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Introduction

In the study of several elliptic problems with solutions in a Sobolev space S(€2) (with
or without weight) on an open set €2 of R", not necessarily bounded or regular, it is
sometimes necessary to estabilish regularity results and a priori estimates for the so-
lutions. These results often rely on the boundedness and possibly on the compactness

of the multiplication operator
u—gu (i)

which is defined in S(€2) and which takes values in a suitable Lebesgue space LP(€2),
where ¢ is a given function in a normed space V. Hence, it’s necessary to obtain an

estimate of the following type :

lg ullzey < e~ llgllv - lullse (i)

where ¢ € R, depends on the regularity properties of {2 and on the summability
exponents, and ¢ satisfies suitable conditions.
If L is the differential operator associated to the corresponding elliptic problem, the

estimate (ii) allows us, for instance, to prove the boundedness of the operator L, when
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4 Introduction

g is a coefficient of L.In some particular cases, it’s not possible to obtain certain reg-
ularity results for the operator L itself, because of its non regular coefficients. Hence,
there is the need to introduce a suitable class of operators L, whose coefficients, more

)

regular, approximate the ones of L. This “ deviation ” of the coefficients of L, from
the ones of L needs to be done controlling the norms of the approximating coefficients
with the norms of the given ones. Hence, it is necessary to obtain estimates where the
dependence on the coefficients is expressed just in terms of their norms (in this case,
for instance, there are no problems when passing to the limit). In other words, if ¢ is
a coefficient of operator L and g, is a coefficient of L, more regular, it’s necessary to
have a “ good control” of the difference g — g5,. The introduction of decompositions for
functions in suitable function spaces (where the coefficients of differential operator L
belong) plays an important role in this approximation process.

Having this in mind, our purpose is to construct suitable decompositions for func-
tions belonging to some specific functional spaces whose introduction is related to the
solvability of certain elliptic problems of above mentioned type. As application, we
want to study the boundeness and the compactness of an operator in Sobolev spaces
with or without weight.

The idea of decomposition is to split a function in two summands, which are estimate
in different (but fixed) norms. These norms are those of certain Banach spaces X and
Y and all functions are defined on suitable domains in R". Then a function f is split
in the sum f =g+ h, where g € X and h € Y.

In literature there are several papers in which the authors have constructed decompo-
sitions with an appropriate couple (X, Y).In [10] Calderén and Zygmund have proved

the classical decomposition (L', L>°) for L', where a given function f in L' is decom-
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posed, for any ¢ > 0, in the sum of a “ good ” part f; € L*> (whose norm can be
controlled by || fi|| =) < ¢(n)-t) and a remaining “ bad ” one f — f; € L. Analogous
decompositions can be found also for different functional spaces (see for instance
N. Kruglyak, E. A. Kuznetsov [37] and N. Kruglyak [36] for decompositions (L, L}*),
(LP,Sobolev), (LP, BMO)).

Our decompositions are done in the spirit of Calderén - Zygmund ones. Let F' be a
Banach space and Fy be a subset of F', then we can consider the closure C' of Fj in
F'. The idea of our decomposition is to split a function g € C' in the sum of a “good”
part gp, which is more regular, and of a “ bad ” part ¢ — g, whose norm can be
controlled by means of a continuity modulus of the function g itself.

In the previous considerations, we have put in evidence the need to prove boundedness
and compactness of the operator (i) in the study of certain elliptic problems. Therefore
the problem is to find the functional space V' where the multiplication factor g has
to belong. In literature there are several papers in which the authors have introduced
suitable functional spaces in order to prove boundeness and compactness results for
the operator (i) defined on the Sobolev space S(€2).In [11], for instance, A.Canale,
L. Caso, P. Di Gironimo introduced some weighted functional spaces where the weight
is a function related to the distance from a fixed subset of the boundary of an open set
of R™. As application, they obtained boundeness and compactness results for the oper-
ator (i) defined on weighted Sobolev spaces when the function g belongs to a suitable
weighted space of above mentioned type. Moreover, in [58] M. Transirico, M. Troisi,
A. Vitolo introduced some spaces of Morrey type and as application, they studied
the operator (i) defined on a classical Sobolev space for a function g belonging to a

suitable subspace of these spaces of Morrey type.
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In the present work we want to analyze some of the issues above.

In the first part we want to deepen the study of some weighted functional spaces
introduced in [11]. As application, using some decomposition results for functions be-
longing to such weighted spaces, we want to give a remarkable improvement of some
results contained in [18], concerning some weighted norm inequalities on certain ir-
regular domains of R" and the boundedness and the compactness of the operator (i).
The structure of Chapter 1 and of Chapter 2 reflects the above purposes.

In Chapter 1 we describe some properties and applications of certain weighted Sobolev
spaces which represent the setting of our main results.

If k£ is non - negative integer, p is a real number, 1 < p < 400, € is a domain in
R™ with boundary 02, ¢ is a vector of non - negative (positive almost everywhere)
measurable functions on 2, which will be called weight, the weighted Sobolev space,
usually denoted by W*?(Q; o), is defined as the set of all functions u = u(z) which
are defined a.e. on Q and whose generalized (in the sense of distributions) derivatives

0%u of orders |a| < k satisfy
/ |0%u(x)|Poo(x) do < 400.
Q

Sobolev spaces with weights have been intensively studied for more then forty years
and their field of application has been constantly expanding. We have theoretical
results concerning the structure of these spaces as well as applications to the theory of
partial differential equations for the solution of boundary-value problems. The growing
significance of these spaces is reflected by the number of papers devoted to them

(see, for instance, D. E. Edmunds, W.D. Evans [27], A. Avantaggiati [3, 4], V. Benci,
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D. Fortunato [6], V. G.Maz’ja [45], A. Kufner [39], A. Kufner, M. Séndig [43]).

In Chapter 2, we consider a class of weight functions denoted by A(Q2) (introduced
by M. Troisi in [60]) and the corresponding weighted Sobolev spaces defined on open
subsets €2 of R". More precisely, a measurable weight function p : 2 — R, belongs
to the class A(£2) if and only if there exists a costant v € R, independent on x and

y, such that

41 p(y) < p(x) < vpy), VyeQ, YVzeQnB(y,ply)),

Let S, be a non empty subset of 9§2 such that

lim p(z) =0, Vpe A(Q), VzeS,.

Tr—z

It’s well known that a weight function p € A(£2) is related to the distance function
from S, (see, e.g., M. Troisi [61]).

For more details on weight functions as distance functions from a nonempty subset
of the boundary of a bounded open set of R" or weight functions related to these di-
stance functions, and for related problems see, i.e., A. Kufner [39], A. Kufner, O. John,
S. Fucik [40], I. E. Egorov [28], Yu. D. Salmanov [49], M. Troisi [60].

For examples and properties of functions p € A(Q) we refer to M. Troisi [60] and also
to A. Canale, L. Caso, P. Di Gironimo [11], L. Caso, M. Transirico [18].

In some papers (see, e.g.,D. Fortunato [30], R. Schianchi [51], S. Matarasso, M. Troisi
[44], M. Troisi [59], A. Canale, L. Caso, P. Di Gironimo [11]) some classes of weighted

Sobolev spaces have been studied, where the weight function is a power of a function
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p € A(S).

In particular in [11] the authors introduced a functional space, denoted by K} () (r €
[1,400], t € R), as the class of all functions g, locally belonging to L"(2), such that
sup (pt‘%(fﬂ) IIQIIU(mB(az,p(z»)) < +oo,
where the weight function p belongs to the class A(€2). Moreover, they studied two
subspaces of K] (), denoted by K () and K 7(Q2), defined respectively as the closure
of L°(2) and C°(Q2) in K} () (the space L{°(2) is the space of all functions g such

that p'g € L>°(2)).

In the first part of Chapter 2 we deepen the study of the spaces K] () and of their
subspaces. In particular, we construct suitable decompositions of functions g € K 1(S2)
and of functions g € [%;(Q) (see L. Caso, R.D’Ambrosio [16]).

In the framework of spaces K[ (), in [18] (see also [11]) the authors studied the
operator (i) when S(2) is the weighted Sobolev space W*?(Q) | k € Ny, s € R,
1 < p < +o0, of the distributions u on §2 such that p**1%=% 9y € LP(Q) for |a] < k

and equipped with the norm

lallyroy = D o 0%l

| <k

where p is a weight function belonging to the class A(€2). They gave different con-
ditions on the function g € K (£2) necessary to obtain the estimate (ii) and the
boundedness and compactness of the above mentioned operator.

These functional spaces were then used in the study of Dirichlet problems for linear
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second order elliptic equations in non regular domains and in weighted Sobolev spaces
(see L. Caso, M. Transirico [19, 21, 20], L. Caso [12], L. Caso [13]). The main results
of these papers are based on the properties of the operator (i) defined on Wk?(Q), in
the two cases g € [N(Z;(Q) and g € [O(;"(Q) with appropriate conditions on p, r, s and
t.

We study the operator (i) defined on weighted Sobolev space WFP(Q) and taking
values in L?(Q2) with appropriate ¢ € [p,r[ obtaining a remarkable improvement of
some results of [18]. We give suitable conditions on p, q, s, 7, p, 2 and on the function

g € K7 () so that the following estimate holds

lgullzs) < ¢ lgllxr@) - lullyrr g, (1)

If g € K 1(Q) or g € K 1(92), from (iii) we deduce boundedness and compactness
results for the considered operator. The use of our decompositions in these results
allows us to put in evidence how the bad part (g — g;) of the function g in K 1(2) or
in [%;”(Q), affects the estimate.

The details of these proofs are contained in L. Caso, R. D’Ambrosio [16].

In the study of the above mentioned Dirichlet problems on irregular or unbounded
domains, there is the need to put some conditions at the infinity on the lower or-
der coefficients of the elliptic differential operator. Such conditions are ensured, for
instance, by the assumption that the coefficients belong to space [% 7(£2). This also
gives the compactness of the operator (i).

In view of these last considerations, we put in evidence a new characterization of

the spaces K 7(2) by means of the introduction a new subspace of K] (2), denoted
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by [*(;’(Q) (see L. Caso, R.D’Ambrosio [16]). We state that under suitable conditions
on the weight function p € A(Q) the space K 7(£2) is settled between K 7(2) and
K 7(92).In particular we give a condition on the weight function in order to obtain
that K7(Q) = K7(Q).

In the last part of this work we want to deepen the study of spaces of Morrey type
introduced by M. Transirico, M. Troisi and A. Vitolo in [58]. Also in this case, using
some decomposition results for functions belonging to a suitable subspace of a space
of Morrey type we want to deduce a further compactness result for the operator (i)
defined on Sobolev spaces without weight.

In Chapter 3 we analyze this aspect. Let 2 be an unbounded open subset of R",
n > 2.For p € [1,+oo[ and A € [0,n], we consider the space MP*(Q) of the functions

g in LY () such that

7€]0,1]
z€eQ

93y = 50 7 [ ) dy < +ox,
QNB(z,T)

where B(x, ) is the open ball with center z and radius 7.

This space of Morrey type is a generalization of the classical Morrey space LP* (see
A. Kufner, O. John, S.Fucik [40] ). It strictly contains LP*(R") when Q = R" and it
is smaller than the class of the spaces MP(Q2) of M. Transirico, M. Troisi [57, 55]. We
remark that if the weight function p € A(2) is a positive constant, then the spaces
K () are equal to the spaces MP(2). The introduction of the spaces of Morrey type
is related to the solvability of certain elliptic problems with discontinuous coeffi-

cients in the case of unbounded domains and in Sobolev spaces (see for instance

M. Transirico, M. Troisi, A. Vitolo [58], P.Cavaliere, M. Longobardi, A. Vitolo [23],
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L. Caso, P. Cavaliere, M. Transirico [15], L. Caso, P. Cavaliere, M. Transirico [14]).

In the first part of Chapter 3, we turn our attention to the density property of Morrey
type spaces. The example |z|*~"+D/P shows, the space L () is not dense in the space
MPA(9). So, it’s important and useful to give a new characterization of functions in
the closure of L>®(Q2) and C°(€) in MP*(Q) (which are respectively denoted with
MP’A(Q) and MP(Q)). By means of such chacterization lemmas we are allowed to
construct suitable decompositions of functions in M PAQ) and MEPMNQ) (see L. Caso,
R.D’Ambrosio, S. Monsurro [17]) .

In the framework of Morrey type spaces, in [58] the authors considered the opera-
tor defined in (i) when S(Q) is the Sobolev space W*?(Q) (p € [1,+oo[, k € N).In
particular, they studied such operator for k = 1, generalizing a well known result
proved by C. Fefferman in [30] (see also F. Chiarenza, M. Frasca [26]). They established
conditions for the boundedness and compactness of this operator.In P.Cavaliere,
M. Longobardi, A. Vitolo [23], the boundedness result and the straightforward esti-
mates have been extended to more general results for any k € N.

The second part of Chapter 3 is devoted to a further analysis of the following multi-
plication operator

u € WHEP(Q) — gu € LY(Q)

with a suitable q greater than p and g belonging to a space of Morrey type M?*(Q). By
means of our decomposition results we are allowed to deduce a compactness result for
the above mentioned operator. The details of these proofs are contained in L. Caso,
R.D’Ambrosio, S. Monsurro [17].

The deeper examination of the structure of M?*(Q) and of its subspaces lead us to the
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definition of a new functional space, that is a weighted Morrey type space, denoted
by MPA(Q).In literature several authors have considered different kinds of weighted
spaces of Morrey type and their applications to the study of elliptic equations, both
in the degenerate case and in the non-degenerate one (see, for instance, C. Vitanza,
P. Zamboni [62], C. Yemin [24] and Y. Komori, S. Shirai [34]).

In Chapter 3 we consider another class of weight functions, denoted by G(2) (intro-
duced by M. Troisi in [61]), and we define the corresponding weighted space M?*(€2)
(see L. Caso, R.D’Ambrosio, S. Monsurré [17]). More precisely, let d € R, a measur-
able weight function p : Q — R, belongs to the class G(€2, d) if and only if there

exists 7 € R, ,independent on = and y, such that

Y loy) <pl@) <vply), VYye, VzeQ(yd).

We put
G(Q) =J 9(2.d).

d>0

For examples and properties of functions p € G(€2) we refer to M. Troisi [61] and also
to S. Boccia, M. Salvato, M. Transirico [§].

Let p € G(2)NL>(Q2) and let d be the positive real number such that p € G(€2, d). Fix
a Lebesgue measurable subset E of Q, for p € [1,400[, A € [0, n[ we denote by M?*(€2)

the space of all functions g € MP*(Q) such that

lim ( sup ngEIIMw(m) =0,

h—+o0 EEX(Q)
sup 7 Ap(a) | B(z,7)|<
zEQ
7€]0,d]
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We prove that the space M2 (1) is settled between MPAQ) and MW‘(Q). In partic-
ular, we provide some conditions on p that entail MZ™(Q) = M PA(Q).

We remark that the results of this work can be used in the study of elliptic prob-
lems. More precisely, the estimates obtained in Chapter 2 can be used, for instance,
in the study of some elliptic problems on irregular domains (i.e. domains with sin-
gular boundary) and in weighted Sobolev spaces WF? to prove that the considered
operators (whose lower order coefficients belong to weighted functional spaces K7)
have closed range or are semi-Fredholm. The estimates obtained in Chapter 3 can be
useful, for instance, in the study of Dirichlet problems concerning elliptic equations in
unbounded domains (whose boundary is sufficiently smooth) and in classical Sobolev
spaces to estabilish a priori estimates for differential operator whose lower order co-
efficients belong to spaces of Morrey type.

Moreover we put in evidence that the introduction of spaces K 7(€) and M (Q)
offers new points of views in the approach to the study of some classes of elliptic

problems with discontinuos coefficients.

Finally, I warmly thank Maria Transirico, Loredana Caso and Sara Monsurro for

the useful suggestions and comments.






Chapter 1

Preliminaries

In this chapter we introduce some notations used throughout this work and we recall

the definitions of some function spaces needed in the sequel.

1.1 Notations

Let G be a Lebesgue measurable subset of R" and 3(G) be the o-algebra of all
Lebesgue measurable subsets of G. Given F' € 3(G) we denote by |F| its Lebesgue
measure and by xp its characteristic function. For every x € F' and every t € R, we
set F(z,t) = F N B(x,t), where B(x,t) is the open ball with center z and radius ¢
and in particular we put F(x) = F(z,1).

The class of restrictions to F' of functions ¢ € C>®(R"™) with FNsupp ¢ C F is denoted

by ®(F) and, for p € [1,+o0[, L

loc

(F) is the class of all functions g : F' — R such
that (g € LP(F) for any ( € D(F).

14
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1.2 Weighted Sobolev Spaces

Weighted Sobolev spaces! are usually denoted by
Wk (Q; o)

where

k is a non-negative integer, i.e. k € Ny,

p is a real number, 1 < p < 400,

2 is a domain in R"™ with a boundary 052,

o is a vector of non-negative (positive almost everywhere) measurable functions on

), which will be called a weight, i.e.

o0 = A{oa=04), 2€Q, |of <k}, (1.2.1)
a is a multiindex, i.e., a € N or equivalently

a = (o, Q9 e ,am) 5 a; € Ny, (1.2.2)

la] = o+ + ... + a, . (1.2.3)

The space WkP(Q; o) is defined as the set of all functions u = u(x) which are defined
a.e. on €2 and whose generalized (in the sense of distributions) derivatives 0%u of

orders |a| < k satisfy
/ |0%u(z)[Poq(x) de < +00. (1.2.4)
Q

1 See, e.g., A. Kufner [39] and A.Kufner, A. M. Séindig [43].
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It is a normed linear space if equipped with the norm

1/p

[T /Q 0 u(z)Pou(@)de | (1.2.5)

| <k

or, equivalently, with the norm

ullwes@oy = Y ( /Q |aau(x)\Paa<x)dx) l/p. (1.2.6)

o] <k

If

oa” €LL(Q) for |a| <k | (1.2.7)

loc

where ¢ is the conjugate index of p, then the space W*?(Q; o) is a Banach space?. We
observe that condition (1.2.7) is necessary to have the completeness; for instance, in
A. Kufner, B.Opic [41] is proved that if n = 1, Q@ = (=1,1), p = 2, \,p € R and
o = {oo = |z|* 01 = |z|*}, the space W'?(;0) is non-complete if the parameters
A, it are suitably chosen (it is easy to check that, for A > 1 and g > 1, condition
(1.2.7) is not true).

For k = 0 we introduce the following notation : we write
Wo(Q;0) = LP(Q;0)

and denote

() = ( [ uwrota)as) " (125)

2See A.Kufner, B. Opic [41, 42].
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so that
1/p

lullwrsn = | D2 110710 g,

la|<k
Clearly the classical Sobolev spaces W#P(£2) represent a special case of the weighted

spaces WEP(Q; o) : they can be obtained by the choice
oo(z) =1 for |o| <k.

The norm of a function u € W*?(Q) will be denoted by |[ul|yrs(0)®.

Let us suppose that

00 € L, (Q) for |a <Ek.

Then all functions in C§°(Q) belong to W*P(Q; o) and it is meaningful to introduce
the space V(I)/k’p(Q; o) as the closure of C§°(§2) with respect to the norm || - ||yt.r(.0)-
This space is again a Banach space if additionally (1.2.7) is satisfied.

There are several possibilities of application of Sobolev spaces with weights.

The first one concerns elliptic boundary value problems on domains whose boundary
has various singularities as for example corners or edges. In the vicinity of a corner
or an edge the solution u of the boundary-value problem may have a singularity
which can be often very suitably characterized by an appropriate weight. This weight

¢

is most usually a power of the distance from the “ singular set” on the boundary of
domain. Hence, in this case, the weight functions make it possible to describe in more

detail the qualitative properties of the solution, first of all as concerns its regularity.

3 More information about the spaces Wkp(Q) can be found, for example, in S.L. Sobolev [52],
J. Necas [46], R. A. Adams [2], A. Kufner, O. John, S. Fucik [40].
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On behalf of a number of papers devoted to these problems let us mention the paper
by V. A.Kondrat’ev [35], and the paper by B. Kawohl [32].

A second field of application of weighted spaces concerns the study of functions defined
on unbounded domains, which solve certain boundary value problems. Let us consider
an unbounded domain €2; for instance, let €2 be the exterior of the unit ball in R". It is
well known that - when solving boundary value problems - it is in this case necessary
to give not only conditions on 9€), but also conditions at infinity, which prescribe
the behaviour of the solution u(z) for |z| — +o0.These conditions can again be
described in a very convenient form in terms of weight functions, for example by

means of functions of the form
(14 |z])¢, eeR;.
It is evident that the condition

/ () 2(1+ |2])° da < +o0
|z|>1

characterizes the behaviour of the function u(x) for large x. A typical representant of
this direction is L. D. Kudrjavcev whose monograph [38] represents the first systematic
exposition of properties of certain weighted spaces and of their applications. There is
a number of groups and individuals working in this field - apart from Kudrjavcev and
his successors let us mention for example B. Hanouzet [31], A. Avantaggiati, M. Troisi
[5], as well as R. A. Adams [1].

Another domain of employment of weighted Sobolev spaces concerns more theoretical
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applications, namely existence theorems for elliptic differential equations and further
for problems of the type of degenerate equations and equations with singular coef-
ficients. Even in this field, the weighted spaces can provide an useful tool enlarging
the scope of boundary value problems solvable by functional-analytical methods. A
typical representant of this direction of applications of weighted Sobolev spaces is
I. A. Kiprijanov [33]. The same topics are studied by S.M. Nikol’skii [47] and by a

numerous French group (P. Bolley, J. Camus [9]).

We have introduced the weighted space W*P(Q; o) without making too many assump-
tions about the domain €2 and the weight ¢ whose components o, - see (1.2.1) - can
be different for a different «. In what follows we will consider some weighted Sobolev
spaces defined on an open set 2 in R" and we will consider both weight vectors with
different components and weight vectors with equal components. In the first case we
will have a weighted norm in which the weight function varies if the order of deriva-
tion of function u varies, in the second case we will have a weighted norm in which

the weight function is independent from the order of derivation of the function w.






Chapter 2

Weighted spaces and weighted
norm inequalities on irregular

domains

In this chapter we deepen the study of certain weighted spaces, denoted by KP(f),
defined on open subsets Q of R" when the weight is a function related to the distance
from a subset of 0€2. We also introduce a new weighted subspace of K?. Moreover, we
construct decompositions for functions belonging to some particular subspaces of K?
and as application, we prove boundedness and compactness results for an operator in

weighted Sobolev spaces.

20
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2.1 Weight functions and weighted spaces

Let © be an open subset of R™. We denote by A(Q)?* the class of measurable weight

functions p : 2 — R, such that

sup llog@’<+oo.
@,y p(y)
lz—y|<p(y)

It is easy to show® that p € A(Q) if and only if there exists v € R, independent on

x and y, such that

T oly) < plx) <yply), VYyeQ, VaeQnBypwy)). (2.1.1)

We remark that A(Q2) contains the class of all functions p : Q@ — R, which are
Lipschitz continuous in € with Lipschitz constant less than 1. Moreover, if p € A((Q2)
and a €]0,1[, then the function w(z) = a p(x) (z € Q) belongs to A(f).

Typical examples of functions p € A(2) are the function
reR" - 1+alz|, a€]0,1], (2.1.2)
and, if 2 #£ R" and S is a nonempty subset of 0f2, the function

z € — adist(z,S), a €]0,1]. (2.1.3)

4 The class A(2) has been introduced by M. Troisi in [60].
® See, e.g., M. Troisi [60].
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Moreover if p € A(2) then for any b € Ry and for any s € R the function

p(x)
refl — Tps(x) (2.1.4)

is in A(Q) (see, also M. Troisi [60]).

For any weight function p € A(Q2) we put
S,={z€00|p(x) <|z—2z VreQ}. (2.1.5)
We recall some properties of the set S,°.

Lemma 2.1.1 For any p € A(QQ), the set S, is a closed subset of 02. Moreover we

have

z€S, <= limp(z)=0

r—z

z€0Q\S, <= dreRy: inf p(x)>0.

e

jomzl<r
From Lemma 2.1.1 it follows that, if S, # (), then

p(z) < dist(z, S,) Ve, (2.1.6)

B(z,p(z))nQNnS,=0 Ve, (2.1.7)

p€LX(Q), pteLX(Q\S,). (2.1.8)

6 See Lemma 1.1 and Theorem 1.1 in L. Caso, M. Transirico [18].



2.1. Weight functions and weighted spaces 23

We recall now a regularization result for a function p € A(Q), needed in the sequel.

Let p € A(R), for any z € Q and for any A € R, , we set

Ex(r) ={yeQ:ly—z|<Ap(y)} , E(z) = Ei().

I(z) =QNB(z,Ap(x)) , I(z) =I(z).

It’s easy to prove that

WS E)\(y) Sy e [)\(QZ)

For any x € € and for any A € R, we put

xa(z) = p " (@)]Ex(@)], x(#) = xa(z).

In M. Troisi [60] is proved that

sup x(z) < 4o00. (2.1.9)

reEQ

Let us suppose

inf x\(z) >0  for X €O,1]. (2.1.10)

e

We remark that the condition (2.1.10) holds for any p € A(Q) in the following
cases: 1 = R" Q =R} = {z € R": 2, > 0}; Q bounded domain with cone prop-
erty”. Moreover, (2.1.10) is satisfied if 2 is an unbounded domain with the cone prop-

erty and p is a bounded function in (2. We remark that, if suitable conditions hold for

7 A domain § with cone property means that there exists a finite cone C' such that each point
x € () is the vertex of a finite cone C,, contained in €2 and congruent to C' .
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the function p, (2.1.10) can hold for a domain 2 which has not the cone property. For
instance, if one has

p(x) = dist(z, 0N) Ve e,

then the (2.1.10) holds for any domain Q.
Moreover, it’s easy to show that (2.1.10) holds if exist 6 €]0,7/2[ and ¢ € Ry such
that any = € Q is the vertex of a cone with opening # and height ¢ p(z) which is

contained in 2.

Remark 2.1.2 We observe that if the condition (2.1.10) holds, we have that for any
p € A(R) there ezists a function o € A(2) N C>®(Q) N C*(Q) such that

c'plx) <o(x) <c"plx) Ve e Q, (2.1.11)

0% ()| < coo'~1ol(2) VeeQ and Vo €Ny, (2.1.12)

where ¢’,c"”, co € Ry are independent on 8 .

Further properties of the class A(£2) can be found in M.Troisi [60] and L. Caso,
M. Transirico [18].
If k€ Ny 1 <p<+o0,seRand pe A), we denote by WFP(Q) the space of
distributions v on Q such that p**l*I=F 9>y € LP(Q) for |a| < k . Equipped with the

norm

||UHW§’Z’(Q) = Z Hpsﬂal_k aCMUHLP(Q), (2.1.13)

o<k

WFP(Q) is a Banach space. Moreover, it is separable if 1 < p < +00, and, in particu-

8 See Theorem 3.2 in M. Troisi [60].
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lar, WE2(Q) is a separable Hilbert space. We also denote by I/f/'s“p(Q) the closure of
C>(Q) in WFP(Q). The spaces just introduced are an example of weighted Sobolev
spaces. A detailed account of properties of the above defined weighted Sobolev spaces
can be found in D.E.Edmunds, W.D.Evans [27], V.Benci, D.Fortunato [6] and
M. Troisi [61].
For k = 0 we put

WP (Q) = LE(Q)

From well known results? we deduce that, for 1 < p < +oo and s € R, the space
C(Q) is dense in LP(Q).

Clearly the following imbeddings hold:

WEP(Q) — WEP(Q) — L ().

2.2 The spaces K?(Q)

The purpose of this section is to deepen the study of the weighted spaces K? and
their properties'®. Let us introduce some definitions which are essential to study such
spaces.

Let © be an open subset of R” and let p € A(). We fix f in ®(R,) satisfying the

conditions

0<f<1, f)=1if t<=, f@t)=0 if ¢t>1,

N | —

9See, e.g., D. E. Edmunds, W.D. Evans [27] and M. Troisi [61].
10 The spaces KP? were studied, e.g., by A.Canale, L. Caso, P. Di Gironimo in [11] and by L. Caso,
M. Transirico in [18].
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and a € C*®(Q) N C*(Q) equivalent to dist (-, dQ)''. Hence, for h € N we put

Yp iz €0 (1—f(ha(x))>f(|x|/2h). (2.2.1)
It is easy to prove that 1, belongs to D(Q\ S,) for any h € N and

0<¢p, <1, Uhg, =1, supp ¢y, C Sy, (2.2.2)

where

O ={ze€Q||z] <h, a(x) >1/h}. (2.2.3)

For any = € Q, let G(x) be an open subset of R" such that
z € G(z) C QN B(z, p(x)) . (2.2.4)

For 1 < p < 400 and s € R, we denote by K?(Q) the class of functions g € L (Q2\S,)

loc

such that

lollcziy = sup ("% (@) gl ooy ) < +oc. (22,5

Obviously KP?(Q2) is a Banach space with the norm defined by (2.2.5).1t is easy to
prove that the spaces L(2) and C'°(2) are subsets of K?(Q)'2. Therefore, we can
define two new spaces of functions K P(Q)) and K P(Q) as the closures of L2°(€2) and

C>(Q), respectively, in KP(£2).

1 For more details on the existence of such an « see, e.g., Theorem 2, Cap. VI in E. M. Stein [53]
and Lemma 3.6.1 in W. P. Ziemer [63].

12Tn fact from (2.1.8) we have that C§°(Q) is a subset of L°(Q2) for every s € R.Moreover the
space L°(Q) is imbedded in K?(f2) for any p € [1, 400 and for any s € R, see, e.g.,(14) in A. Canale,
L. Caso, P. Di Gironimo [11].



2.2. The spaces KP(§2) 27

For all s € R the following inclusions hold!?

L0 a(Q) = KI(Q) = KP(Q)  1<p<q<r< oo, (2.2.6)
Li.(Q)C KP(Q) C KP(Q)  1<p<q<too, (2.2.7)
KIQ) C KP(Q) 1<p<gq<+oo. (2.2.8)
We put
K?(Q) = K?, (9), (2.2.9)

and, in the same way, we define the spaces [%p(Q) and }N(p(Q). From (2.2.6), (2.2.7)
and (2.2.8) we have

I’(Q) C K*(Q) € K"(Q) € KP(Q). (2.2.10)
It’ s possible to show, with some counterexamples, that the three inclusions in (2.2.10)

can be strict (see [11]).

We recall now some characterizations of the spaces K P(QQ) and K P(Q)™ needed in
sequel.
Lemma 2.2.1 A function g € K?(Q) belongs to ]}IS’(Q) if and only if
lim su =0,
h—+o00 ( Eezgz) HgXEHKg(Q))
2 Ry S
where x,, denotes the characteristic function of the set E. [

13 See, e.g., (18), (19), (20) in A. Canale, L. Caso, P. Di Gironimo [11].
14 See Lemma 3 and Lemma 2 of [11].
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Lemma 2.2.2 A function g € K?(§2) belongs to [2’{2(9) if and only if

li 1-— — )
pom (1 = n) gllxr@) =0 u

In L. Caso, M. Transirico [18] is proved the following condition for a function in K?(£2)

to belong to [O(ISJ(Q).

Lemma 2.2.3 Let g € KP(Q0). If

lim p*(x) g(x) = lim p°(z)g(z) =0 VzesS,,

|z|—~4o00 T—z
thengEf(é’(Q). |

In the following Lemma we give a necessary condition for a function g € KP?(Q) to

belong to IO(Q(Q).

Lemma 2.2.4 [fg € [O(?S’(Q) then
‘IETM ||9||L§7%(G(x)) =0 (2.2.11)
PROOF — From Lemma 2.2.2 and (2.1.1) we have
(1 — @Dh)gHLg_%(G(x)) < e, Vh > h,.

Using (2.2.2) we have

oller @@y < NA =) gller @y <€, Vx| = 2h.
p P
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From the previous inequalities we obtain (2.2.11). ]

5

In view of Lemma 2.2.3, we can give!® a condition on a weight function p and on

s,7 € R so that L°(2) is a subspace of [O(g(Q).

Lemma 2.2.5 Let 1 < p < 400 and s, 7 € R with T < s. Suppose that lim p(z) =

|| =00

0, then LX(Q) is a subspace of [%Q(Q).

PROOF — First we observe that the hypothesis on p and (2.1.8) give that p € L>(2).
By (2.2.6) we have that L>(Q) C KP(Q2). We prove that L*(Q2) C K?(2).In fact,
fixed g € L2°(2) C K2(2), we have

lallzioy = sup (65 @) lglurcien) <

lelli<iay - sup (775 @) lgllrioion ) = ol - e

Using again the hypothesis on p, we have

b @ el s i e @Il =0,

je|—+o0 |

lim [p°(2) g(2)| < lim p*7(2) gl =0 VzES,.

r—z

Then the result easily follows from Lemma 2.2.3. [

15 See Lemma 3.4 in L. Caso, R. D’ Ambrosio [16].
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2.2.1 The spaces [z'ls’(ﬂ)

Let us introduce a new subspace of K?(Q).Let © be an open subset of R", for any
p € [1,+o0] and s € R we denote by I??(Q)m the space of all functions g € K?(Q)

such that

lim ( sup g x| Kf(@)) = 0. (2.2.12)

h—+co EEN(Q)
sup |G(z)NE|<1/h
zeQ

Now we prove some properties of the space [*( P(Q)) and then we examine the relations
between all the subspaces of K?(£2). The shown results are in L. Caso, R. D’Ambrosio
[16].

At first we rewrite the space [2 P(Q)) as a closure of an appropriate subspace of K?(Q).

Lemma 2.2.6 Let 1 < p < +oo and s € R. Then [?{;(Q) is the closure of the space
Le . ()N KP(Q) in KP(Q).

PrROOF — Fix g € [*(YS’(Q). By (2.2.12), for any € > 0 there exists t. €]0, 1] such that,

if £ e X(Q) with sup|G(z) N E| <t then ||g x| kr@) < € For each k € R, put
Q
By ={reQ|p (@) lg@) = k}.

Thus, by (2.2.4) and (2.1.1), we have

9]l r) = &1 SUp 10°7% gllzr (@) =

(2.2.13)

g—n 1
C1 Sup 10”7 gllrc@ney) = a1k Sup |G(z) N Ey|?,

16 See L. Caso, R. D’Ambrosio [16].
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where ¢; € R, depends on p, s, n and p. If we set

_ HQHKE(Q)
C1 (te)

ke

)

3=

from (2.2.13) it follows that

sup |G(z) N E,
Q

< ||9HK£’(Q) p’
- C1k’€

and then

19 X5, lrcz) <€ (2.2.14)

Now define ge = g — g x,,, and observe that g. € L . (Q2) N KP(Q). Therefore from

(2.2.14) we deduce that ||g — g|

KP(©) < €

Suppose conversely that g belongs to the closure of L° » (Q)NKP(Q) in KP(€2). Therefore

P

for any fixed € > 0 there exists g. € L° . (Q) N K?(§2) for which

(2.2.15)

DO ™

lg — gl KP(Q) <

Fixed E € ¥(2), we observe that by (2.2.15) we get

€
19 Xz llxr@) <119 = 9¢) Xellxr@) + 19e Xl kP) < 5t 19 Xpllkr) - (2.2.16)

On the other hand, (2.2.4) and (2.1.1) imply
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ng XE’ K2 (Q) S C2 Slglzp ||PS_E Ge XEHLP(G’(JC)) S

(2.2.17)

1
¢z ||9ellzz (@) sup |G (z) N E7,
P

where ¢o € R, depends on p, s, n and p. If we set

€ p
te == ( ) )
2¢2]|9ell 2=, @)
p

from (2.2.17) we deduce that, if sup|G(z) N E| < t. then
Q

19e X1l K2(0) < (2.2.18)

(NN e

In view of (2.2.16) and (2.2.18), it follows that g € K7(%). n

We can prove now the following result which is similar to Lemma 2.2.5, but with

no additional hypothesis on the weight function p.

Lemma 2.2.7 Let 1 < p < 400 and s, 7 € R with 7 < s.If g € L°(2) N K?(Q),

then g € }*(é’(ﬂ)

PROOF — Let g € L°(Q2) N K?(Q).Fix E € X(2) and t €]0, 1] such that

sup |G(z) N E| <t. (2.2.19)
Q
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From (2.2.4), (2.1.1) and (2.2.19), we obtain

l9xsllkr) < a sgpps_f_g(fc)HpTngHLP(G@a)) <

(2.2.20)

s—T—2 L S—T
e llgllzz@ supp™ " (2)|G2) N Bl < ez llglle@t
where ¢; € R, depends on p, 7, p and ¢, € R, depends on the same parameters as
¢y and on n.

Since 7 < s, from (2.2.20) it follows that

%1_1()%( sup g x5l Kf(ﬂ)) =0,

Eex(Q)
sup |G(z)NE|<t
z€Q

and sogE[zQ(Q). |

Combining Lemmas 2.2.6 and 2.2.7, we can obtain a new characterization of the

space l?{;(Q).

Lemma 2.2.8 Let 1 < p < +oo and s € R. Then [*(1;’(9) is the closure of the space

U L (Q) N KL(2) in K2(42).

TS
ProoOF — Fix g € fég(Q). By Lemma 2.2.6, g belongs to the closure of L . (£2) N

KP(Q) in KP(€2). Since L »(2) C |J LX(Q2), we easily deduce one of our assertions.

TS

In order to prove the converse statement, fix ¢ in the closure of |J L°(£2) N K?(Q2) in
TS

KP?(Q). Therefore for each € > 0 there exist 7 < s and a function g. € L*(2) N K?(Q)

such that

€
lg = gell ez < 5 (2.2.21)
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Obviously, from (2.2.21), for any E € %(£2) we have

€
||g XE| K?(Q) < H(g - ge) XE| K?(Q) + ||ge XE| KE(Q) < 5 + ||gs XEl KL (Q) - (2222)

On the other hand, from Lemma 2.2.7, we deduce that there exists ¢, €10, 1[ such

that for ¢ €]0,t,[ we obtain

€
K@) < 5
2

sup |ge Xz | (2.2.23)

Eex(Q)
sup |G(z)NE|<t
€N

From (2.2.22), it follows that

sup |9 X
Eecx(Q)
sup |G(z)NE|<t
€N

KP(Q) <€,

for any ¢t €]0,¢,[ and then g € [*({g(Q). [

We look now at the connections between the spaces ]*(Q(Q) and ]%E(Q) or [N(?S’(Q)

Lemma 2.2.9 Let 1 < p < 400 and s € R. Then [O({;(Q) C Iz’f;'(Q).]f moreover
lim p(z) =0, then K?(Q) = K?(Q).

|| =00

PROOF — We observe that C5°(2) is a subspace of L° . (2)NKP(2). So, from Lemma

2.2.6, we easily deduce that ]O(Q(Q) C }*(7;(9).

Suppose now that ‘ |lim p(x) = 0.From Lemma 2.2.5 we know that the closure of
x| —+00

U L(Q) in KP(Q) is a subspace of [%IS’(Q) This assertion and Lemma 2.2.8 complete

TS

the proof. [ |
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Now we give a condition on weight function p so that a function g in K?(2) is in

K?(Q).
Lemma 2.2.10 Let 1 <p < +oo and s € R. If p € L™(12), then ]*(Q(Q) C K?(Q).

PROOF — Since p € L>®(Q), then L. (2) C LF(2). The statement easily follows

from Lemma 2.2.6. [ ]

We define now [*(T’(Q) in the same way of the space K?(Q) (see 2.2.9) .
From Lemma 2.2.9 we have

KP(Q) € KP(Q) (2.2.24)

and if p € L>°(12) then from Lemma 2.2.10 one has
K?(Q) C KP(Q) (2.2.25)

We want to show, with some counterexamples, that the two inclusions in (2.2.24) and
(2.2.25) can be strict.

For semplicity we will assume in the following that G(z) = Q(z), Vx € Q.
Example 1
Let

2+ |x]
4+ x|

Q:{xGRQ:x1>1,O<x2<x1}, prxre)— (2.2.26)

We remark that
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where the function o(z) = 1+ %|z| € A(Q) for any = € Q (see 2.1.2). Hence from
(2.1.4) we have that the function p € A(Q).

Let us consider the function

(2.2.27)

We have

In fact, since the functions g and p belong, obviously , to the space L>°(€2) and the
imbedding (2.2.6) holds, one has

L®(Q) — LF(Q) — K'(Q)

Hence

g€ L¥(Q) N KY(Q)

and from Lemma 2.2.7 we obtain that g € [*(1(9)

We want to show now that g ¢ [%1((2)

We remark that

2+ |z
4+ |x|

2
1Q(z)| = p*(x) = ( ) Lo < |zl < V22 Yz eQ

and

<glx)<1l, Ve (2.2.28)
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We have
2+ |2\
g(y)dy ~ |Q(z)| ~ ( ) : (2.2.29)
/Q(a:) 4+ |z]
Hence
|z|— +oo

Using Lemma 2.2.4 with s =2, n =2 and p =1, we deduce that g ¢ [O(l(Q)
Example 2

Let t €]1,400[, Q={z€R*: 0<a; <1, 0<az <zi}and p(z) =1xf.
Evidently, p € A(Q2)N L>(£2) (see, also Example 1 of A. Canale, L. Caso, P. Di Gironimo
[11]) . Moreover for a fixed 6 €0, 7[ and for any x € €, there exists Cy(z) such that
Cy(z, p(x)) € Q. Let Q(z), x € Q, be the open subset of R? union of the open cones
C' cC Q with height p(z), opening 6 and such that x € Q).

If we consider the function
ot xE€EQ— 2|, a€eRy,

we have

Ja € KYQ), if0 <a< 2t,
gu € KN (Q)\ K(Q).

Since p € L>(2) and Q is a bounded open subset of R?) from Lemma 2.2.9 one has

KP(Q) = KP(9). (2.2.30)
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We remark that, obviously, it holds

g€ KP(Q) & ge KP(Q) and lim [[g]|z2(@) = 0, (2.2.31)
and
1
1Q(z)| = p(z) = Zﬁt ~z[*, Vreq. (2.2.32)
We have
/ 9a(y) dy = 7% Q)] ~ 2| VzeQ. (2.2.33)

From (2.2.31) and (2.2.33) we deduce that
G €EKYQ) & 0<a<2t, (2.2.34)

so from (2.2.30) we obtain that g, € I?l(Q) for any 0 < av < 2t.

On the other hand for all E € () we have
/ o) dy ~ 272 |02) N E| ~ p2(2) [Qx) N E|, YeeQ  (2.2.35)
Q(z)NE

from (2.2.35) and Lemma 2.2.1 we deduce that go; € }}1(9) :

2.3 Decompositions of functions in [}@(Q), [*(Q(Q), [%@(Q)

We now introduce some continuous functions related to the characterizations of the
subspaces of K?(£2). We will assume in the following that p € [1,4+00] and s € R.

Let g € [N({;(Q) We define modulus of continuity of g in IN({;(Q) amap WP[g] : Ry — R,
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such that
sup |9 Xl xzc) < W2lgl(h)
E€x(Q)
sup |G (x)NE| <1/h
zeq P (@)

(2.3.1)

; P _
i 32[g)(h) = 0.

Let g € [z'ffj(Q) We define modulus of continuity of g in [?{;(Q) amap wP[g] : Ry — Ry

such that
K@) < wP[g](h)

sup |9 Xg|
Ecx(Q)
sup |G(z)NE|<1/h
e

(2.3.2)

. *p —
i S2[g](h) = 0.

Finally, let g € I%’;(Q).We call modulus of continuity of g in [O(Q’(Q) a map w[g] :
N — N such that

10 =) gl + s g v lzcoy < G2l
S

sup |G(z)NE|<1/h
zEe

(2.3.3)

lim w?[g](h) =0,

h—-+o00

where 9, (h € N) are defined in (2.2.1).

Let us now show!” that any function ¢ which belongs to one of the previous subspaces
can be expressed as a sum of two particular functions. As said in the introduction, in
these decompositions the first function is less regular than the second function and it

can be controlled by means of a continuous modulus of the function ¢ itself.

17See L. Caso, R. D’Ambrosio [16].
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These decompositions involve the modulus of continuity and the characterizations of
such subspaces.

Lemma 2.3.1 Let g € }N(é’(Q); then, for any h € R, we have

g=g,+g, inQ, (2.3.4)
with gy € L°(Q) and
lgpll ez @y < &2[g)(R), gz < 7 gl ke b7 (2.3.5)
where v is given in (2.1.1).
Proor — Fix h € R, and set
Eyp = {z € Q[ [p*(x) g(2)| = 7" |gll iz h#} - (2.3.6)

We observe that

G) N EW| 1 / ‘ rwey) P <
G’(x)ﬁEh

P () P (@) Ve gl @) hr B
(2.3.7)
PP " () / 1
T lg(y)P dy < .
ngig’(g) h G(z) h
If we define
, g ifx e E) " 0 ifx e E)
9h = 9Xg, = 9 =9 — 9Xg, =

0 ifxEQ\Eh, g ifIEQ\Eh,
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in view of (2.3.6) and (2.3.7), we obtain the result. |

Lemma 2.3.2 Let g € }*(é’(Q); then, for any h € R, we have
g=¢,+e, inQ, (2.3.8)
with ¢} € Lg‘j%(Q) and
Iz < 21l Il yor <7 lollz b (239

Proor — For any h € R, we set

s—n s—n 1
Fp={zeQ||p" » @) g@)] > 7" gl xre h>}, (2.3.10)
and observe that
=% P
Gx) N Fi < / L)y,
c@nr, e gl ke ) b
(2.3.11)
p " () / 1
T — lg(y)[Pdy < .
ngi{g(ﬂ) h G(z) h
Now, if we define
, g ifx € F), // 0 ifx € Fj,
Yh = 9 Xp, = Yh =9 = 9Xp, —
0 ifLUGQ\Fh, g if&lEQ\Fh,

by (2.3.10) and (2.3.11) we deduce the result. |
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Lemma 2.3.3 Let g € ]o({j(Q); then, for any h € N, we have

g=q¢), + ¢ in Q, (2.3.12)
with
o _gin s—n 1
160l kp ) < wElgl(h), |67(2)] < ¥n(x) p~* % (2) V75 ||gll ko R
(2.3.13)

and where ¥y, is given in (2.2.1).
PROOF — Let us write for any h € N

g if.TEFh

Gh =91 —vn) +¥ngx,, =
g(l—wh) ifIEQ\Fh,

y 0 if x € F},
= Un (9= 9Xs,) =
glph ifIGQ\Fh,

where F}, is defined by (2.3.10). Using (2.3.11) and (2.3.10), we deduce the result also

in this case. n

2.4 Imbedding and compactness results

In this section, as application, we study the operator of multiplication

u— gu, (2.4.1)
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as an operator defined on a weighted Sobolev space W¥P?(Q) and which takes values
in L2(Q) with suitable r € [1, +o0[ and ¢ € [p, r[. We give conditions on 2, k, p, s, g,
r and ¢ in order that the operator is bounded and compact. The obtained estimates

are in L. Caso, R. D’Ambrosio [16].

We consider the following condition on €2

h1) There exists § €0, 5[ such that

Ve ACy(z) : Cy(z,p(z)) C Q,

where Cy(z) is an indefinite cone with vertex at x and opening 0, and Cy(z, p(z)) =
Co(x) N B(z, p()).

Remark 2.4.1 We observe'® that if, for example, p € L®(Q), and there exists an

open subset 2, of R™ with the cone property such that

QcQ,, o0\ S, C 09,,

then the condition hy) holds. |

Remark 2.4.2 We note that if the condition hy) holds, fized a weight function p €
A(Q) it’s possible to find a continuous weight function in A(S) which is equivalent to
p (see Remark 2.1.2).

For any fixed = € Q we denote by Q(z) the union of all open cones C' with opening 6
and height p(x) such that C' CC Q and x € C. For simplicity, we will assume in the

following that G(x) = Q(z), Vo € Q.

18 See Remark 3.1 in L. Caso, M. Transirico [18].
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For reader’s convenience, we recall the following Lemma needed in the sequel. It is a
particular case of a more general result proved in Lemma 3.4 of S. Boccia, L. Caso [7]

for continuous weight functions belonging to A(f).

Lemma 2.4.3 Suppose that condition hy) holds and fix a function ¢ which verifies
the following conditions:

o(z) >0 Vr € Q

ApeRy ploly) <o) <pply) VoeQ, VyeQ(a).

then for any p,q € [1,+oo[, with ¢ > p, there exist ¢y ,co € Ry such that

/Qw(:c) p" (@) [[ul[ Lo 4o = e /Qw(ﬂi) u@)|P dx, (2.4.2)

q

/Q@Z(x) P~ " () [[ullT @y 4T < 2 </Qg0(:z:) lu(z) [P dx)g : (2.4.3)

for any u € £ (Q\ S,), where ¢; depends on 0,n,p,c’ and ¢y depends on n, u, ¢”,p

and q.(We specify that ¢’ and ¢" are the constants of Remark 2.1.2.)

For each fixed x € (), we consider the map

\Il’”:yEQ—>\I/x(y):3:+y_x.

By construction the set 2*(x) = W*(€2(z)) is an open set with the cone property with
opening and height independent of x. In the following for any function f defined on

Q) we write

fr=(f) 1 2€ Q) = f(2) = fz + pla)(z — 2)).
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Fix s € R and let k, r, p, ¢ be real numbers such that

S | =
S|

hs) keN, 1<p<q<r, r>q ifpz%,

< |
vV
D | =

Let u € WEP(Q); we observe that for any multiindex of order |a| = k, we have
0%u*(2) = pl*l(2) 0*uly), z=V(y).

By (2.1.7) and (2.1.8), we deduce that u* € W*P(Q*(z)). Consequently, from Sobolev

imbedding theorem we also obtain that u* € Lﬁ(Q*(x)) and

||U*||L,?TZ(Q*($)) < o [[utl[wrre (@) » (2.4.4)

where ¢, € R, depends only on n, k, p, ¢,  and on the cone determining the cone

property of Q*(x).

We now establish our main result .

Theorem 2.4.4 Suppose that conditions hy) and hy) hold. For all uw € W*?(Q) and

for all g € Kis+k+n(l—l)(Q) we have gu € LI(2). Moreover there exists ¢ € Ry such
q p

that

lgullzay < cllgllxr

7s+k+n(%7%)

(®) ||u||Wsk‘p(Q) ) (2.4.5)

where ¢ depends on n, k, p, q, r, p and 6.

PROOF — Let u € WF?(Q) and g € Kis—&-k‘-i—n(l—l)(Q)' Using the Holder’s inequality,
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we obtain

r—q

q
/ lg* u*|7dz < (/ |g*|sz>r : (/ |u* |7 dz) o
*(@) Q*(x) Q*(x)

Thus in view of (2.4.4) there exists a constant ¢; € Ry, depending on n, k, p, ¢, r

and on the cone determining the cone property of Q*(x), such that

q

/ lg"u|dz < ¢y (/ lg*|" dz) . ”“*H%Vk,p(ﬂ*(x)) : (2.4.6)
Q*(x) Q*(x)

Then, converting back to the y-variables (z = U*(y)) and using (2.1.1), we obtain

p‘"(x)/ lgul?dy <
Q(x)

c2p” 7 () (/Q(a:) \g\’"dy>z ' [ @ @) ol ] ’

|| <K

where ¢; € R, depends only on n, k, p, q, v, p and 6.

Integrating the above inequality over €2, we obtain
L7 @ gl do < (2.4.7)

—s n(i-1y_n a s+|al—k)— e
e [ (D @) ) [ 2 @) [0l ] o

| <k

Using (2.4.2) of Lemma 2.4.3 to the left hand side we have

lullney = [ louldz < o [ 570 @) lgulluado < (248
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s n(i-L)y_n s+|a —n o
crsup (0D @) lgllray) 30 [ @) 0l

la|<k

cilller X [ 1l

M(;,;) ol <k

where c3, ¢4 € R, depend on the same parameters as cs.
Now applying the (2.4.3) of Lemma 2.4.3 to the last side of previous inequality, we

finally obtain

lgullzaey < s llgllic- oD /p“*'a"“ |8°‘u|pdx> . (24.9)

la|<k

where ¢5 € R, depends on the same parameters as co. The result easily follows from

(2.4.9). n

We observe that, under conditions hy) and hy), if u € WFP(Q) then, from Theorem
4.4 of S.Boccia, L. Caso [7], u € Lz—k—n(l_l)(Q)'
In the following result we prove an upper bound on the operator of multiplication in

the case g € KTS%M( 1)(Q) :
p

Corollary 2.4.5 If conditions hy) and hy) hold, then for any g € K’ " etkn(d 1)(Q)

q P
and h € R there exists a constant c; € Ry, depending onn, p, s, k, p, q, |||k~ 0
—s+k+n
such that
~ 1
gl < ¢ 37 g L0 Ty + o1 W ulzz |, . (2410

for each function u € WFP(Q), where ¢ € R, is the constant in (2.4.5).

ProorF — Fix g € K (Q).By Lemma 2.3.1 and Theorem 2.4.4, for any

—s+k+n (1



48 2. Weighted spaces and weighted norm inequalities on irregular domains

u € WEP(Q) it follows that

lgullza) < gy ull L) + [lgh vllLaq) <

cllghlleer @ lullye )+ llog ull o) <
P

+hn(L

(2.4.11)
¢ ns 1B Tl oy + g el ey <

~

r 1
W a9l () lullygpnig) + e hr HUHLZ_k—mé—%)(Q) '

In the next Corollary we prove a different bound on the same operator of multiplica-

tion in the case g € K—s+k+n(§—%)(9) .

Corollary 2.4.6 If conditions hy) and hy) hold, then for any g € }%is—f—k—&-n(l—l)(g)

and h € N there exist a constant ¢ € Ry, depending on h,n, p, s, r, k, p, q,

gl xr @), and an open set A, CC ) with the cone property, such that

—s+ktn(2-1)

o, 1
lgullzae) < c-w thn(l-1 [9](h) - l[ullyyrr gy + e - h - JlullLaca,) (2.4.12)

—S8

for each function u € W*P(Q), where ¢ € R, is the constant in (2.4.5).

ProOOF — Fix g € [%Cs—i-k—i-n(l—l)(Q) and h € N. By Lemma 2.3.3 and Theorem 2.4.4,
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for any u € WF?(Q) it follows that

lgullLa) < ¢, ullLa) + 1) vllLaq) <

/
C ||¢hHK15+k+n(%*%)

@ * [ullyrr gy + 195 wllLa) < (2.4.13)

(o}
T

5 s 910 Tl + 18 ullin

According to Lemma 2.3.3 we also have

Q|

|—s+k+n(-2)-n

1 s—k—m(i-—L1)ypn
160 oy < A G g IMmM(/WMpk %ﬂﬂuvm)
—atkAn(g =) Q

1

1 (il _1_1 a

CQhT (/ ‘ps k n(q p T u|qdflf) s
supp ¥,

where ¢; € R, depends on n, p, s, k, p, ¢ and ||g||x~ a1 @) So, from (2.1.8), we
—s+k+n P
deduce that there exists c3 € R, , depending on the same parameters as ¢, and on h,

such that

1
||¢lfiu||Lq(Q) S Cc3 - hr . ||u||Lq(suppwh)- (2414)

Now fix dj € |0, BLEWLUID 459 g €0, T[ Let Ay, be the set of R™ union of
the open cones C' CC Q with opening 6, height dj, and such that C N suppv, # 0.
Therefore the result follows from (2.4.13) and (2.4.14). |

In the following result we prove that if g € [%Cs—f—k—&—n(l—l)(Q) then the operator of
q P

multiplication is compact.
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Corollary 2.4.7 Suppose that conditions hy) and hy) hold and fix g € IO(CS%JF”(;,;)(Q)

Then the operator
we WhP(Q) — gu e LI(Q) (2.4.15)

18 compact.
PROOF — First we observe that, in view of (2.1.8), if Q' CC ) is an open bounded

set, then the operator
u € WHP(Q) — uy, € WHP(Q)

is linear and bounded. Moreover, if €2’ has the cone property, by Rellich - Kondrachov

Theorem, we know that the operator
w e WHP(Q) — w e LIY)

is compact. So we deduce that, if ¥ CC Q is a bounded open set with the cone
property, the operator
uwe WHP(Q) — ue LYY

is compact.
Let (un)nen be a bounded sequence in WHP(Q) and let M € R, be such that

)(Q) and h € N, from Corol-
lary 2.4.6 we deduce that there exist ¢(h) € R, independent of n, and an open set

Ay CC Q) with the cone property, such that

o, 1
lgunllzay < e @l n)lgl(R) - unllyrs gy + c(h) - b - unl|zoca,) . (2.4.16)
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On the other hand, according to the above considerations, there exist a subsequence

(Um,, Jnen and v € N such that

o

U, — Umy || La < Vn,l>v. 2.4.17
| (llzacan) o) - ( )
From (2.4.16) and (2.4.17) we obtain, for n,l > v,

g ttme = gy < € @7y lol(h) - (2M +1). (2.4.18)

From (2.4.18) and (2.3.3) we deduce that (g w,, )nen is a Cauchy sequence in L7((2)

and so the operator defined by (2.4.15) is compact. [






Chapter 3

Some remarks on spaces of Morrey

type

In this chapter we deepen the study of some Morrey type spaces, denoted by MP*(2),
defined on an unbounded open subset €2 of R". In particular, we construct decompo-
sitions for functions belonging to two different subspaces of MP*(Q), which allow us
to prove a compactness result for an operator in Sobolev spaces. We also introduce

a weighted Morrey type space, settled between the above mentioned subspaces.

3.1 Some preliminary results

Let us recall the definition of the classical Morrey space LPA(R™)1.

Forn > 2, A €[0,n[and p € [1, +oo[, LP*(R™) is the set of the functions g € L7 (R")

loc

19 See, for instance, A.Kufner, O. John, S. Fucfk [40] and F. Chiarenza, M. Frasca [26] .

52
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such that

_A
||9||LM(R") = Sgg 77 |9l p(B(a,ry) < 00, (3.1.1)
zGRn

equipped with the norm defined by (3.1.1).

If 2 is an unbounded open subset of R™ and ¢t is fixed in R, , we can consider the space
MPX(Q,t), which is larger than LP*(R™) when € = R™. More precisely, MP*(Q, ) is
the set of all functions g in L (€) such that

loc

9]l arer ) = sup T M) gl Ly < 400, (3.1.2)
T7€|0,t
z€EQ

endowed with the norm defined in (3.1.2).
We explicitly observe that a diadic decomposition?® gives for every ¢;,t, € R, the

existence of ¢1,cy € Ry, depending only on ¢y, {5 and n, such that

e llgllamarn) < l9lamarm < e llglura@en), Y€ MPH Q). (3.1.3)
All the norms being equivalent, from now on we consider the space
MPAQ) = MPA(Q,1).

Moreover, we put

MPO(Q) = MP(Q)2. (3.1.4)

20 See Proposition 1.1.4 in P. Cavaliere [22].
2l For more informations about spaces MP(§)) and its applications to elliptic Pde’s,see
M. Transirico, M. Troisi [55],[56].
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It is easily seen that:

A— Ao —
MPOA(Q) < MPAQ) if p <py and n <20 n (3.1.5)
p Po

with A\, A\g € [0, n[. (See also L. C. Piccinini [48], A. Kufner, O. John, J. Fucik [40]).

For reader’s convenience, we briefly recall some properties of functions in LP*(R"™)
and MP*(€) needed in the sequel.
The first lemma is a particular case of a more general result proved in Proposition 3

of C.T.Zorko [64].

Lemma 3.1.1 Let (J,)nen be a sequence of mollifiers in R™. If g € LP*(R") and

lim llg (& = 9) = 9@l s ary = 0,

then
Rim g — Jn * gllorwry) = 0.
The second results concerns the zero extensions of functions in MP*(2)22.
Remark 3.1.2 Let g € MP(Q). If we denote by gy the zero extension of g outside

Q, then go € MPAR™) and for every T in ]0,1]

llgoll arrr®” 7y < crllgllarer,m)s (3.1.6)

where ¢; € Ry is a constant independent of g, Q2 and 7.

22 See also Remark 2.4 of M. Transirico, M. Troisi, A. Vitolo [58].
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Furthermore if diam() < +o0, then gy € LPA(R") and

g0l zer @y < callgllarer ), (3.1.7)

where co € Ry is a constant independent of g and ).

For a general survey on Morrey and Morrey type spaces we refer to A.Kufner,
O. John, S. Fucik [40], L. C. Piccinini [48], M. Transirico, M. Troisi, A. Vitolo [58] and
P. Cavaliere, M. Longobardi, A. Vitolo [23].

3.2 The spaces MP’A(Q) and MPA(Q)

This section is devoted to the study of two subspaces of MP*(£2), denoted by M PA(Q)
and MP*(Q). Here, we point out the peculiar characteristics of functions belonging
to these sets by means of two characterization lemmas?.

Let us put, for h € R, and g € MP*(Q),

Flgl(h) = sup  [lgXpllmra )

Eex(Q)
sup |E(z)|< +
z€EQ

Lemma 3.2.1 Let A € [0,n[, p € [1,+00[ and g € MP(Q). The following properties

are equivalent:

g is in the closure of L=(Q) in MP(Q), (3.2.1)
i Flgl(n) = 0. (322

23 See L. Caso, R. D’Ambrosio, S. Monsurrd [17].
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lim ( sup HgXEHMp,A(Q)) =0. (3.2.3)

h—+o00 EEX(Q)
sup A E(z,7)|<
zeQ

T€]0,1]

We denote by MP’A(Q) the subspace of MP*(Q)) made up of functions verifying one

of the above properties.

PROOF — The equivalence between (3.2.1) and (3.2.2) is proved in Lemma 1.3 of
M. Transirico, M. Troisi, A. Vitolo [58].Let us show that (3.2.1) entails (3.2.3) and
vice versa.

Fix ¢ in the closure of L>(£2) in MP*(€), then for each & > 0 there exists a function

ge € L>(Q) such that
£

. (3.2.4)

= YellMr2(Q)
g — ge|] <

Fixed E € ¥(2), from (3.2.4) it easily follows that

€
||9 XE||MM(Q) < H(g - gs) XE||MM(Q) + ||g£-: XE||MM(Q) < 2 + ||g€ XE||MM(Q) . (3-2-5)
On the other hand

_A
19e Xz llarpr ) = sup 7 2119 Xl r2,r)) <
T7€)0,

zeQ

(3.2.6)

1
19:l| 20y sup (7 E(z,7)|)7 .
e

l Cr=r]
hs 2 HQEHLOO(Q) ’

Therefore, if we set
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from (3.2.6) we deduce that, if sup 7 *E(z,7)| < -—, then

7€]0,1]
z€EQ

=l

19: X [ v (@) < (3.2.7)

Putting together (3.2.5) and (3.2.7) we get (3.2.3).
Conversely, if we take a function g € MP*(Q) satisfying (3.2.3), for any ¢ > 0

1
there exists h. € R, such that, if £ € %(Q) with sup 7 E(z,7)| < R then
7€]0,1] €
TEQ

g XEHMM(Q) <e.

For each k € Ry we set

E,={zecQ||g(x)| >k},

Observe that

_A
19l a2 ) = sup 7 29/l Lo By (r)) =

TEN

(3.2.8)

k sup (7 Ey(w, 7).
75]60521]

Therefore, if we put
1

ke = llgllvoryh?

from (3.2.8) it follows that

sup 7 By, (z,7)| <
T

)=

and then

19 Xz, neriy <e- (3.2.9)
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To end the proof we define the function g. = g — gx,, .Indeed, by construction,

g- € L>(Q) and by (3.2.9) one gets that ||g — gc|| s 0) < €. |

Remark 3.2.2 It is easily seen that** if g € Mp’)‘(ﬂ), then

L [|g|are 0. = 0-

Now we introduce two classes of applications needed in the sequel.

For h € Ry we denote by ¢}, a function of class C5°(R") such that
0<¢ <1, Chigs = L supp ¢, C B(0,2h). (3.2.10)

The second class is made up of the applications 1y, defined in (2.2.1), for h € R Tt
is easy to prove that 1, belongs to C2°(Q), for any h € R,.Moreover (2.2.2) holds

for any h € R,.

Lemma 3.2.3 Let A € [0,n[, p € [1,+o0o[ and g € MP(Q). The following properties

are equivalent:

g is in the closure of C°(Q) in MP*(Q), (3.2.11)
im (11~ G ey + Plalh) =0, (3:2.12)
i (101 = ) gllaeaey + Flal(h) = 0. (3:2.13)
. . P
lim (| g|[apro, e+ lim ( sup T ”HgHLp(Q(x,T))) =0, (3.2.14)
=0 jal—-+00 \ rejo1)
g€ MPNQ) and lim ( sup T_%HQHLP(Q(Z-J))) = 0. (3.2.15)
lzl=400 \ 7€]0,1]

24 See also M. Transirico, M. Troisi, A. Vitolo [58].
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The subspace of MP*(Q) of the functions satisfying one of the above properties will

be denoted by MP*(0Q).

PROOF — The equivalence between (3.2.11) and (3.2.12) is a consequence of (3.2.2)
and of Lemmas 2.1 and 2.5 of M. Transirico, M. Troisi, A. Vitolo [58]. The one between
(3.2.11) and (3.2.14) follows from Remark 2.2 of [58]. Always in [58], see Lemma 2.1
and Remark 2.2, it is proved (3.2.11) entails (3.2.15) and vice versa. Let us show that
(3.2.11) and (3.2.13) are equivalent too.

Let us firstly assume that g belongs to the closure of C2°(Q) in MP*(Q).

Clearly, this entails that g is in the closure of L>(€Q) in MP*(Q), thus by Lemma

3.2.1 one has that

Jm  Flg](h) = 0.
It remains to show that
lim ||(1 = n) gllama@) = 0. (3.2.16)

h—+o00

To this aim observe that fixed € > 0 there exists g. € C2°(£2) such that
19 = gellarpria) < €. (3.2.17)
On the other hand, if we consider the sets €2}, defined in (2.2.3) for h € R, one has

O\, ={zeQ|lz[>h}u{zeQ]|alx) <1/}
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Therefore, since g. has a compact support, there exists h, € R,

(Q\Qh)ﬁsupng:Q) Vh=>h.

Then, since 15, = 1 one has that supp(1 — 1) C Q\ Qy, hence (1 — tp)g. = 0
YV h > he.

The above considerations together with (3.2.17) give, for any h > h.,

(1 =9n) gllamar) = (1 —=9n) (9 = g)larr) < g — gellpmre) < e,

that is (3.2.16). Conversely, assume that g € MP*(Q) and that (3.2.13) holds.
First of all we observe that, denoted by g, the zero extension of g to R", by (3.1.6) of
Remark 3.1.2 there exists a positive constant ¢;, independent of ¢, ¢, and of €2, such

that

(1 = %) Gollarrr@ry < cll(X = n) gllarar)-

Furthermore, by (3.2.13) we get that fixed € > 0 there exists h. such that

3

1-— : < —.
R

Therefore,

. (3.2.18)

DO ™

(1 —tn,) go”Mp,A(Rn) <

Set

q)s = ¢h5 o
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by construction

supp ®. C supp ¥n. C Qo (3.2.19)

Hence, taking into account (3.1.7) of Remark 3.1.2, one has that
®, € LPMR™). (3.2.20)

On the other hand, assumption (3.2.13) together with Lemma 3.2.1 give that g €

Mp”\(Q), then from Remark 3.2.2 we get

1 {|glarea 0,9 = 0.
So, using (3.1.6) of Remark 3.1.2 we have that ®. € MP*(R™) and
lim || @ [y ) = 0. (3.2.21)

Arguing as in Lemma 1.2 of F. Chiarenza, M. Franciosi [25], from (3.2.19) - (3.2.21)

we conclude that

lim 9. (2 = ) = @.(2) o) = 0.

We are now in the hypotheses of Lemma 3.1.1. Hence, denoted by (J), cN & sequence

of mollifiers in R", we can find a positive integer k. > h. such that

€
[P — Tk * el Lor @y < 3 (3.2.22)
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Set g. = Ji. * ®. one has g. € C°(€2). Furthermore, using (3.2.18) and (3.2.22) we

get
lg — gs||MM(Q) < 9o — J. * q’a“MM(R") <
190 = @ellarpr@ry + | P — Tk, * el pprwry <
Hgo - @DhggoHMP’/\(R") + H(I)a - Jke * (I)EHLP»A(R”) <
€
101 = ) gollamaery + 5 <,
this concludes the proof . [

3.3 Decompositions of functions in M?*(Q) and M?*()

The characterizations of the spaces MP*(€2) and MP*(Q) naturally lead us to the
introduction of the following moduli of continuity.
Let g be a function in Mp”\(Q).A modulus of continuity of ¢ in MP’A(Q) is a map

oPAg] : Ry — R such that

(3.3.1)
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If g belongs to MP*(Q)), a modulus of continuity of g in MP*(Q) is an application

ob?g] : Ry — Ry such that

(1 = Cn) gllarene + Flgl(h) < od*gl(h)
(3.3.2)

. A _
Jim22g)(h) = 0.

Let us show now the decomposition results?®. Also in this case, any function g in
MP’A(Q) or in MP*(2) can be written as the sum of two functions : the first function
is less regular than the second and it is controlled by means of a continuity modulus

of the function g itself.

Lemma 3.3.1 Let A € [0,n[, p € [1,+00] and g € M”’A(Q).For any h € Ry, we

have
9=9n+ 9, (3.3.3)
with g, € L*>(2) and
~ 1
||g;L||Mp*)‘(Q) < Um[g](h% ||9Z||L°°(Q) < hp||9||MM(Q)- (3.3.4)

PROOF — Given g € MP*() and h € R., we introduce the set

Ep={z e Q|lg(@)| = hr[lgllamr) ;- (3.3.5)

25 See L. Caso, R. D’Ambrosio, S. Monsurrd [17].
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Observe that

p
Eno)l < Lol o
Qz)NER HgHMp,A(Q)h
(3.3.6)

1 / 1 7)\ 1

‘()|pdy_—supr gll¥ =

PP 19T orgeyh el l91% @y = 3

Set
, g ifz e E, , 0 itx € By,
gh:gXE - gh:g—gXE —

" 0  ifzeQ\E, " g ifzeQ\E.

In view of (3.3.6)

197 llar @) = 119 X, arracy < Flgl(h) < o™ [g](R)

this gives the first inequality in (3.3.4), the second one easily follows from (3.3.5). m

Lemma 3.3.2 Let A € [0,n[, p € [1,400[ and g € MENQ). For any h € Ry, we

have
9= ¢+ &, (3.3.7)
with

||¢Z||MM(Q) <o, ’A[g](h)u D] < G h ? (gl are. A(Q) - (3.3.8)

PrROOF — To prove this second decomposition result we exploit again the definition

of the set Ej, introduced in (3.3.5) and inequality (3.3.6). In this case, for any h € R,
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we define the functions

;L B )y ifze by
=91 —C)+ChgXp =
g(l_<h> ifiIZ’EQ\Eh,

" 0 ifx € E),
=G (9= 9Xg,) =
gCh lfﬁUGQ\Eh

To obtain the first inequality in (3.3.8) we observe that (3.3.6) gives

&% larrr @) < Mlg (L = G)llarmar) + 1Ch 9 X, [arr @) < M1 (1 = G)llammr )+

19 Xz, larer @) < lg (1= Gu)llarer() + Flgl(h) < a[g](h).

The second one is a consequence of (3.3.5). |

3.4 A compactness result

In this section, as application, we use the previous results to prove a compactness
result for a multiplication operator defined on Sobolev spaces W*?(Q) and which

takes value in a suitable Lebesgue space.

To this aim let us recall an imbedding theorem proved in Lemma 2.2 of P. Cavaliere,
M. Longobardi, A. Vitolo [23], which gives a boundeness result for such multiplication

operator when 2 = R".
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Let us specify the assumptions:
hy) Q) is an open subset of R" having the cone property with cone C,

the parameters k, r, p, g, A satisfy one of the following conditions:

1 1 k
hs) keN, 1<p<g<r<+4oo, 0<A<n, y=-——+->0,
¢ p n

Withr>qwhenp:%>1and)\:O,andwith)\>n(1—7’7)When7’7<1;

hs3) k=1, 1<p=qg<r <n, A=n—r.

Lemma 3.4.1 Under hypothesis hy) and if hy) or hs) holds, for any u € W*P(R")
and for any g € M™(R") we have gu € LY(R"). Moreover there exists a constant

c1 € Ry, depending on n, k, p, q, r and X such that
lg ullzaemy < e llgllyprngmy lwllwrs e - (3.4.1)

PROOF — If (h3) holds, we deduce the result from a theorem of C. Fefferman [29]° .
Otherwise, we have to consider the two different cases: A =0 and A > 0.
In the first case, by assumptions, we have that r~ > 1, from which

r—q.
rq —np

n — kp

26 The result can be also deduced from a theorem of F.Chiarenza, M. Frasca [26] which is a
simplified proof of an imbedding theorem by C. Fefferman [29], for more details see P. Cavaliere [22].
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Let u € W*P(R™), from Sobolev imbedding theorem we also have that u € L%(R”)
and

where ¢y € Ry depends only on n, k, p, ¢, r and on the cone determining the cone

property of R"™.

Then, using Holder’s inequality and the (3.4.2) we have

r—q

q
T qr r q
[ dgutraz < ([ talras) ([ 1 #de) ™ < callolfoee ol

Using (3.1.4) and the imbedding of the space M™(R") in M"(R"),we deduce the

result.

In the second case (i.e. A > 0), we observe that there exists ¢, such that
n—A<e<nrvy, € <n. (3.4.3)

In fact, if 7y > 1, we can take ¢y € [n — A\, n[, if 7y < 1 then, by assumption, we
have

n—A<nry<n

and again there exists €y satisfying (3.4.3). Let us consider the following application

1

H:geMR") — sup (/ lg()[" [ =yl dy) "
«cR" Bi(z)
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It is bounded application, in fact

[ lewr =y = Y f )" 2 =3l - o | "y
Bi(x B

keN (z,27k+t1)\B(z,27F)

I Neo 1\
(o) (), o
2 1) () f e 0

< gfotA (Z 2<"—H°>’“> lgllhrrgry » Yz €R™.
keN

From previous inequalities it turns out that

H(g) < csllgllarr@ry (3.4.4)

where c3 depends only on n, r, X\ and €.

Moreover, from Theorem 1 of M. Schechter [50] we obtain

lgullzawny < ca H(g) [[u|lwer @y,

where ¢, depends only on k,p, ¢, and €. Using (3.4.4) in the previous inequality we

deduce (3.4.1). m

In M. Transirico, M. Troisi, A.Vitolo [58] (see also R.A.Adams [2], E. M. Stein

[54]) the following result has been shown

Lemma 3.4.2 For every open subset € of R"™ having the cone property with cone C'
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and every dy € Ry there exists a sequence (§2;);en of open subsets of R"™ such that

€N
i3) there exists m € N such that every collection of m+1 elements of the sequence

(Qi)ien  has empty intersection ;
i4) 4, 1 € N, has locally Lipschitz boundary with Lipschitz coefficient depending

only on C' ;

i5) for each i € N, there exists a linear extension operator
E; - WFP(Q) — WFP(R™), k€N, pell,+oo],
such that
HEz‘(U)HWw(R") < CQHUHW’V»P(QZ-) )

where co depends only on n,p,m,k, C,dy.
Remark 3.4.3 We remark that*” if Q0 is an unbounded open subset of R™ having the

cone property and Fy = {$;, i € N} is a sequence of open subsets of R" satisfying the

properties of Lemma 3.4.2 for any fived dy € Ry, then

S [ s[5, vrero 3.45)

ieN

2T See Proposition 2.0.3 in P. Cavaliere [22].
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where m € N satisfies i3).

We recall now an imbedding theorem proved in Theorem 3.2 of P.Cavaliere,
M. Longobardi, A. Vitolo [23], which gives a boundeness result for multiplication op-

erator when 2 # R".

Theorem 3.4.4 Under hypothesis hy) and if hy) or h3) holds, for any u € WHP(Q)
and for any g € M"™(Q) we have gu € L%(Q). Moreover there exists a constant

c € R, depending on n, k, p, q, r, A and C', such that
lg ullza@) < cllgllama@) lullwrr) - (3.4.6)

PROOF — Since  has cone property, fixed dy € |0, 1], from Lemma 3.4.2 there
exist a sequence (£2;);en of open subsets of R" and a sequence (E;);cny of linear
extension operators which satisfy the properties of Lemma 3.4.2. Moreover we recall
(see Remark 3.1.2) that, if g € M™*(Q), then the zero extension gy of g outside Q

belongs to M"™*(R") and the following estimate holds:

gollarra@y < collgllarmaey

where ¢y depends only on n,r and \. Since

ol < 3 | laul’ =

ieN

3 / e 90l* [ B (W),
Rn

ieN
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using Lemma 3.4.1, (i5) and Remark 3.4.3, it turns out that

gl < (eo e llallin @y (D I e ger) <
ieN

S (Co C1 Cg)q”gH(]Iwr,)\(Q) <Z||U’||Wkp )

ieN

< (cocrca (m =+ 2)) |91l 0y lNulliyrn(e) -

this concludes the proof . [ |

Putting together Lemma 3.3.1 and Theorem 3.4.4, we easily have the following result?®

Corollary 3.4.5 Under hypothesis hy) and if hy) or h3) holds, for any g € MT”\(Q)

and for any h € R, we have
1
gl < c- 5 gl0) - [ullwso) + 1 - lglaro - ey, (34.7)

for each uw € W*P(Q), where ¢ € Ry is the constant of (5.4.6).

ProOOF — Fix g € M’”’)‘(Q) and h € R;. In view of Lemma 3.3.1 and Theorem 3.4.4

for any u € W"P(Q) we have

lgulla) < llgh ullza) + [lgn wllLa@) <
cllghllarma@y - lullwesy + 1901z - Loy < (3.4.8)

~ 1
¢ " gl(h) - Nullwnoy + 7 - Ngllarma) - lullzo) - m

28 See L. Caso, R.D’Ambrosio, S. Monsurrd [17].



72 3. Some remarks on spaces of Morrey type

If g is in M (Q) the previous estimate can be improved as showed in the corollary

below.

Corollary 3.4.6 Under hypothesis hy) and if hy) or hs) holds, for any g € My (Q)
and for any h € Ry there exists an open set A, CC ) with the cone property, such

that

r 1
lgulliey < - o2 gl(h) - lullweny + b - lglhra - Nulloagay s (34.9)

for each uw € W*P(Q), where c € R, is the constant of (3.4.6).

PROOF — Fix g € MJM(Q) and h € R,. In view of Lemma 3.3.2 and Theorem 3.4.4

for any u € W"P(Q) we have

lgulla) < (|64 ulla) + (|94 ulla@) <

c ”%HMM(Q) : HUHW’W(Q) + | ZUHLQ(Q) < (3.4.10)
- agMgl(h) - lullwrr) + 164 ull Loy -

Using again Lemma 3.3.2 we obtain

1
1 q
|0 ullLay < lgllamago BT (/ ‘Chu}qu) <
Q

1
1 q
lolhwesatt ([ Jufrae)”
supp Cp,

Putting together (3.4.10) and (3.4.11) we get estimate (3.4.9), with A, obtained as

(3.4.11)
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follows: fixed dj € }O, W[ and ¢ €0, 7, the set Aj, is union of the open

cones C CC 2 with opening 6, height d;, and such that C N supp (;, # 0. [ |
We are now in position to prove the compactness result?’.

Corollary 3.4.7 Suppose that condition hy) is satisfied, that hy) or hs) holds and fix

g € MJN(Q). Then the operator
u € WHP(Q) — gu € LYRQ) (3.4.12)

18 compact.

PROOF — Observe that, if ' CC Q is a bounded open set with the cone property,

the operator

uwe WhHP(Q) — u e LIQY)

is compact.

Indeed, if Q' CC € is a bounded open set the operator
u € Wh(Q) — uy, € WHP(Q)

is linear and bounded. Moreover, since €’ has the cone property, Rellich - Kondrachov

Theorem (see, for instance R. A. Adams [2]) applies and gives that the operator

w e WEP(Q) — w e L)

29 See L. Caso, R. D’Ambrosio, S. Monsurrd [17].
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is compact.
Let us consider now a sequence (u, ),y bounded in W#P(Q) and let M € R, be such
that [|un|lwre@) < M Vn € N. According to the above considerations, fixed £ > 0

there exist a subsequence (u,,, )men and v € N such that
|ty — Un, || Loy < € Vm,l>v. (3.4.13)

On the other hand, given g € MJ*(Q) and h € R, in view of Corollary 3.4.6 there
exist a constant ¢ € Ry and an open set A, CC 2 with the cone property, independent

of u,, such that

T 1
l9wall oy < ¢+ 03 (g)(h) - utnlwiocay + 1 - gl - Nunlzagany - (3.4.14)

c-a;g](h)
he -\ gll prr o

From (3.4.14) and (3.4.13) written for ¢ = and Q' = A, for m,l > v

one has

19 Un,, — G Ung||zag) < ¢ ogMgl(R) - (2M +1). (3.4.15)

By (3.4.15) and (3.3.2) we conclude that (g uy,, Jmen is a Cauchy sequence in L7((2),

which gives the compactness of the operator defined in (3.4.12). [

3.5 The space ME’A(Q)

In this section we introduce some weighted spaces of Morrey type settled between

MPA(€2) and MPA(€2). To this aim, given d € R, we consider the set G(€2, d) defined
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in M. Troisi [61] as the class of measurable weight functions p :  — R, such that

p(z)

sup —= < 400. 3.5.1
z,y€eQ P(y) ( )

|lz—yl<d

We note that the definition (3.5.1) is equivalent to the following

sup |log plz) ’ < +00.
»yE0 p(y)
lz—y|<d

It is easy to show that p € G(£2, d) if and only if there exists v € R, independent on

x and y, such that

v o(y) < plx) <vply),  YyeQ, YaeQ(y,d) (3.5.2)

Furthermore, in S. Boccia, M. Salvato, M. Transirico [8] is proved that

p,p € LX(Q). (3.5.3)

loc

We put
() =J g(2.q).
d>0
It is easy to verify that the functions
p(z) = €'l p(z) = (1+|z})", (Vx e Q) (Vt eR) (3.5.4)

belong to the class G(Q).

Moreover, we observe that if p € A(€2) and inf p > 0 then p € G(9).
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Remark 3.5.1 We remark that if o € G(QQ) then for any b € R, and for any s € R

the function

is in G(Q).

In fact if o € G(Q) for any fized d € R, there exists a constant v > 1 such that
v lo(y) <o(z) <voly) Yy € Q,Vz € Q(y,d) .

Let
-5 ifs >0

S if s <0

For any y € Q and for any x € Q(y, d) , we have

A C)) vo(y) voly) v _
p(x) = Y < = < T boy) p(y) =7ply), (3.5.5)

() olw) vy _ _ vo) v!

1 +bos(z) — 14+vthos(y) — vi+vtbos(y) ot ply) =" ply).
(3.5.6)

From (3.5.5), (3.5.6) and (3.5.2) we obtain that p € G(£2) .
Moreover, it’s easy to prove that if s € [1,+o0[ and b € Ry then the function p €
L>(9). |

Further properties of the class G(£2) can be found, for instance, in M. Troisi [61] and

in S. Boccia, M. Salvato, M. Transirico [8].
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IfpegG),keNy,1<p< +ooand s € R we consider the space U*?(Q) of

distributions w on €2 such that p® 0% u € LP(Q) for |a| < k, equipped with the norm

||u||Uf’p(Q) = Z [p° 0% ul| Lo () - (3.5.7)

lal <k

We put
USP(Q) = LE() -

It can be proved that, for 1 < p < 400 and s € R, the space C§°(2) is dense in
Lr(9)%°. A more detailed account of properties of the spaces U¥?(£2) can be found, for
instance in M. Troisi [61]. The space just introduced is another example of weighted
Sobolev space.

From now on we consider p € G(2) N L*>*(2) and we denote by d the positive real
number such that p € G(£2,d).

The shown results are in L. Caso, R. D’Ambrosio, S. Monsurro [17].

Lemma 3.5.2 Let A € [0,n[, p € [1,+00[ and g € MP(Q). The following properties

are equivalent:

g is in the closure of L™ () in MP(Q), (3.5.8)
P
Jim sup lg XEHMM(Q)> =0, (3.5.9)
—+00 Eex(Q)
sup T Ap(a)|B(z,T)|<
€N
7€]0,d]
hlim < sup llg XE||Mp,A(Q)> = 0. (3.5.10)
——+00 Eex(Q)

sup p(x)|E(z,d)| <+
€N

30 See, for instance, D. E. Edmunds, W. D. Evans [27], M. Troisi [61].
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We denote by M gvA(Q) the set of functions satisfying one of the above properties.

PROOF — We start proving the equivalence between (3.5.8) and (3.5.9). This proof is
in the spirit of the one of Lemma 3.2.1. For reader’s convenience, we write down just
few lines pointing out the main differences.

If (3.5.8) holds, fixed £ > 0 there exists a function g. € L, (2) such that

P

5
g = gellamariey < 5 - (3.5.11)
From (3.5.11) we get that, for any E € ¥(Q),
€
lg XEHMIM(Q) < = +ge XEHMP,A(Q) . (3.5.12)
2

Furthermore, in view of the equivalence of the spaces MP*(€,d) and MP*(Q) given

by (3.1.3) and taking into account (3.5.2),

_A
192 X llaer ) < e1 9 Xl prar 0.0y = @1 sup 7 192 X5 | zr (@) <
7€|0,
€N

(3.5.13)

1 _ 1
177 ||gellz=, @ sup (17 p()| Bz, T)[)7
p 7€]0,d]

e

where c¢; € R, depends only on n and d. Hence, set

1 ( € )p
he 2¢cyyp ||ga||Li°l(Q)
p
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1
from (3.5.13) we deduce that, if sup 7 *p(z)|E(z,7)| < —, then

7€]0,d] h/
z€EQ

(3.5.14)

l\Dlm

19 X i | apr () <

Putting together (3.5.12) and (3.5.14) we obtain (3.5.9).
Now assume that g is a function in MP*(Q) and that (3.5.9) holds. Then, for any

1
£ > 0 there exists h. € R, such that, if £ € 3(Q) with sup 7 *p(z)|E(z, )| < R

T€]0,d] £
zEQ
then [|g x|l mrr0) <&
For each k € R, we define the set
—{zeQ|pr(@)|g(x) > k}. (3.5.15)

Using again (3.1.3), there exists ¢ € R, depending on the same parameters as ¢

such that

_2
HQHMM(Q) > Co HQHMM(Q,d) > Co SI]JOIZ] T "HQHLP(Gk(m)) >
T7€|0,

zeQ
(3.5.16)

_1 _ 1

ey vk sup (77 p(x) |Gy(x, 7))
7€]0,d]
zeQ

Therefore, if we put
;1
P 1] FYRYG)
e — )

C2
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from (3.5.16) we obtain

B 1
sup 7 p(x) |G (z,7)| < >
7€]0,d] c
€N
and then
19 X, Namrgey <€ (3.5.17)

We conclude setting g. = g — g X, -Indeed by (3.5.15) g. € L*, () and (3.5.17)
gives that ||g — gc||prar) <. ”

Arguing similarly we prove also that (3.5.8) entails (3.5.10) and vice versa. Indeed,
if g € MPA(Q) and (3.5.8) holds, we can obtain as before (3.5.12) and (3.5.13).

On the other hand, there exists a constant ¢z = c¢3(n) such that

sup (77 pl(z) - | Bz, 7)))» <

T€]0,d]
zeQ
o A=A A n=x
oy 5w 750 (@) - B - |Be )| < (3.5.18)
Ry
2 n=X
cs - |1pll f%e o S;]tg](p(l’) |E(x,T)|)
zeé

Putting together (3.5.13) and (3.5.18) we obtain

19e Xl arr ) <

(3.5.19)
1 T% n—\
a7 lgelliz, @ 1Py 3w (@)l B 7))
P T 3

zeQ
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where ¢4 = ¢1 - ¢3. Now, set

r € A
he o ’

1 5
2¢s77 [|gell o=, @) NPl o o
p

from (3.5.19) we deduce that, if sup p(z)|E(z,7)| < — then

1
T€]0,d] h’E
z€Q

3

19 X lnrre) < 5 (3.5.20)

From (3.5.12) and (3.5.20) we obtain (3.5.10).
Conversely, assume that (3.5.10) holds. We consider again the sets Gy, introduced in

(3.5.15). From (3.5.16) we get

_A 1 1
lglarma@) 2 e2 lgllamaa = c2d”» 77> ksup(p(x) |Gz, d)])?- (3.5.21)
e

Therefore, if we put

A o1oo

dr yvhs ||9||M1M(Q)

ka = y
C2

from (3.5.21) we obtain

1
sup () |G (¢, )| < -
e €

and then, (3.5.10) being verified,

19 X, llareri) < e (3.5.22)
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We conclude the proof setting g- = g — gx,, -Indeed, clearly g. € L>, () and

(3.5.22) gives ||g — gcllprr) < e |

Arguing in the spirit of §3.3, we want to obtain a decomposition result also for func-

tions in M?*(Q). To this aim we put, for » € Ry and g € MP*(Q)

Dlg](h) = sup 19 X 5|l a1r2 ()

Eex(Q)
sup p()| E(z,d)|<
zEQ

In view of the previous lemma, we can define a modulus of continuity of a function g

in M?*(Q) as a map o*[g] : Ry — Ry such that

Lemma 3.5.3 Let A € [0,n[, p € [1,+00] and g € Mg”’\(Q).For any h € Ry, we

have

g =+ ¢ (3.5.23)

with o) € L (Q) and

11
lehllama o) < o8 [g](R) lehllze, @ < ev? heliglamag),  (3:5.24)

P

where ¢ 1s a positive constant only depending on n,d,p and A and where ~ is that of

(3.5.2).
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PROOF — Fix g € M?*(Q), for any h € R we set

/ g ifx e Gy , 0 ifx e Gy
Yh = 9 Xq, = Yh =9~ 9Xg, =
0 if.CEEQ\Gh, g ifxEQ\Gh,

where

_1 1A 1
Gh={z € Q| p #(2)lg(@)l = v» d» h* |lgllprroa } -

The thesis follows the by (3.5.2) and (3.1.3) arguing as in the proof of Lemma 3.3.1 m

Let us show the following inclusion:

Lemma 3.5.4 Let A € [0,n[ and p € [1,4o0[. Then L>=,(Q) N MPNQ) C MPAQ),
Vae R+.

PROOF — For o« > 1/p, clearly L (Q) C L™, () and then (3.5.8) holds. On the

other hand, for & < 1/p we can show that if g € L> (2) N MP*(€), then (3.5.9)
holds. Indeed observe that, by (3.1.3) there exists a constant ¢; = ¢1(n, d) such that

for any E € 3(Q)

_A
||9 XE||MM(Q) <a ||9 X;;HMM(Q,d) =0 Sl]t]%] T ? ||9 XE||LP(Q(x,T)) <
T7€)0,
zeQ

A, 1
r lgllm ) sup 75" @B )]
T7€|0,

el
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Moreover there exists a constant c; = ¢3(n) such that

sup 77 p(2)| Bz, 7)[7 =
T

-

Sup] (7'_A p(x) |E(x, 7')|)a (7'_A |E(x, 7')|) o<

7€]0,d
zeQ

2™ V62) sup (7 pla) B2 7))
Ti]eog,zd]

Hence, fixed € > 0 and set

Q=

?

I ( 5 )
h e (1—a
: ¢ - v [|gllre=, () d' 932

1
we deduce that, if sup 7 *p(x)|E(z,7)| < 7 then [|gx,|lmrr@) <. |
T€]0,d] £
e

Now we can prove a further characterization of M2 (€2).

Lemma 3.5.5 Let A € [0,n[ and p € [1,400[. Then MP*(Q) is the closure of
U L=.(Q) n MPA(Q) in MPA(Q).

CMER+

PROOF — Clearly if g € M2*(2) by (3.5.8) one has also that g is in the closure of
U L=.Q) n MPA(Q) in MPA(9).

QER+
Conversely, let us prove that if g belongs to the closure of U L (QQ)NMPA(Q) in MP(Q)

aER.»,_

then (3.5.10) holds. Indeed, given € > 0 there exists a function g. € L (Q)NMP*(Q),

for an o € R, such that
£

19 = gellprr) <
2
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Hence, given E € 3(Q)

3
||9 XEHMN(Q) < ”(g_gs) XEHMM(Q) + ”gs XE||MM(Q) < 2 + Hgs XE”MM(Q)- (3~5~25)

Now observe that since g. € L, (Q) N MP*(Q) by Lemma 3.5.4 we get g. € MP*(€)

1
and therefore using (3.5.10) of Lemma 3.5.2 we obtain that if sup p(x) |E(z,d)| < 7
e

then

DO ™

19e X5l arr ) <

This, together with (3.5.25), ends the proof. [

A straightforward consequence of the definitions (3.2.11) of Lemma 3.2.3, (3.5.8) of

Lemma 3.5.2 and (3.2.1) of Lemma 3.2.1 is given by the following result:

Lemma 3.5.6 Let A € [0,n] and p € [1,+oc[. Then MP(Q) € M2A(Q) € MPA(Q).

Let us show that if p vanishes at infinity the first inclusion stated in the lemma

above becomes an identity.

Lemma 3.5.7 Let A € [0,n[ and p € [1,+oo[. If p is such that

lim p(x) =0, (3.5.26)

|z| =400

then MEPMNQ) = MPA(Q).

p

PROOF — We show the inclusion M?*(Q) C MPA(Q), the converse being stated in
Lemma 3.5.6. In view of Lemma 3.5.5, it is enough to verify that if (3.5.26) holds,

then L (Q) N MPMQ) € MP(Q), for any a € Ry.
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To this aim, given a € R, we fix g € L= () N MP*(Q) and we prove that (3.2.15)
is satisfied. Observe that by Lemmas 3.5.4 and 3.5.6 g € Mp’)‘(Q). Moreover, for any

x € Q and if 1 < d there exists a constant ¢ = ¢(n) such that

2 N A, 1
sup 7 7 [|gllzr @) Y9l @) sup TP p%(z) [z, )P <

7€]0,1] 7€]0,1]
(3.5.27)
LA (e} (03 (e}
¢y Nlglle=, @) Sup 77 () = e llgll, @p" ().
7€|0,
On the other hand, if d < 1, clearly one has
_2

sup 77 [lgllzr () = (3.5.28)

7€]0,1]

_2 -2
max{ sup T p”g”LP(Q(x,T))> sup 7 pHg”LP(Q(fEJ))}'
7€]0,d] T€]d,1]

We can treat the first term on the right-hand side of this last equality as done in
(3.5.27) obtaining

_A n—XA (6% (6%
Sup, T P gllr @y <d P ey |9l @p (), (3.5.29)
7€]0,

the constant ¢ = ¢(n) being the one of (3.5.27).

Concerning the second one, observe that for any = € Q and 7 €]d, 1] we have the
inclusion Q(z,7) C Q(z, 7), where Q(x,7) denotes an n-dimensional cube of center
x and edge 27. Now, there exists a positive integer k£ such that we can decompose

the cube Q(z,1) in k cubes of edge less than d/2 and center z;, with z; € Q for
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i=1,...,k. Therefore Q(z,1) C U B(z;,d/2). Hence for any x € Q and 7 €]d, 1] we

have, arguing as before with opportune modifications,

2 2 nex .
7 gl ey < A7 0 gl < kd 7 er®llglls, @p*(x),  (3:5:30)

the constant ¢ = ¢(n) being the same of (3.5.27).
The thesis follows then from (3.5.27), (3.5.28), (3.5.29) and (3.5.30) passing to the

limit as |z| — +o00, as a consequence of hypothesis (3.5.26). ]

From the latter result we easily obtain the following lemma:

Lemma 3.5.8 Let A € [0,n[ and p € [1,+00[. If p, 0 € G(Q) N L>®(Q) and

lim p(z)= lim o(z) =0,
e e ol —-+o

then MPA(€2) = M2 ().

Finally, we want to show with some counterexamples that the inclusions between the
spaces My () and MPA(Q) or M?PX(9) of Lemma 3.5.6 can be strict.
Example 3

Let 2 be an unbounded open subset of R* defined in (2.2.26) and

e Izl
We remark that
_ o(x)
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where o(z) = el € G(Q) for any z € Q.From Remark 3.5.1 we deduce that the
function p € G(Q) N L>(Q).

Let us consider the function g defined in (2.2.27). We have
g€ MyHQ)\ My (Q).

In fact, since the functions g, p and p~! belong , obviously , to the space L>°(2), one

has

g€ L% (Q) N M (Q)

so from Lemma 3.5.4 we obtain that g € M (Q).

We want to show now that g ¢ M, (). Using the estimate (2.2.28) we have

sup (7'_1||9||L1(Q(a;77))) ~ sup T=1. (3.5.32)
7-6]071] TE]O,l]
Hence
lim ( sup T_1|‘g||L1(Q(x’7—))) =1. (3.5.33)
[z] =400 \ 7€]0,1]

From (3.2.14) of Lemma 3.2.3 we can deduce that g ¢ M, ().
Example 4

Let © be an unbounded open subset of R* defined in (2.2.26) and

p:xe€Q— (1+ ]z
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Let us consider the function g defined in (2.2.27). We have
g€ M"(Q)\ My Q).
In fact, we remark that, obviously p € G(Q2) N L>(2) and
Ix|lir£r1w p(x) =0, (3.5.34)
In particular, from Lemma 3.5.7 one has

My'(Q) = M)(9Q). (3.5.35)

Since g € L®(Q) we have that g € M"!(Q).Using again (3.5.32), (3.5.33) and
(3.2.14) of Lemma 3.2.3 we can deduce that g ¢ M, (Q) . From (3.5.35) we have that

g9 & M,'(Q).
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