Abstract

In the study of several elliptic problems with solutions in a Sobolev space S(€2) (with
or without weight) on an open set €2 of R", not necessarily bounded or regular, it is
sometimes necessary to estabilish regularity results and a priori estimates for the so-
lutions. These results often rely on the boundedness and possibly on the compactness

of the multiplication operator
u—gu (i)

which is defined in S(€2) and which takes values in a suitable Lebesgue space LP(€2),
where ¢ is a given function in a normed space V. Hence, it’s necessary to obtain an

estimate of the following type :

lg ullzey < e~ llgllv - lullse (i)

where ¢ € R, depends on the regularity properties of {2 and on the summability
exponents, and ¢ satisfies suitable conditions.
If L is the differential operator associated to the corresponding elliptic problem, the

estimate (ii) allows us, for instance, to prove the boundedness of the operator L, when
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g is a coefficient of L.In some particular cases, it’s not possible to obtain certain reg-
ularity results for the operator L itself, because of its non regular coefficients. Hence,
there is the need to introduce a suitable class of operators L, whose coefficients, more

)

regular, approximate the ones of L. This “ deviation ” of the coefficients of L, from
the ones of L needs to be done controlling the norms of the approximating coefficients
with the norms of the given ones. Hence, it is necessary to obtain estimates where the
dependence on the coefficients is expressed just in terms of their norms (in this case,
for instance, there are no problems when passing to the limit). In other words, if ¢ is
a coefficient of operator L and g, is a coefficient of L, more regular, it’s necessary to
have a “ good control” of the difference g — g5,. The introduction of decompositions for
functions in suitable function spaces (where the coefficients of differential operator L
belong) plays an important role in this approximation process.

Having this in mind, our purpose is to construct suitable decompositions for func-
tions belonging to some specific functional spaces whose introduction is related to the
solvability of certain elliptic problems of above mentioned type. As application, we
want to study the boundeness and the compactness of an operator in Sobolev spaces
with or without weight.

Let F' be a Banach space and Fj be a subset of F', then we can consider the closure
C of Fy in F'.The idea of our decomposition is to split a function g € C' in the sum
of a “good” part g, which is more regular, and of a “ bad ” part g — g, whose norm
can be controlled by means of a continuity modulus of the function g itself.

In the first part of work we deepen the study of some weighted functional spaces
whose introduction is related to the solvability of Dirichlet problems for linear second

order elliptic equations in non regular domains and in weighted Sobolev spaces. As ap-
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plication, using some decomposition results for functions belonging to such weighted
spaces, we prove some weighted norm inequalities on certain irregular domains of R"
and the boundedness and the compactness of the operator (i) defined in a weighted
Sobolev space.

The structure of Chapter 1 and of Chapter 2 reflects the above purposes.

In Chapter 1 we describe some properties and applications of certain weighted Sobolev
spaces which represent the setting of our main results.

If k£ is non - negative integer, p is a real number, 1 < p < 400, €2 is a domain in
R"™ with boundary 0f2, o is a vector of non - negative (positive almost everywhere)
measurable functions on 2, which will be called weight, the weighted Sobolev space,
usually denoted by W*P(Q; o), is defined as the set of all functions u = u(z) which
are defined a.e. on € and whose generalized (in the sense of distributions) derivatives

0% of orders |a| < k satisfy
/ |0%u(z)[Poq(x) de < +00.
Q

In Chapter 2, we consider a class of weight functions denoted by A(€2) and the
corresponding weighted Sobolev spaces WF?(2) defined on open subsets € of R". More
precisely, a measurable weight function p : 2 — R belongs to the class A(Q2) if and

only if there exists a costant v € R, ,independent on x and y, such that
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v py) <plx) <vyply), VYyeQ, YreQnB(ypy))),
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For k € Ny, s € Rand 1 < p < 400, we denote by W*?(Q) the space of distributions

u on € such that p*+1*1=F 9>y € LP(Q) for |a| < k and equipped with the norm

lallyroy = D o 0% ull ey,

o<k

where p is a weight function belonging to the class A(2).

Moreover, in this Chapter we deepen the study of weighted functional spaces K| and
their properties.

Let r € [1,400] and t € R, we denote by K/ (Q2) the class of all functions g, locally

belonging to L"(€2), such that

SUp (pt‘%(w) IIQIILT(Qmb(x)))) < oo,

where the weight function p belongs to the class A(Q).It is easy to prove that the
spaces Lg°(2) and C°(Q2) are subsets of K7 (€2) (the space L°(Q2) is the space of
all functions ¢ such that p'g € L>®(Q)). Therefore we can define two new spaces of
functions [N(I(Q) and [O(I(Q) as the closures of L°(Q2) and C°(Q2) in K7 (Q).

We construct suitable decompositions of functions g € K 7(22) and of functions g €
K 7(2). Moreover, in the framework of spaces K/ (2), we study the operator (i) defined
on weighted Sobolev space WP(Q) and taking values in L?(Q) with appropriate
q € [p,r]. We give suitable conditions on p, ¢, s, 7, p, {2 and on the function g € K] (1)

so that the following estimate holds

lgullLaw) < - llgllxp@ - Nullyrrgy (i)
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Ifg € K ") or g € K 7(2), from (iii) we deduce boundedness and compactness
results for the considered operator. The use of our decompositions in these results
allows us to put in evidence how the bad part (g — g) of the function g in K 1(2) or
in [%’;(Q), affects the estimate.

In the study of the above mentioned Dirichlet problems on irregular or unbounded
domains, there is the need to put some conditions at the infinity on the lower or-
der coefficients of the elliptic differential operator. Such conditions are ensured, for
instance, by the assumption that the coefficients belong to space ]% 7(2). This also
gives the compactness of the operator (i).

In view of these last considerations, we put in evidence a new characterization of the
spaces K 7(2) by means of the introduction a new subspace of K} (£2), denoted by
K "(€2) . We state that under suitable conditions on the weight function p € A() the
space K 7(2) is settled between K 7(92) and K 7(22). In particular we give a condition
on the weight function in order to obtain that [?;(Q) = I%:(Q)

In the last part of work we want to deepen the study of spaces of Morrey type. Also
in this case, using some decomposition results for functions belonging to a suitable
subspace of a space of Morrey type we want to deduce a compactness result for the
operator (i) defined on Sobolev spaces without weight.

In Chapter 3 we analyze this aspect. Let 2 be an unbounded open subset of R",

n > 2.For p € [1,+o00[ and X € [0, n[, we consider the space MP*(Q) of the functions

g in L? (Q) such that

P _ - P
9oy = 50 7 [ o) dy < +ox,
75]605’21] QﬂB(l‘,T)
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where B(x,T) is the open ball with center x and radius 7.

This space of Morrey type is a generalization of the classical Morrey space LP* and
strictly contains LP*(R") when Q = R™. Its introduction is related to the solvability
of certain elliptic problems with discontinuous coefficients in the case of unbounded
domains.

In the first part of Chapter 3, we turn our attention to the density property of Morrey
type spaces. The example |2|A~"+1/P shows, the space L>°(£2) is not dense in the space
MPA(Q). So, it’s important and useful to give a new characterization of functions in
the closure of L>*(Q2) and C°(Q) in MP*(Q) (which are respectively denoted with
Mp’”\(Q) and MP(Q)). By means of such chacterization lemmas we are allowed to
construct suitable decompositions of functions in MP’A(Q) and MPNQ) .

The second part of Chapter 3 is devoted to the analysis of the following multiplication
operator

ue WHP(Q) — gu € LYQ)

with a suitable g greater than p and g belonging to a space of Morrey type MP*(Q). By
means of our decomposition results we are allowed to deduce a compactness result
for the above mentioned operator.

The deeper examination of the structure of M?*(Q) and of its subspaces lead us to the
definition of a new functional space, that is a weighted Morrey type space, denoted
by MPA(Q).In literature several authors have considered different kinds of weighted
spaces of Morrey type and their applications to the study of elliptic equations, both
in the degenerate case and in the non-degenerate one.

In Chapter 3 we consider another class of weight functions, denoted by G(f2), and
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we define the corresponding weighted space M 5’)‘(9). More precisely, let d € R, a
measurable weight function p : © — R, belongs to the class G(2, d) if and only if

there exists 7 € R, ,independent on x and y, such that

T p(y) < plz) <vply), VyeQ, VzeQ(yd).

We put
G(Q) = g(0.d).

d>0
Let p € G(2)NL>(R) and let d be the positive real number such that p € G(€2, d). Fix
a Lebesgue measurable subset E of Q, for p € [1,400[, A € [0, n[ we denote by M?*(€2)

the space of all functions g € MP*(Q) such that

lim ( sup ||gXE||Mp’)‘(Q)> =0,
h—+oc0 EEx(Q)

sup T Ap(x)|E(z,7)|< 1

e

7€]0,d]

We prove that the space M?(2) is settled between MPA(€) and Mp’)‘(Q). In partic-
ular, we provide some conditions on p that entail MZ™*(Q) = MPA(Q2).

We remark that the results of this work can be used in the study of elliptic prob-
lems. More precisely, the estimates obtained in Chapter 2 can be used, for instance,
in the study of some elliptic problems on irregular domains (i.e.domains with sin-
gular boundary) and in weighted Sobolev spaces WP to prove that the considered
operators (whose lower order coefficients belong to weighted functional spaces K7)
have closed range or are semi-Fredholm. The estimates obtained in Chapter 3 can be

useful, for instance, in the study of Dirichlet problems concerning elliptic equations in
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unbounded domains (whose boundary is sufficiently smooth) and in classical Sobolev
spaces to estabilish a priori estimates for differential operator whose lower order co-
efficients belong to spaces of Morrey type.

Moreover we put in evidence that the introduction of spaces K 7(€) and MP(Q)
offers new points of views in the approach to the study of some classes of elliptic

problems with discontinuos coefficients.



