3), we have

o . : :
T Ui(tjij) + Gi(myij + €ipstrs) + 30(Ni — w).

('% (U’thl) u'L jt]Z + (¢zm]z) ¢z ]m]z + ¢151rstrs + 3(¢)\ ) - 3¢,1Az - 3¢w
oK . )
@t [uzt]z + ¢zm]z + 3¢/\ ] uz] 7t ¢z UL + (bzgzrs s 3¢,1)\z - 3(?(,0
T [itji + dimys + 30N;]; — tij (W — Prenij) — bjamys — 3dii — 3dw.

oK _ . o
815 [Ultﬂ + Qﬁlmﬂ + 3¢)\ ] tijei]’ — mj,-k‘ij — 3)\7,’71 — 3@50.)

if we observe that

tijéij -+ mji]%ij + 3)\@sz + 3(2500 = ( ijrs€rs + B?,_]’I“SK;TS =+ Dl]?"fyr + Alj(b B’LJ )e’LJ
+ (Brsijers + Cijrs'%rs + Eijrf}/r + Bl](b - Clje)klj+
+ (Drsiers + Ersiﬂrs + Dijf}/j + dz¢ - 529 ) )71+

+ (A'rsers + Brsﬂrs + dr% + m¢ - C0>¢7

and

ow

— = AgjrsCijers + Cijrsiiihivs + Dijfine + moo+
ot
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+ Bijrs€ijtirs + Bijrs€ijtirs + Dijreijyr + Dijreijy,+
+ Ajjeij¢ + Aijeijg.b + Eijrkij Ve + Eijrkigy,+

+ Bijkij¢ + sz/iz'jéb +dyy,0 + dr7r¢7

then we have

tijeij + myiki; + 3Ny + 3w = o (Bijéi; + Cijkij + & +s0)0,
and also
P77 = Brsém + Crsi{rs + fz'% + gé + aé,
ph—a@z—%—aé.
So
. . . . 61/\/ qiﬂ- .
tijeij + mjikij + 3)\[)@ + 3(]5&) = E — (?0 — CL@) 9,
. . 0 . 1
tij€ij + myiki; + 3N + 3gw = il + abl + —q; 9,
ot Ty
) : } : ow 01 1
tijeij + mjikij + 3/\1’71 + B(bw = W + a§a92 + Tg[(qﬂ),z — qiﬁ,i],
. : D 1, 1 1
tijeij + mjikij -+ 3)\1")/1 + 3¢w = a w + 5&(9 —+ (?Oqje),j — j—joqﬂ’z

. : . : 0 1 1 1
tijeij + mjz-kij + 3)\,’}/2 + S(bw = a (W + 5@02) + (Toqﬂ) . — Tokije’ig’j‘

Then, finally we have

oK ‘ : 0 1 1 1
R P s J.— = (W+Zab?) = [ =—q.0 k0.0
ot [ditji + dimyi + 39A;] 5 ot ( + 24 ) <T0q] ),j + T, i
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0 1 ) . . 1 1
a (K + w + §CLQQ> = (Uitﬁ + gbzmﬂ + 3¢/\] — TQ%@) ; -+ Tokije’ig’j'
Since
1
E(t) :/ {IC(t) + W(t) + 5a@Q(zf)] dv,
B
0 ) : . 1 1
atf/’(t) = 5 Uztﬂ + gbzmﬂ + 3¢A] — TOQJQ . dU + ZTO 5 kije,ie,j dU

Then, by an integration of the result over B x [0,¢] and by using the

divergence theorem and the boundary conditions (3.11), we deduce:

0 . . 1 1
at() J ji T ¢im; DA, Tqu j Ty [ 9%
| t
TO B ’ 2
0
and the proof is complete. O

By the same procedure we can obtain the identity expressed in the fol-

lowing result.

Corollary 6. Let U be a solution of the boundary-initial value problem P*.

Then, for allt > 0, we have

e (t) = &0 = [ [ {2[is(s) 3,001, + 6u() [Cod(0)], + aBidn(s)0() +
+3(5)[6005)], — OS] + 7 hsbi(5)6,(5) } dvds.
(3.18)
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Proof. As we have already seen

oK ) : : ow (1 ~ 1

W = [ itji + ¢ijl + 3¢)\j],j — [W (Toqje)j + abf — Tokiﬂﬁ,j]
oK ) : - 1 oW - ~ 1
i [t + dimyi + 39A; — ZTOQJH]J - [E + 2a60 — a&&]j - ﬁkije’ie’j

0 1 . . 1 - 1
& (K -+ W — 5@‘92) = [u,tﬂ -+ szmﬂ + 3¢)\] — Toq]ﬂ],j — 2@06 + Tokl-ﬂﬁ,j

where
- 1 ) ) . : : 1
2000 + ;0,05 = =20 |7 = Bratry — Crolons — &3, — CO| + —hi,6,
1o T 1o T
: 1 . ' : : . : 1
2000+ k0,05 = ~20pi+20 | By (iiss + iy ) + Crstray + 6 5 + (OB +7his0,:0,
0 0

—2a99+—k7;j9,i9,j = 20_Q1,1+2 ﬂrseﬂsﬂ« + 5srkﬁr59¢k + Crs¢5 7"9 + €1¢19 + C¢9 +_kij0,i6,j
To To ’ ’ To

- 1 2 2
2000 + —ki;0.0; = — (q:0) , — —q:0. 1
a + T[) 13V Y, T() (Qz )71 Toqz ,z+ (3 9)
+ 2 [(ﬁrseus)m - (Brse),r us + <Crs¢59> . - (Crse)yr ¢s + <£l¢se) , - (519),1" (.bg
1 . 1 2 2
0,0 — 2a00 + —kii0.0 = — (:0) . — —q;0.4
+ TO (VXY a + TO (A TO (Qz )71 TO QZ ,z+

+ 2 (ﬁrseus),r - (,67:59)77“ us + (Crsgb39> - (Crse),r és + <£2¢50> - (519)77“ Qbs + 65rk5rs¢k9 + Cgb(

77‘ 7"“
1
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O sy O Lo\ . : : 1 ' :
58 (t) = N <K +W - 5@9 ) = [ditji + dimyji + 36A; — TOQJQ]J +2 |:<6T50u5)77“ + (Crs¢30> N -
1 . : . . . 2 1

-2 |:_T (%9),2 + (Brse)ﬂ« Us + (Cr59)7r ¢s + (57'9>,r ¢5 - gsrkﬁrsgbke - <¢0:| - TQZH,’L + T

0 0 0

T

ewh=-/ [ 2{<ﬁmeus>,r+ (Crot) + (5i¢39)7r+esrkﬁmcbke—¢¢9+Tiokije,ie,j}dvds
0 B

and the proof is complete.

Another useful result is expressed in the following Lemma O

Lemma 7. Let U be a solution of the problem determined by (3.10), (3.2),

(3.3), boundary conditions (3.11) and null initial conditions. Then, for all

t >0, we have

/B (’C(t) - %“92(’5)) dv = /B Wit)dv. (3.20)

Proof. Using the Lagrange identity method and the identity

% {pui(s)ui(% — 8) + I;;bi(5)d; (2t — ) + 3Td()d(2t — 5) — ab(s)0(2t — 5)} -

= pili(s)i; (2t — 5) + I;;0:(5)B; (2t — 8) + 3JH(5)p(2t — 5) + ab(s)0(2t — 5) —

— pt(8)iiy (2t — 8) — L;0:(5)9; (2t — 5) — 3Jp(s) (2t — 5) — af(s)H(2t — s)
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for a fixed t € (0,7"), the equations (3.10), (3.2), (3.3) and (3.4) imply

% {pui(sm@t — 8) + L;ji(8)d; (2t — ) + 3T()d(2t — 5) — ab(s)0(2t — s)} _
B

= Z%E(S, 2t —s) + [tji(s)ui(Zt —5) — t;i(2t — 5)U;(s) + myi(s)pi(2t — s) —

— mi (2t — 8)di(s) + 3N (5)d(2t — 5) — 3\;(2t — 8)P(s) — Tioe(s)qj(% —5) +

+ Tioe(zt ~9)ay(s)]
’ (3.21)

where

2L(r,5) = Ajrs€ij(s)ers(r) 4+ Cijrskiij(8)kirs (1) + Dijvi(s)y;(r) +mo(s)p(r) +
+ Bijrs [€1j(8)krs (1) + €ij(r)kirs(8)] + Digr [eij (8)va(r) + i (r)ve(s)] +
+ Aij leij(8)p(r) + eij(1) ()] + Eijy [Kij (5)7r (1) + Kij (1)1 (5)] +

+ Bij [Kij(8)(r) + Kij(r)o(s)] + di [vi(5)p(r) + vi(r)é(s)] -

It is trivial to observe that
L(s,r) = L(r,s) and L(t,t) =W(t).

Since the initial and boundary conditions are null, integrating (3.21) over

B x [0,t] and using definitions (3.5) and (3.12), we arrive to (3.20). O

Lemma 8. Let U be a solution of the boundary-initial value problem P*.
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Then, for allt > 0, we have

[ | (trint + yontris o + s700600) - 2Tk ity 0] o =
= [ (pus0)in(0) + T5x0)65(0) +370(0)30)) o+ [ / pn(0)0(s) v ds +

+2// { it (8)1i(s) 4 Lijoi(5);(5) +3J¢32(s)) —W(s) — %aéﬂ(s)} dvds,
(3.22)

where we have defined

Proof. 1f we take into account the equations of motion (3.10), the constitutive

equations (3.2) and the geometric relations (3.3), we have

% (puzuz + Lijid; + 3J¢¢) = (puzuz + Lijith; + 3J¢2> +

+ (tﬂuz + mﬂ@ + 3>\J¢) j — (tjieij + mjiKij + 3)\j’}/j + 3w¢) .
The last term in parentheses can be expressed as

1
__kz'jT,iT,j_pn<O)‘9>

1 1
tjieij+mjimij+3>\j7j+3w¢ =2 W + —CL62 -+ —Qﬂ
2 1o Ty

?j
where we have defined

t
@z/%m,
0

and used the expression of 1 obtained by integrating with respect to time
its evolution equation. Then, by an integration of the result over B x [0, ]
and by using the divergence theorem and the boundary conditions (3.11), we

deduce the relation (3.22) and the proof is complete. O
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Lemma 9. Let U be a solution of the boundary-initial value problem P*.

Then, for allt > 0, we have

1

2 [ [ (ptorint) + onis 0+ 3760)6)) — ey, o) av =

_ /B <pui(0)ui(2t) + 1 (0)e(2t) + 3J¢(0)¢(2t)) dv +
+ [ (ps0)is(21) + L0165 (21) + 370(0)620)) o -

~ [ o)+ )~ 0 ) dvas
0 (3.23)

where we have defined T as in Lemma 8.

Proof. Using the equations of motion (3.10), and the geometric relations

(3.3), we have

%{p[ui(t TSt — ) + ualt + 8)iss(t — )] + Iy [t + )y (t — ) +
T Gilt+ 5)05(t = 5)] + BT [DE + 5)(t — 5) + Ot + 5)(t — 5)] } =
[tii(t + s)ui(t — s) — i (t — s)w;(t + s) +mys(t + s)i(t — s) —

— myi(t = 8)dit + 5) + 3N (t + 8)P(t — 5) = 3N;(t = s)o(t +5)]  —
— [tji(t + s)eij(t — s) — ti(t — s)ey(t + 5) + my(t + )kt — s) —
—myi(t — $)kij(t +5) + 3Nt + s)y(t —s) — 3N\ (t — s)v;(t+s) +

+ 3w(t + 5)p(t — s) — w(t — s)g(t + 5)] .

Using the constitutive equations (3.2) and (3.4), the last term in parentheses
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can be expressed as

[tﬂ(t + S)eij(t — S) — tﬂ(t — S)Gij@ + S) + mﬂ(t + S)Hij(t — 8) — mﬂ(t — S)Hij(t —+ 8) —+
+ 3N+ 5)9;(t = 5) = 3X;(E = 8)%(t + 5) + 3wt + 5)o(t — s) —
3w(t— s)lt + 5)] = Tio[e(t T+ )Qs(t — ) — 0t — )Qs(t +5)] ,

— p(0)(6(t + s) — 0(t — 5)) — %Okij (74t + )7, (t — s) — Ta(t + 8)7;(t — 5)]

where we have defined @); as in the proof of Lemma 8 and used the expression
of 1 obtained by integrating with respect to time its evolution equation.
Then, by an integration of the result over Bx [0, ] and by using the divergence
theorem and the boundary conditions (3.11), we deduce the relation (3.23)

and the proof is complete. O]

Corollary 10. Let U be a solution of the boundary-initial value problem P*.

Then, for allt > 0, we have

) /O t/B [(pi(s)i(s) + Lyd(3)d(s) + BTG (5)) — 2W (s) — ab(s)] dvds =
=2 [ (pu(0)is0) + 1;6:(0),(0) + 376(0)6(0)) dv +
+ [ (pist0yus(2t) + 16i(0)620) + 3I5(0)0(20)) v +
+ [ (ps0)in(21) + 00165 (20) + 370(0)6(20)) o -

— /t/ pn(0) <26(5) +0(t+s)—0(t— 5)) dvds,
e (3.24)

Proof. A combination of (3.22) and (3.23) implies the identity (3.24) and the

proof is complete. n
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Chapter 4

Uniqueness and Impossibility of

time localization

The aim of this section is to establish the uniqueness of the backward in
time problem, and, consequently, to prove the impossibly of localization of
the solutions of the forward in time problem.

We begin by proving the following uniqueness theorem.

Theorem 11. The boundary-initial value problem P* has at most one solu-

tion.

Proof. Thanks to the linearity of the problem in concern, we only need to
show that null data imply null solution or, in other words, that the null
solution is the solution corresponding to null data. Taking into account

(3.14) and (3.20) we obtain
EX(t) = / 2W(t)dv. (4.1)
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If we consider the following function
F(t)=&"(t) +££(1),
we have from (3.13) and (4.1)

F(t):/B[5/C(t)+(5+2)W(t)+§a92(t) dv, (4.2)

where € is a positive constant, and in what follows we take 0 < ¢ < 1.
The hypotheses (1)-(3) imply that F' is a positive function and it defines a
measure of the solution. On the other side, since the initial and boundary

conditions are null, we can rewrite (3.15) and (3.18) as

// 0,510, (s) dvds,

// 2 $)[Bi0(s)]j + & (s)[Cinb(3)] 5 + €jinBjiou()0(s) +

+(s)IE0(5)], <w><>] Ths0:(s)6,(5) ) dvdss

consequently, it is

//'z $)B5i0(5)]; + Iu()[Cixb(5)] + £i30B5x(5)0(s)

L os)[E0(s)], — Chs)os)] + Lo

Tok’ije’i(S)e,j (S)} dvds.

(4.3)
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If we consider the time rate of (4.3), we obtain

F(t) = —Q/B[az’(t) [Bii0(t)] ; + [Cioi0(t)] 0k (t) + €jiBiiu (£)0(t) +

1—¢

DGO~ CONB) + 5k (1)6,(1)] v

Using the arithmetic-geometric mean inequality we have

-2 [ﬁji,jui + (Crjj + €jirlBji) o + (&5 + C)Qﬁ 0 < 61 (potiiis; + Lodrdr, + 3Jod*) + 5—161092 ;

e,ie,i )
(4.4)

= 2[Byis + Cugn + 6] 05 < Galpwitsis + oo +31o6?) + =
240

where 01, d9 are positive constants, and

A 1 max Bji,j Brik n (Crjj + €5ikBsi) (Chrr + ErsicBrs) n (&, +¢)? 7
ap B Po I 3Jo
B_ T max / BjiBriBinBrn n CriCriChiChi N &€ .
km B Lo ]0 3J0
We set d; and 99 as follow
A B
(51 - 52 =
4 &1

where 1 is an arbitrary positive constant and s is the positive solution of
the equation

172> — Bx—ec1a=0.

We note that the constant s is expressed in terms of the constitutive coeffi-

cients and in terms of €;. We can see that, with this choice of 4, d9, 3¢ and
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considering (1), (2), and (4.4), we have

51—(1

B(t) < 252 / {K(t) + %am(t)] dv + T_E) /B s (0)0,(8) v

B

If we take into account (4.2), hypothesis (3) and choose £; < 1 — ¢, we can

obtain
22

F(t) < ?/Bs [lC(t) + %aQQ(t)} dv < %‘F

A solution of this differential inequality is such that
0 < F(t) < F(0)e®/4)t

Since we are considering homogeneous boundary-initial data, we have F'(0) =

0, and so

In conclusion, the definition of F' as a measure imply that the only solution

of the considered problem is

u(t) =0,  &{t)=0, ot)=0  Vt>0. u

We now consider the boundary-initial value problem P defined by the
relations (3.1) to (3.3), homogeneous boundary conditions and initial con-
ditions (3.9). We can show the impossibility of localization in time of this
problem. In particular we can prove that the only solution for this problem

that vanishes after a finite time is the null solution.

Theorem 12. Let U be a solution of the boundary-initial value problem P
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that vanishes after a finite time T > 0

Then, this solution s the null solution.

Proof. We can consider the corresponding backward in time problem in the
time interval (—oo, T, defined by the relations (3.1) to (3.3), homogeneous

boundary conditions and null final conditions:

ui(X7T):O7 (bi(XaT):O? (b(XaT):O? 9(X7T>:Ov

wu(x,T)=0, ¢(xT)=0, éxT)=0.

According to Theorem 11 the only solution is the null solution. O]
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Chapter 5

The asymptotic partition of

energy

In this section we derive the relations which exhibit the asymptotic partition
of the energy, provided only that the thermoelastodynamics process is con-
strained to lie in the set M of all thermoelastodymanics processes defined
on B x [0,400) which satisfy
bro1
// Tk:ij97i(s)9,j(s) dvds < M, (51)
0/B Lo
where M is a positive constant.

If U is a solution of the boundary-initial value problem P*, then, for the
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various associated energies, we introduce the following Cesaro means:
1 i1 1 ] ) ) ) .
Ke(t) = i 5 (pui(s)ui(s) + 1;;0i(s)p;(s) + 3J¢ (s)) dvds,
B
1 i
Solt) = & // W(s) dvds,
t Jo/p

1 [

To(t) = ;/O/B §a92(3) dvds,
L[

De(t) = —/// —Fk;;0.:(0)0 ;(¢) dvdeds.
tJoJoJsTo = "

We observe that if meaS(Egl)) = meas(Zf)) = 0, then there exists a set

(5.2)

of rigid motions, null temperatures and null microstretch functions such that
the equations (3.2), (3.3), (3.10), (3.11) are satisfied, so that it is possible to
0

write the initial data u?, u, ¢?, (b? as

u?:u:"i_Uiov ¢?:¢;‘k+q)?7
(5.3)
u?:u:"i_Uioa ¢?:¢;‘k+q)?7

where u?, uf, ®f, ®F are rigid displacements determined in such a way that,

defined

Iz(l) (V) = / PU; dU, [i(Q) (Va 1/;) = / p (Eijk$jvk + wz) d,U’
B B

we have
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Let us introduce the following notations

C'(B)={(v,y) eC? B)’ x " BS:Ui:OonE(l)andwi:()onE(z)
1 1

and if meas (251)) = meas(E&Q)) = 0 then Ii(l) (v) = Ii@) (v,¥) = O} ,

él(B):{<pecl(B) — 0 on 3 }
¢ty ={vec (B):v=0omx{"},
and

W, (B) the completion of C! (B) by means of the norm of Wy (B)?,
W1 (B) the completion of C* (B) by means of the norm of W; (B),

Wy (B) the completion of C* (B) by means of the norm of Wy (B) ,

where C(B) represents the set of continuously differentiable functions on B;
moreover W, (B) represents the familiar Sobolev space [35] and W, (B) =
W (B)?.

We note that the hypothesis (3.7) assures that, for every V = (v, 4, ¢) €

W, (B) x W, (B) the following inequality [36,37] holds

/ 2W(V)dv > ml/ (vivl- + Ly + 3Jg02) dv (5.5)
B B

where m; is a suitable positive constant and W (V) is defined through the

relation (3.5). Furthermore, from relation (3.6) we obtain, for every 9 €
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Wi(B), the following Poincar inequality

/ kijﬁ,ﬂg,j dv 2 TTLQ/ 192 dv (56)
B B

where ms is a suitable positive constant.
If meas(Zgl)) = meaS(Egz)) = 0, then we can decompose the solution of

the problem P* in the form

W t) = vl d) +ul(X) +H(x),  e(x1) = e, t),

Gi(x,1) = i(x, 1) + ¢ (x) + tdr(x), 0(x,t) = V(x,1),

(5.7)

where (v, %, ¢,9) € Wy (B) x Wy (B) x Wy (B) is the solution of the problem

P* according to the following initial conditions

vi(x,0) =U7(%),  %i(x,0)=2(x),  o(x0=9¢"(x), I(x0) =0(x),

0i(x,0) = U2(x),  i(x,0) =D)(x),  ¢(x,0)=4"(x),

From the above elements it is possible to derive the asymptotic partition

in terms of the Cesaro means defined by the relations (5.2).

Theorem 13. Let U be a solution of the boundary-initial value problem P*.

Then, for all choices of initial data

u’ € W(B), ¢’ € W(B), ¢ € Wi(B), 0° € Wy(B),

W e Wo(B), ¢ €Wy(B), ¢ cWyB),
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we have

lim 7o (%)

t—o00

0, (5.8)
and it follows that

P) if meas(Zgl)) #0 or meas(Ef)) # 0, then

lim Ke(t) = lim Sa(t). (5.9)
tlim De(t) = 2tlim Keo(t) —E(0) = 2tlim Sc(t) — £(0);

Py) if meas(Zgl)) = meas(Zf)) =0, then

t—o00

1 1 ..
lim Kco(t) —tligloSc(t)—i-é/Bpu:u;k dv—i—E/BIijgzﬁz‘qﬁ; dv, (5.10)

lim De(t) =2 lim Ko (t) — £(0) — —/ pu;u; dv — —/ Lij¢;¢; dv =
t—o0 B 2 B

t—o00 2

1 1 e
= 2 lim Sc(t) — £(0) + —/ pual dv + —/ Lij¢; 7 dv.
t—o0 B B

2 2
(5.11)
Proof. Using the relations (5.2) and (3.15), we deduce
/Cc(t) + Sc(t) + 76(25) = 5(0) + Dc(t) , t>0. (5.12)

On the basis of the relations (5.1), (5.2), (5.6) and (3.13) it results

ToM
To() < 5~ max{a(x)}, >0,

and hence by making ¢ to tend to infinity, we get relation (5.8). On the other
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end, from relations (3.24) and (5.2) we get

1

Kelt) = Solt) — Tolt) = 5

[ (pus0)is(0) + 10s(0)60) + 379(0)(0)) v +

41t (pis(0)us(26) + L, u(0)65(20) + 3T6(0)6(21)) dv +
0 | (0020 + 1y0n(0)6,20) + 370(0)6(20)) v -

1t
_E/O/Bpn(o)(%(s)—o—ﬁ(t—i—s)—G(t—s)) dvds,
(5.13)

Further, the relations (3.7), (5.1), (5.6) and (3.15) give

/B pis(t)is(t) do < 2(E(0) + M), i /B (1) dv < 2(£(0) + M),
/3J¢Q(t) dv <2(E(0)+ M),

/ 2W (t) dv < 2(£(0)+ M).
B

(5.14)
Thus, by using the Schwarz’s inequality and the relations (5.8) and (5.14)

into relation (5.13), we obtain

Jim Ko(t) = Jim Sc(t) = Jim 12 [ (pis©)us20) + 160, (20)) do
(5.15)

Let us first consider the point P;. Since meas( ) # 0, meas( ) # 0 and

(u, @) € W1(B), from equations (5.5), (3.13) and (3.15) we deduce that

my /Bui(t)ui(t) dv < /B2W(t) dv < 2(€£(0) + M),
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- /B L () (1) dv < /B W (t) dv < 2(E(0) + M) .

so that, by means of the Schwarz’s inequality, we obtain

t—o0 4t

lim — /B (pui(O)ui(%) + Il-j@(())gbj(zt)) dv=0. (5.16)

Consequently, the relations (5.15), (5.16) imply the relation (5.9) and, by
taking into account the relation (5.12), we obtain the desired result. Let us
further consider the point P,. Since meas(Egl)) = meas(EﬁQ)) = 0, then the

decompositions (5.3), (5.7) and the relation (5.4) give

1 ) .
B
= il dv—l—i (i 4+ U )vs(2t) dv+1/ wiu; dv +
4thii 4thi i Vi 2Bpii
T RCCCR I ROCER AEILE Ry AR T

(5.17)
Now, from relations (5.5), (3.13) and (3.15) we deduce

ml/ vi(t)vi(t) dv < 2(€(0) + M) ,

- / Lyt ()05 (1) dv < 2(£(0) + M),

and from equation (5.17) we obtain

t—o0 4t

Therefore, if we substitute the last relation into equation (5.15) we deduce

o1



the relation (5.10). Moreover, taking into account the relations (5.8), (5.10)
and (5.12), we obtain the relation (5.11), thus the proof of the theorem is

complete. O
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