Universita degli Studi di Salerno
DIPARTIMENTO DI SCIENZE ECONOMICHE E STATISTICHE

Rosa Ferrentino*

POINTWISE WELL-POSEDNESS IN VECTOR
OPTIMIZATION AND VARIATIONAL INEQUALITIES

WORKING PAPER 3.165
Luglio 2005

* Dipartimento di Scienze Economiche e Statistiche — Universita degli Studi di
Salerno — via Ponte Don Melillo — 84084 Fisciano (Salerno), rferrentino@unisa.it






ADSITACT -t e e e e e e e et e e e e e e e e e re e raaaaaaaaenaaa 3

INtrOdUCTION ... 5
1. Tykhonov well-posedness of scalar optimization problems and
variational Inequalities. .........coouerriieriiiiierieeee e 6
2. Well-posedness of vector optimization problems and of vector
variational ineqUAalIties ..........ccveeiieerieeiiieie et 13
3. Main 1ESUILS ..o 19

RETEIEIICES ..ot 26






Abstract

In this note we consider some notions of well-posedness for scalar
and vector variational inequalities and we recall their connections
with optimization problems. Subsequently, we investigate similar
connections between well-posedness of a vector optimization
problem and a related variational inequality problem and we
present an result obtained with scalar characterizations of vector
optimality concepts.






Introduction

The notion of well-posedness is significant for several
mathematical problems and in particular it plays a crucial role in
the stability theory for optimization problems. It is also important in
establishing convergence of algorithms for solving scalar
optimization problems and, in fact, it has been studied in different
areas of scalar optimization, such as mathematical programming,
calculus of variations and optimal control.

Two different concepts of well-posedness are known. The first, due
to J. Hadamard, requires existence and uniqueness of the optimal
solution and studies its dependence from the data of the
considered optimization problem. The second approach,
introduced by A. N. Tykhonov, in 1966, requires, instead, besides
existence and uniqueness of the optimal solution, the convergence
of every minimizing sequence to the unique minimum point. The
two notions (well-posedness in the sense of Hadamard and of
Tykhonov) are equivalent at least for continuous objective
functions [2].The links between Hadamard and Tykhonov well-
posedness have been studied by Lucchetti and Patrone [13],[15]
and by Revalski [17],[18]. There, besides uniqueness, additional
structures are involved: in [13], for example, basic ingredient is
convexity. We will deal with well-posedness of Tykhonov type.

The notion of well-posedness for a vector optimization problem is,
instead, less developed; there is not a commonly accepted
definition of well-posed problem, in vector optimization. Some
attempts in this direction have been already done (see [3],[12]) and
have been made some comparisons with their scalar counterparts
[16].

In the present paper, we recall some basic aspects of the
mathematical theory of well-posedness in scalar optimization and,
subsequently, in vector optimization. Moreover, in this note, we
establish basic well-posedness results for scalar and vector
variational inequalities. The paper is organized as follows.

In section 2 we review, first, some results on well-posedness for a
scalar optimization problem, and, then, for a scalar variational
inequality of differential type. In section 3 we present and
investigate the notion of well-posedness in vector optimization ( in
particular a type of pointwise well-posedness and strong pointwise



well-posedness for vector optimization problems) and,
subsequently, the notion of well-posedness for a vector variational
inequality. Finally, section 4, is devoted to the main results of our
paper obtained by means of scalar characterizations of vector
optimality concepts.

1. Tykhonov well-posedness of scalar optimization problems
and variational inequalities.

To study the well-posedness of an optimization problem means to
investigate the behaviour of the variable when the corresponding
objective function value is close to the optimal value. In this section
we give a characterization of Tykhonov well-posedness for the
problem of minimizing a function f on a closed, convex set K
and we summarize some known results. Let /' : R" — R be areal-
valued function and let K be a nonempty, closed and convex
subset of R". We consider the scalar optimization problem:

min £/(x)

xekK
which we denote byP(f,K) and which consists in finding x" € K
such that

S =inf{ f(x), x e K}=inf, f(x)

In the theory of optimization are interesting the following properties
of the minimization problem P(f,K):
a) existence of the solution, (i.e. P(f,K) has a solution)
b) uniqueness of the solution,(i.e. the solution set for P(f,K) is a
singleton)
c)x is a good approximation of the solution of P(f,K), if f(x")is
close to inf, f(x)
If the problem P(f,K) satisfies together the properties a) and c) is
said well-posed. More precisely:
The problem P(f,K) is said Tykhonov well-posed if there exist

exactly one x" e K such that f(x")< f(x) for all xeK, and if



x, > x" for any sequence {x,}c K such that f(x,)— f(x") (

ie. f(x,)—>inf, f(x)).

Recalling that a sequence {xn}g K is a minimizing sequence for

problem P(f,K) when f(x,)—inf, f(x) as n—+w, the
previous definition can be rephrased, in equivalent way, so:

Definition 2.1: The problem P(f,K) is said Tykhonov well-posed
if f has, on K, a unique global minimum point, x", and every
minimizing sequence for P( f,K ) converges to x'.

Definition 2.1 is motivated by since usually every numerical
method for solving

P(f,K) provides iteratively some minimizing sequences {xn} for
P(f,K) and therefore one wants to be sure that the approximate

solutions x, are not far from the (unique) minimum x". The idea

of the behaviour of the minimizing sequences was used by
different authors to extend this concept in two directions: first,
introducing strengthened notions and, second, considering the
case in which the optimal solutions are not unique.

Remarks 2.1:

a) It is easy to see that if K is compact and f is lower
semicontinuous, then P(f,K) is Tykhonov well-posed if it has a
unique solution.

b) For a continuous function f Tykhonov well-posedness of
P(f,K) simply means that every minimizing sequence is
convergent.

c) When K is compact, the uniqueness of the solution of a

minimization problem is enough to guarantee its well-posedness
but there are however simple examples when uniqueness of the

solution of P(f,K) is not enough to guarantee its Tykhonov well-
posedness even for continuous function. Take e.g. K =R and



f(x)=x?/x*+1.0bviously, P(f,K) has a unique solution at
zero while {x, = n} provides a minimizing sequence which does not

converge to this unique solution. Hence P(f,K) is not Tykhonov
well-posed.

Tykhonov well-posedness of P( f,K ) is often stated, equivalently,
as strong uniqueness of argmin(f,K) where with argmin(f,K)
let we denote the set, possible empty, of solutions of the
minimization problem P(f,K).

Problems which are non well-posed will be called ill-posed.
Sometimes they are referred to as improperly posed.

The well-posedness of the minimization problem P(f,K) in the
sense of Tykhonov concerns the behaviour of the function f in

the set K but it does not take into account the behaviour
of foutside K [26]. Of course, often, one can come across with

minimizing sequences that do not lie necessarily in K and one
wants to control the behaviour of these minimizing sequences, as
well. Levitin and Polyak in [18] considered such kind of sequences.

Definition 2.2 : The sequence {xn} is said a Levitin-Polyak
minimizing sequence for minimization problem P( f,K ) if
f(x,)— inf, f and, moreover, d(x,,K)—0 where
d(x,,K)=inf xn—y”.

yek

Definition 2.3: The problem P(f,K) is called Levitin-Polyak well-

posed if it has unique solution x €K and, moreover, every
Levitin-Polyak minimizing sequence for P( f,K ) converges to x .

This definition is stronger than the Tykhonov one since requires
the convergence to the unique solution of each sequence

belonging to a larger set of minimizing sequence than in the
Tykhonov case.



In the above definitions is required the existences and the
uniqueness of solution towards which every minimizing sequence
converges. They, however, admit generalizations which do not
require uniqueness of the solution. In other words, the uniqueness
requirement can be relaxed and well-posed minimum problems
with several solutions can be considered.

Unlike the requirements of existence and stability a), c), the
uniqueness is therefore a condition more debatable. In fact, many
problems in linear and quadratic programming or many
optimization problems are usually considered as well-posed
problems, although uniqueness is usually not satisfied [2]. In order
to weaken the requirement of uniqueness of the solution, other
more general notions of well-posedness have been introduced,
depending on the hypotheses made on f ( and K ). We recall the

concept of well-setness introduced in [2].

Definition 2.4: Problem P( f.K ) is said to be well-set
when, for every minimizing sequence {xn}gK , we have
d(x,, argmin(f,K))—>0 where d(x,K) is the distance of the
point x from the set K .

The following definition gives a generalized version of the
Tykhonov well-posedness where the uniqueness of the solution is
dropped.

Definition 2.5: Problem P(f,K) is said Tykhonov well-posed in
the generalized sense when every minimizing sequence for
P( f.K ) has some subsequence that converges to solution of

P(f,K) i.e. to an element of argmin(f,K).

From the definition follows that if P(f,K) is well-posed in the
generalized Tykhonov sense, then argmin(f,K) is nonempty and
compact. Moreover, when P(f,K) is  well-posed in the



generalized sense and argmin(f,K) is a singleton (i.e. its

solution is unique), then P(f, K ) is Tykhonov well-posed.

The corresponding generalization of Levitin-Polyak well-posedness
follows:

Definition 2.6: The minimization problemP( f ,K) is called
generalized Levitin-Polyak well-posed if every Levitin-Polyak
minimizing sequence {xn} for P( f ,K) has a subsequence

converging to a solution of P( f.K )

Of course, if at any of the notions of generalized well-posedness is
added the uniqueness of the solution, one obtains the
corresponding non generalized notion.

Different characterizations of Tykhonov well-posedness for
minimization problems determined by convex functions in Banach
spaces can be found in the paper of Lucchetti and Patrone [23].
We, now, recall the next results :

Proposition 2.1 [6]: Let f: K = R" — R be a convex function and
let K be a convex set. If f has a unique global minimizer onK ,
then P(f,K )is Tykhonov well-posed.

Proposition 2.2 [10]: If K is closed, f is lower semicontinuous,

bounded from below and uniformly quasiconvex on K, then
P(f,K) is Tykhonov well-posed.

A function f: K € R" — R is uniformly quasiconvex [10] if there
exists an increasing function g:[0,+oo[—> [0,+00[ such that
g(0)=0, g(t)>0 whenever t>0 and

A5 s maxtr e O-sle-ol) - vavek.

The following theorem gives an alternative characterization of
Tykhonov well-posedness: it uses the set of &¢— optimal solutions.
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Theorem 2.1 [10]. If P( K ) is Tykhonov well-posed, then:

(1) diam{e —arg min(f,K )} — 0
for e >0

where ¢—argmin(f,K):={xeK: f(x)<e+inf, f(x)} is the set
of ¢—minimizers of f over K and diam denotes the diameter of
given set.

Conversely, if f is lower semicontinuous and bounded from below
on K, then condition (1) implies Tykhonov well-posedness of

P(f.K).

When K is closed and f is lower semicontinuous, we can use

the sets:
LK’f.(g):{xeR:f(x)Sinf(f,K)+g and

d(x,K)<e } e>0
to introduce the equivalent notion of well-posedness of P(f,K).

Definition 2.7: Let K be closed and let f:K — R be lower
semicontinuous. The minimization problem P( /K ) is said to well-

posed if:
inf{ diam L, ,(£), &>0{=0

It is well known that there is a very close connection between
optimization problems and variational inequalities. In other words,
the well-posedness of a scalar minimization problem is linked to
that of a scalar variational inequality and, in particular, to a
variational inequality of differential type (i.e. in which the operator
is the gradient of a given function). The links between variational
inequalities of differential type and corresponding optimization
problems have been studied in [17]. Furthermore, by means of
Ekeland’s variational principle [11], that, as it is well known, is an
important tool to prove some results in well-posedness for
optimization, a notion of well-posed scalar variational inequality

11



has been introduced and its links with the concept of well-posed
optimization problem have been investigated [23].
We shall deal with variational inequalities of Stampacchia type.

We recall that a point x € K is a solution of a variational
inequality of Stampacchia type when:

SVI(F,K) <F(x"),y—x">20
VyekK

where F:K c R" — R" while K is closed and convex .

This problem, introduced by G. Stampacchia, has been recently
studied by many authors (see for example [1]), since it describes

many economic or engineering problems and it is an efficient tool
for investigating vector optimization problems. In many

applications, the problems SVI(F,K) do not always have a

unique solution. It is well known that it has a unique solution if the
operator F is strongly monotone and hemicontinuous.

If f:R" — Ris differentiable an a open set containing the convex

set K, we can consider the variational inequality of differential
type, SVI(f',K) where f' denotes the gradient of f (f is a

primitive of F, ie.F=f"). It is known that, under these
hypotheses, SVI(f',K) is a necessary optimality condition for
problem P(f,K). The following definition gives the notion of well-
posed variational inequality of differential type [10].

Definition 2.8:The variational inequality SVI(f',K) is well-posed
when:

i) T(e)=0 Ve>0

ii) diam T(g)— 0 if &0

where T(¢):{xeK < f'(x),x-y><ely—x Vyvek} is the

approximate solutions set of P( f,K )

We can see that T(g) is closed for every ¢. It is obvious that the
set of solutions of SVI is exactly mOT(g). Then, if the variational

12



inequality is well-posed, diamT(g)—> 0 and so the intersection of
T'(¢) is nonempty and shrinks to a single point. Therefore:

Proposition 2.3 [10] [23]: If f is hemicontinuous and lower
semicontinuous and if the variational inequality SVI(f ,K) is well-

posed, then SVI(f',K) has an unique solution.
The converse of proposition 2.3 holds under monotonicity
assumptions on f .

Proposition 2.4 [10] [19]: If f is hemicontinuous and monotone

on K and if the variational inequality has exactly one solution,
then it is well-posed.

The following theorem states that the boundedness of T(g) gives
an existence result for variational inequalities [10].

Theorem 2.2: If f hemicontinuous on K and T(g)#= 0 for all &
and bounded for at least some ¢, then the variational inequality
SVI(f',K ) has solutions.

The next theorem gives, instead, the link between Tykhonov well-
posedness of P(f,K) and well-posedness of SVI(f',K).

Theorem 2.3 [10],[23]: Let f be bounded from below and
differentiable on an open set containing K. If SVI(f',K) is well-
posed, then problem P( f,K ) is Tykhonov well-posed. The
converse is true if f is convex.

2. Well-posedness of vector optimization problems and of
vector variational inequalities

In scalar optimization the different notions of well-posedness are
based either on the behaviour of “ appropriate” minimizing
sequences or on the dependence of optimal solution with respect
to the data of optimization problems.
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In vector optimization, instead, there is not a commonly accepted
definition of well-posedness but there are different notions of well-
posedness of vector optimization problems. For a detailed survey
on these problems it is possible to refer to [2],[3], [9], [20], [21]. In
this section, we propose some of these definitions of well-
posedness for a vector optimization problem.

We consider the vector optimization problem:

VP(f,K) min,. f(x)
xekK

whereKis a nonempty, closed, convex subset of
R",f:KcR"—R' is a continuous function and Cc R’ is a

closed, convex, pointed cone and with nonempty interior. Denote
by int C the interior of C.

The cone C gives an order relation on R', in the following way
WS o y,-nel
NW<cy, &y—-nemtC
We recall that a point x" € K is said to be an efficient solution or
minimal solution of problem VP( f,K) when:

£(x)- £ )e-c o)
Vxek
If, in the above definitions, instead of the cone C we use the cone
5:{O}uintC, x'is said weak minimal solution. Then, a point
x €K is said to be a weakly efficient solution or weak minimal
solution of problem VP(f,K ) when:

f(x)-£x")g—intc
We denote by Eﬁ(K,f) the set of all efficient solutions (minimal
solutions) of problem VP(f,K) while by WEff(K,f) the set of

weakly efficient solutions (weak minimal solutions) of VP(f,K).

Moreover, every minimal is also a weak minimal solution but the
converse is not generally true.

14



The image of the set Eff(f,K), under the function £, is denoted
by Min(f,K) and its elements are called minimal values of
VP(f,K) Therefore :

Min(f,K)= f[Ef (K, f)].
Unlike the scalar case, in vector optimization one can hardly
expect that the set Min(f,K) be a singleton.

Analogously: wMin(f,K)= fWEff (K, f)]

In this section we recall a notion of well-posedness that considers
a single point (a fixed efficient point) and not the whole solution
set: a particular type of pointwise well-posedness and strong
pointwise well-posedness for vector optimization problems. This
definition can be introduced considering, as in the scalar case, the
diameter of the level sets of the function f .

Generalizing Tykhonov’s definition of well-posednes, for a scalar
optimization problem, in [9] are introduced the notions of well-
posedness and of strong well-posedness of vector optimization

problem VP(f,K) at a point x" € Eff(K,f) and are provided,

also, some conditions to guarantee well-posedness according to
these definitions.

Definition 3.1:The vector optimization problem VP( f.K ) is said to

be pointwise well-posed at the efficient solution x €K or
Tykhonov well-posed at a point x" € Eff (K f ) if:
inf diam L(x*,k,a ): 0
VkeC VYa>0
where diam L denotes the diameter of the set:

L(x*,k,a):{xeK:f(x)SC f(x*)+ak}: {xeK:f(x)e f(x*)+ak—C}

15



Definition 3.2: The vector optimization problem VP( /K ) is said
to be strongly pointwise well-posed at the efficient solution x", or
Tykhonov strongly well-posed at a point x~ e Eff (K f ) if:

inf diam L, (x*,k,a ): 0
VkeC
where diam L_ denotes the diameter of the set :

Ls(x*,k,a)z{xeK:f(x)SC f(x*)+ak and d(x,K)Sa}

For the sake of completeness, we recall that it is also possible to
introduce another type of well-posedness of the vector optimization

problem VP(f,K) ata point x" € Eff (K, f) [16].

Definition 3.3: The vector optimization problem VP( f.K ) is said
to be H-well-posed at a point x" € Eff (K, f) if x, —»x" for any
sequence {xn}g K, such that f (xn)—> f (x)

Definition 3.4: The vector optimization problem VP( f.K ) is said to
be strongly H-well-posed at a point x" e Eff (K, f) if x, — x" for
any sequence {x, | such that f(x,)— f(x*) with d(x,,K)—0.

Remark 3.1 :
If intC # 0, then well-posedness at a point x* € Eff (K, f) of the

vector optimization problem VP(f,K) according to definition 3.1
[resp. to def. 3.2] implies well-posedness according to definition
3.3 [ resp. to def. 3.4]

It is easy realize that the pointwise well-posedness of type 3.1 is
weaker than pointwise well-posedness of type 3.3 [16].

An useful tool in the study of vector optimization problems is
provided by the vector variational inequalities. They, introduced
first by Giannessi in 1980 [12], have been studied intensively
because they can be efficient tools for investigating vector
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optimization problems and also because they provide a
mathematical model for equilibrium problems. In this section we
deal with vector variational inequalities of differential type.

Let f:R"—R' be a function differentiable on an open set
containing the closed convex set K — R". The vector variational
inequality problem of differential type consists in finding a point
x" € K such that:

SvvI(f',K) <f(x").y-x"> g-intC
VyekK

where f” denote the Jacobian of f and <f’(x*),y—x* >, is the
vector whose components are the / inner

products < ﬁ’(x* ),y—x* >,

It is well known that SVVI(f’,K) is a necessary condition for x’
to be an efficient solution of VP(f,K). It is, instead, a sufficient
condition for x* to be an efficient solution of VP(f,K) if f is
int C—convex while, if f is C-convex, SVVI(f',K) is a
sufficient condition for x° to be an weakly efficient solution of

VP(f,K). These remarks underline the links between optimal
problems and variational inequalities also for vector case. This is a
further reason for a suitable definition of well-posedness for a
vector variational inequality which could be compared and related
to the given definition for vector optimization. We take the
condition T(¢)—>0 for £¢—>0 as an expression of the
convergence of the set T(¢) to the set of solutions of the
variational inequality ( and consequently of the minimum problem).
Then, we introduce a notion of well-posedness for the vector
variational inequality problem SVVI(f’,K), obtained by
generalizing definition 2.8. We define the following set:

T,(e)= {xeK:<f’(x),y—x>,§£—\/E||y—x||c° —int C, VyeK}

17



where ¢>0 and ¢’ € intC. T,(¢) is a directional generalization
of the set T'(¢) of Section 2, i.e. when /=1, the set T,(¢)
reduces to the set T'(¢).

Definition 3.11: The variational inequality SVVI(f',K) is well-
posed when, for every ¢’ eintC, e(T,(¢), Weff(K,f))—0
where e(A,,A)= sup d(4;,4).

Aiedy
The following result states the relationship between well-posed

optimization problem and a well-posed variational inequality, in the
vector case [27].

Theorem 3.2: If the variational inequality SVV[(f ',K) is well-
posed, then problem VP( f,K )is well-posed.

For C-convex functions, in particular, well-posedness of VP(f,K)
and SVV[(f’,K) substantially coincide. To show that, we assume

that f is differentiable on an open set containing K and we
observe that:

Lemma1 [6]: If f:R" — R'is C - convex, then:

T le}=Z {e}= {xeK:f(y)—f(x)gE—\/;"y—x”cO —int C}

c

Definition 3.12: The function f:K cR" —R' is said to be
C — convex when:

S+ (1=2)y)=[A () +(1=2)s ()] e -C Vx,yek,
vaelo,]
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Theorem 3.3 [6]: Let f be a C—convex function. Assume that
¢’ eintC, and that T, {e} is bounded for some &>0. Then
SVVI(f',K) is well-posed.

Therefore, if f is a C —convex function, the well-posedness of
SV[(f',K) is ensured and, that is, by theorem 3.2, substantially
coincide with well-posedness of VP(f,K).

3. Main results

In this section we introduce a generalized variational inequality
problem and we link the well-posedness of this problem to

pointwise well-posedness of VP(f,K). Throughout this section we
assume that f:R" —R'is differentiable on an open set
containing the closed convex set K — R".
Definition 4.1: For a set AcR', let A,:R' ->RU{xx} be
defined as:

A, (y)=d(y.4)-d(y, 4°)
where d ,(y)=inf,_, |y —d| is the distance from the point y to the
set 4.

Function AA(y) is called the oriented distance from the point y to
the set 4 and it has been introduced in the framework of
nonsmooth  scalar optimization. While d, (y):O when
yecl A(the closure of A) and positive elsewhere, AA(y)<0 for
ye int 4 (the interior of A), AA(y): 0 for yebd A (the boundary
of A) and positive elsewhere.

The main properties of function A , are gathered in the following:
Theorem 4.1 [30]:

i)if A#0 and A+ R'then A , is real valued;
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ii) A, is 1-Lipschitzian;

iA,(y)<0Vyeintd, A,(y)=0 Vyebdd and A, (y)>0
Vyeint4°;

iv) if A is closed, then it holds A={y:A ,(y)<0};

v) if A is convex, then A , is convex;

vi) if A is a cone, then A , is positively homogeneous;

vii) if A is a closed convex cone, then A , is non increasing with

respect to the ordering relation induced on R', i.e. the following is
true:

if V1, v, €R then
nW—y,€d = AA(yl)SAA(yZ)
if A has nonempty interior, then

n-y,eintd = AA(y1)<AA(y2)

The oriented distance function A,, used also to obtain a

scalarization of a vector optimization problem [5],[15],[25], allows
to establish a parallelism between the well-posedness of the
original vector problem and the well posedness of the associate
scalar problem. More precisely, in [25] is shown that every notion
of well-posedness in vector optimization can be rephrased as a
suitable well-posedness of a corresponding scalar optimization
problem.

It has been proved, in [13], that when A4 is closed, convex, pointed
cone, then we have:

A_,(y)= max(¢,y)
where A4' = {x eR’ |<x,a> >0,Vae A} is the positive polar of the
cone of Aand S the unit sphere in R'.

We use function A_, in order to give scalar characterizations of

some notions of efficiency for problem VP(f,K). Furthermore,
some results characterize pointwise well-posedness of problem
VP(f,K) through function A_, [9].
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Given a point x e K , we consider the function:
¢ (x)= max (£, f(x) - f(x"))
£eC'NS
where C' denotes the positive polar of C and S the unit sphere
in R'. Clearly
p-(0=Ac(f(0)-1(x))
The function ¢ . is directionally differentiable [8] and hence we

can consider the directional derivative

T (px*(x+td)—gox*(x)
¢ id)= lim ==

and the generalized problem: find x" € K , such that:
SVVI(([);*,K) (p;*(x*;y—x*)zo
VyekK

The solutions of problem SVV]((D;*,K) coincide with the solutions
of SVVI(f',K)

Proposition 4.1 [7]: Let K be a convex set. If x' € K solves
problem SVVI (go;_*,K ) for some x" €K, then x" is a solution of

SVVI(f',K). Conversely, if x" €K solves SVVI(f',K), then x
solves problem SVVI ((p)’c K )

Definition 4.2: SVVI(f',K) is pointwise well-posed at x" € K,
when:

i) T.()=0 Vyek
i) diam T .(£)— 0, if &0
where Tx*(g):{xeK:(o;*(x,y—x)Zg”x—y, VyeK}

The scalar problem associated with the vector problem VP(f,K)
is:

21



P(gox,, K ) ming . (x)
xek

The relations among the solutions of problem P(gpx*,K) and those
of problem VP(f,K) are investigated in [14],[30]. We here refer
only to the characterization of weak efficient solution.

Proposition 4.2: The point x" € K is a weak efficient solution of
VP(f,K) if and only if x" is a solution of Plg .,K).

The proof is omitted and we refer to [6] for details.

Also well-posedness of VP(f,K) can be linked to that of
Plp..K).

Proposition 4.3 [6]: Let f be a continuous function and let
x" €K be an efficient solution of VP(f,K). Problem VP(f,K) is
pointwise well-posed at x"if and only if problem P((px*,K) is
Tykhonov well-posed.

Next proposition links the well-posedness of SVVI(go;*,K) to

pointwise well-posedness of VP( f,K ) We need to recall
Ekeland’s variational principle[4]: it say that there is a “nearby
point” which actually minimizes a slightly perturbed given
functional. More precisely it asserts that a particular optimization
problem can be replaced by other which is near the original and
has a unique solution [26]. In fact, often the mathematical model of
a phenomenon is so complicated that is necessary replace it by
other model which has a solution “near” the original one.

The Ekeland’s variational principle
Let V' be a complete metric space with associated metric A, and
let F':V — Ru(+ oo) be a lower semicontinuous function which is
bounded below
If uisapointin J satisfying

F(u)s inf F+¢
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for some ¢ >0, then, for every A > 0 there exists a point vin V
such that:

i) F (V)S F (u)
i) A(u,v)< 4
iii) For all w=v in V', one has F(v)< F(w)+(g/A)A(w,v)

Proposition 4.4: If SVVI ((p; K ) is pointwise well-posed at
x" €K, then problem VP( f,K ) is pointwise well-posed at x" .

Proof: We know that the vector optimization problem:

vP(f.K) min /(x)
VxekK

is pointwise well-posed at x"eK ifand only if problem:

P(gox* ,K ) min ¢ . (x)
Vxek

is Tykhonov well-posed.
Then, we prove now that if SVVI(go;t ,K) is pointwise well-posed at

x", then problem P(gox*,K) is Tykhonov well-posed.
In fact, for every £¢>0 and xee— argmin((ox*,K), by Ekeland’s
variational principle, there exist x such that:

|f-x|<ve  and 0. (X)<p.(v)+Ve|x-|
Vyek.
If we introduce the set

Z(g)z {x eK:p. (x)é ®.- (y)+ £||x—y
then, we have

, VyeK}

g—argmin(gox*,K)g Z(8)+ JeB.
We get, then, that Vu € ¢ —arg min(gox*,K) there exist x such that

||u —x|| < \/E and
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gox*(x+t(y—x))2gox*(x)—\/zt”y—x, 0<t<l,yekK

Since ¢'.(x,y—x)2~e|y-x|, follows xeT. (\/;) and so:
g—argmin(gox*,l()g Tx*(\/Z)+\/EB

Since diamTX*(\/;)—m as £—0, then we have that P is

Tykhonov well-posed.

Now we prove that the converse of the previous proposition is true
if f is C—convex. Before, we need the following Lemma:

Lemma 4.1 [7]: If f:R" —R' is C—convex function, then the
function ¢ . (x) is convex VxeK.

Proposition 4.5: Let f be (C-convex and assume f is

pointwise well posed at x €K .
Then SVVI (go’v ,K ) is pointwise well-posed at x" .

Proof : Since f is pointwise well-posed, then x" solves problem
VP(f,K) and x" is a solution of the SVVI(p'.,K). It follows that
Tx*(g);&O Ve>0.

Assuming, ab absurdo, that SVVI(Q;,,,K) is not pointwise well-
posed at x, follows that exist >0 and g, —0, with
diam T . (gn)>2a and one can find some x, eT. (g,,), with
e

Without loss of generality we put x =0. Since @ . is convex , we

have:
¢x*(0)_¢x*(yn)2 q);*(yn’_yn)
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where ynzax—”. The boundedness of y, implies we can

n

assume y, —>yeK (here we need K closed). Further, since
x, €T.(e,), we have

X

n

¢;* ('xn s xn ) 2 _gn

Since
' . (Dx* (xn _txn)_(ox* (xn) RT (Dx (xn +(_t)(xn ))_CDX (xn)
(%(xn,—xn):hm = lim—
* 1—0" t t—>0" —t
= ¢;*('xn’xn>
and

0 (v,m2,)==0(v,.3,),
from the continuity of ¢ . we have

, | ax, ax a ,|ax a
cox*(yn,yn)wx»( L | Sl X, (S
X X X X

n n n n xl’l

Q);* (‘xn > Xy )

The last inequality follows from the convexity of (p;* [29] .

Hence
- ¢;* (yn "V ) < XL ¢;* ('xn > Xy )
it follows A Q.. (xn X, ) <@l (J’n "V )
xn
and so (Px* (0) - wx* (yn ) 2 L ¢;* ('xn 7_'xn ) 2 _agl’l

n

Sending n to+o we obtain ¢, (O)—(pxo (y)zo which contradicts
to Tykhonov well-posedness.
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della Campania.

Roberto RAUCCI
Sull'esistenza di autovalori e autovettori positivi anche nel caso non lineare.

Maria Carmela MICCOLI
Identikit di giovani lucani.

Sergio DESTEFANIS, Giuseppe STORTI
Convexity, productivity change and the economic performance of countries.

Giovanni C. PORZIO, Maria Prosperina VITALE
Esplorare la non linearita nei modelli Path.

Rosa FERRENTINO
Sulla funzione di Seal.

Michele LA ROCCA, Cira PERNA
Identificazione del livello intermedio nelle reti neurali di tipo feedforward.

Alessandra AMENDOLA, Marcella NIGLIO, Cosimo VITALE
The exact multi-step ahead predictor of SETARMA models.

Mariangela BONASIA
La dimensione oftimale di un sistema pensionistico: means tested vs pro-
gramma universale.

Annamaria NESE
Abitazione e famiglie a basso reddito.
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Maria Lucia PARRELLA
Le proprieta asintotiche del Local Polynomial Bootstrap.

Silvio GIOVE, Maurizio NORDIO, Stefano SILVONI
Stima della prevalenza dell'insufficienza renale cronica con reti bayesiane:
analisi costo efficacia delle strategie di prevenzione secondaria.

Massimo SALZANO
Globalization, complexity and the holism of the italian school of public fi-
nance.

Giuseppina AUTIERO
Labour market institutional sistems and unemplyment performance in some
Oecd countries.

Marisa FAGGINI
Recurrence analysis for detecting non-stationarity and chaos in economic
times series.

Marisa FAGGINI, Massimo SALZANO
The reverse engineering of economic systems. Tools and methodology.

Rosa FERRENTINO
In corso di pubblicazione.

Rosa FERRENTINO, Roberto RAUCCI
Sui problemi di ottimizzazione in giochi di Stackelberg ed applicazioni in
modelli economici.

Carmine SICA
In corso di pubblicazione.

Sergio DESTEFANIS, Antonella TADDEO, Maurizio TORNATORE
The stock of human capital in the Italian regions.

Elena Laureana DEL MERCATO
Edgeworth equilibria with private provision of public good.

Elena Laureana DEL MERCATO
Externalities on consumption sets in general equilibrium.

Rosa FERRENTINO, Roberto RAUCCI
Su alcuni criteri delle serie a termini non negativi.

Rosa FERRENTINO, Roberto RAUCCI
Legame tra le soluzioni di Minty e di Stempacenhia nelle disequazioni varia-
zionali.
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Gianluigi COPPOLA
In corso di pubblicazione.

Massimo Spagnolo
The Importance of Economic Incentives in Fisheries Management

F. Salsano
La politica monetaria in presenza di non perfetta osservabilita degli obiettivi
del banchiere centrale.

A. Vita
La dinamica del cambiamento nella rappresentazione del territorio. Una
mappa per i luoghi della Valle dell’lrno.

Celi
Empirical Explanation of vertical and horizontal intra-industry trade in the
UK: a comment.

Amendola — P. Vitale
Self-Assessment and Career Choices: An On-line resource for the Univer-

sity of Salerno.

A. Amendola — R. Troisi
Introduzione all’economia politica dell’organizzazione: nozioni ed applicazio-
ni.

A. Amendola — R. Troisi
Strumenti d’incentivo e modelli di gestione del personale volontario nelle
organizzazioni non profit.

Lavinia Parisi
La gestione del personale nelle imprese manifatturiere della provincia di
Salerno.

Angela Spagnuolo — Silvia Keller
La rete di accesso all'ultimo miglio: una valutazione sulle tecnologie alterna-
tive.

Davide Cantarelli
Elasticities of Complementarity and Substitution in Some Functional Forms.

A Comparative Review.

Pietro Coretto — Giuseppe Storti
Subjective Sxpectations in Economics: a Statistical overview of the main

findings.

Pietro Coretto — Giuseppe Storti
Moments based inference in small samples.
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Massimo Salzano
Una simulazione neo-keynesiana ad agenti eterogeni.

Rosa Ferrentino
Su alcuni paradossi della teoria degli insiemi.

Damiano Fiorillo
Capitale sociale: uno o molti? Pochi.

Damiano Fiorillo
Il capitale sociale conta per outcomes (macro) economici?.

Damiano Fiorillo — Guadalupi Luigi
Attivita economiche nel distretto industriale di Nocera inferiore — Gragnano.

Un’analisi su Dati Tagliacarne.



