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Abstract

The Threshold Moving Average model with k regimes of order q is examined. In
particular we provide sufficient conditions for its invertibility by generalizing some
results reported in the literature. In the first part of the paper these conditions are
presented assuming that the innovations of the model do not differ among regimes
whereas, in the second part, they are extended to a more general case, to our
knowledge never treated before, where the innovations change among regimes.
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1 Introduction

The study of stochastic processes is often focused on the investigation of the probability
properties (such as stationarity, ergodicity and invertibility) that give important require-
ments under which to make statistical inference and generate predictions. In this domain
the most relevant results have been reached in the context of linear models (see [1] among
the others) whereas a small number of contributions has been provided for nonlinear
structures.
Based on these considerations, in this paper we present the invertibility of nonlinear mov-
ing average models. In particular we focus on the so called Threshold Moving Average
(TMA) models that belong to the class of threshold nonlinear structures widely presented
in [8].
The TMA model has been extensively investigated in [2] whereas [6] propose a quasi-LR
test for linear moving average (MA) against TMA models (recently generalized in [5] to
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the TMA-GARCH models) and give some contribution on the TMA invertibility. This
last topic has been empirically treated in [3] and, more recently, it has been examined in
[7]. They establish necessary and sufficient conditions for the invertibility of TMA models
with moving average order q = 1 and k = 2 regimes, even depicting some developments
for the more general TMA model with k > 2.
In the present paper the invertibility of these models is further discussed. In particular
we provide sufficient conditions under which a general TMA model of order q > 1 with
k > 2 regimes, is invertible.
More specifically, in Section 2 we present the invertibility conditions of a TMA(k; q) model
and, starting from them, the TMA(2;1) model is treated in detail as illustrative example.
In Section 3 a graphical representation of the invertibility region, over the parametric
space, is presented showing that the invertibility of the TMA model cannot be limited to
that of each regime. Further developments to more general TMA models, with innova-
tions that differ in their distributions among regimes, are given in Section 4 where some
concluding remarks are reported at the end.

2 Invertibility of TMA(k; q) models

Given a strictly stationary process Xt, it follows a TMA(2;1) model if

Xt = εt − [φ+ ψI(Xt−d ≤ r)]εt−1, (1)

where {εt} is a sequence of independent and identically distributed (i.i.d.) random vari-
ables, |r| ≤ ∞ is the threshold variable, d ∈ N+ is the threshold delay and I(Xt−d ≤ r)
is the indicator function:

I(Xt−d ≤ r) ≡ It−d =

{
1 if Xt−d ≤ r

0 if Xt−d > r.
(2)

The statistical properties of model (1) have been investigated in [7]. They give the condi-
tions under which the model admits a unique strictly stationary and ergodic solution and
further show, under proper assumptions on ψ and on the distribution of {εt}, a sufficient
condition for its invertibility. In particular they state that given a strictly stationary and
ergodic process Xt ∼ TMA(2; 1) with E[| ln |Xt||] <∞, model (1) is invertible if:

|φ|1−FX(r)|φ+ ψ|FX(r) < 1, (3)

where 0 ≤ FX(r) = P (Xt ≤ r) = E[It−d] = p ≤ 1.1

Starting from these results, it is interesting to remark:

1FX(r) defines the probability that Xt belongs to the first regime or, in other words E[It−d]; conversely
1 − FX(r) is the probability that Xt belongs to the second regime, or 1 − E[It−d].
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Remark 1. When E[It−d] = 1 (or E[It−d] = 0) model (1) degenerates to a linear moving
average process (widely discussed in [1]) and the inequality (3) matches the invertibility
conditions given for this class of models;

Remark 2. The invertibility region (over the parametric space) (3) is wider than that
obtained overlapping the invertibility regions of the two regimes (that, in any case, is
included in (3)).

The conditions and the results established on the invertibility of the TMA(2;1) model in
Theorem 2 of [7] represent the starting point of the issues given in the following pages
where more general results for a TMA(k; q) model are provided.
To simplify the presentation of the theoretical results without constrain their generality,
we show all results for a TMA(k; q) model, with k = 2 and q ≥ 1.
Let Xt ∼ TMA(2; q):

Xt = εt −

q∑
i=1

[φi + ψiI(Xt−d ≤ r)]εt−i, (4)

model (4) can be given as

Xt = εt −

q∑
i=1

(φi + ψi)It−dεt−i −

q∑
i=1

φi(1 − It−d)εt−i

= [1 − It−dΘ(B) − (1 − It−d)Φ(B)]εt (5)

where B is the lag operator such that BsXt = Xt−s, Φ(B) =
q∑

i=1

φiB
i, Θ(B) =

q∑
i=1

θiB
i

and θi = φi + ψi, for i = 1, 2, . . . , q.
The model (4), can be also presented in the following notation. Let:

εt =

⎡
⎢⎢⎢⎣

εt
εt−1

...
εt−q+1

⎤
⎥⎥⎥⎦ , Xt =

⎡
⎢⎢⎢⎣
Xt

0
...
0

⎤
⎥⎥⎥⎦ , θ =

⎡
⎢⎢⎢⎣
θ1
θ2
...
θq

⎤
⎥⎥⎥⎦ , φ =

⎡
⎢⎢⎢⎣
φ1

φ2
...
φq

⎤
⎥⎥⎥⎦

four (q × 1) vectors and

At−d = It−d

[
θ′

I 0

]
+ (1 − It−d)

[
φ′

I 0

]
= It−dΘ + (1 − It−d)Φ,

where 0 is a [(q − 1) × 1] null vector and I is a (q − 1) identity matrix, the Markovian
representation of model (5) is:

εt = Xt + At−dεt−1. (6)
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After n iterations, model (6) becomes:

εt = Xt +
n∑

j=1

(
j−1∏
i=0

At−d−i

)
Xt−j +

(
n∏

i=0

At−d−i

)
εt−n−1,

where εt, if pre-multiplied by the vector 1′ = (1, 0, . . . , 0) such that εt = 1′εt, becomes:

εt = Xt + 1′

n∑
j=1

(
j−1∏
i=0

At−d−i

)
Xt−j + 1′

(
n∏

i=0

At−d−i

)
εt−n−1. (7)

Model (7) is used to discuss the invertibility of the TMA(2;q) model as follows.

Theorem 1. Let Xt ∼ TMA(2; q) a strictly stationary and ergodic process with E[| ln |Xt||] <
∞, Xt is invertible if:

|λ(Θ))|p|λ(Φ)|1−p < 1, (8)

where λ(Θ) [or λ(Φ)] is the dominant eigenvalue of Θ [or Φ] and p = E[It−d].

Proof. Starting from model (7), then

εt −Xt − 1′

n∑
j=1

(
j−1∏
i=0

At−d−i

)
Xt−j = 1′

(
n∏

i=0

At−d−i

)
εt−n−1

and Xt is invertible if

n∏
i=0

|At−d−i|
p

−→0, as n→ ∞. (9)

Using standard results of matrix algebra (see among the others [4]) and the notation in
Appendix, it follows that:

n∏
i=0

|At−d−i| =
n∏

i=0

|It−d−iΘ + (1 − It−d−i)Φ|

≺
n∏

i=0

|It−d−iλ(Θ)I + (1 − It−d−i)λ(Φ)I|

= exp

{
n∑

i=0

ln |It−d−iλ(Θ)I + (1 − It−d−i)λ(Φ)I|

}
.

Recalling that It−d−i is the indicator function defined in (2), we have:

n∏
i=0

|At−d−i| ≺ exp

{
ln |λ(Θ)I|

n∑
i=0

It−d−i + ln |λ(Φ)I|
n∑

i=0

(1 − It−d−i)

}
.
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Noting that 1
n+1

∑n
i=0 It−d−i = p +Op(n

−1/2), then:

n∏
i=0

|At−d−i| ≺ exp
{
ln |λ(Θ)I| (n + 1)(p+Op(n

−1/2))

+ ln |λ(Φ)I| (n+ 1)(1 − p+Op(n
−1/2))

}
= |λ(Θ)I|(n+1)(p+Op(n−1/2)) |λ(Φ)I|(n+1)(1−p+Op(n−1/2))

=
(
|λ(Θ)|p |λ(Φ)|1−p)(n+1)

|λ(Θ)λ(Φ)|(n+1)Op(n−1/2) I,

where, observing that
(
|λ(Θ)|p |λ(Φ)|1−p)(n+1)

is of order O(n), the convergence (9) is
obtained if:

|λ(Θ)|p |λ(Φ)|1−p
< 1.

Under the conditions of Theorem 1, model (7) can be given as:

εt = Xt +

∞∑
j=1

1′

[
j−1∏
i=0

(ΘIt−d−i + Φ(1 − It−d−i))

]
Xt−j . (10)

Remark 3. When Θ = Φ (or p = 0, 1) in model (6), the inequality (8) corresponds
to the invertibility condition of a linear MA(q) model whereas if q = 1 then λ(Θ) = θ,
λ(Φ) = φ and the condition (8) matches (3).

The inequality (8) and model (10) can be generalized to the case of a TMA(k; q) model,

Xt = εt +
k∑

s=1

(ψs,1εt−1 + ψs,2εt−2 + . . .+ ψs,qεt−q) Is,t−d, (11)

where ψs,i is the parameter i of regime s (for s = 1, 2, . . . , k and i = 1, 2, . . . , q), Is,t−d is
the indicator function that now becomes:

Is,t−d =

{
1 if rs−1 ≤ Xt−d < rs

0 otherwise,

with
∑k

s=1 Is,t−d = 1 and threshold values −∞ = r0 ≤ r1 ≤ . . . ≤ rk = ∞.
Model (11) has markovian form (6) with

At−d =

k∑
s=1

Is,t−dΨs, where Ψs =

[
ψ′

I 0

]
and ψ′ = (ψs,1, . . . , ψs,q),

from which the invertibility conditions are provided in the following corollary.
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Corollary 1. Let Xt ∼ TMA(k; q), under the assumptions of Theorem 1, Xt is invertible
if:

k∏
s=1

|λ(Ψs)|
ps < 1, with ps = E[Is,t−d],

and εt can be given as:

εt = Xt +

∞∑
j=1

1′

[
j−1∏
i=0

(Ψ1I1,t−d−i + Ψ2I2,t−d−i + . . .+ ΨkIk,t−d−i)

]
Xt−j . (12)

Proof. The proof follows the same steps illustrated in Theorem 1.

The above results can now be used to illustrate in detail the invertibility conditions of
TMA models of order (k; 1). In this case the moving average order q = 1 allows to simplify
the presentation of what stated in Theorem 1 and Corollary 1 as shown in the following.

Corollary 2. Let Xt a stochastic process that follows the TMA(2;1) model (1), under the
assumptions of Theorem 1, then the process is invertible if the inequality (3) holds.

Proof. The proof is strictly related to what has been illustrated for Theorem 1. Starting
from At−d = (φ+ ψIt−d) then, after n iterations, the TMA(2;1) model becomes

εt = Xt +

n∑
j=1

(
j−1∏
i=0

At−d−i

)
Xt−j +

(
n∏

i=0

At−d−i

)
εt−n−1,

or equivalently

εt −Xt −
n∑

j=1

(
j−1∏
i=0

At−d−i

)
Xt−j =

(
n∏

i=0

At−d−i

)
εt−n−1. (13)

The invertibility of the model under analysis can be shown giving the conditions under
which:

n∏
i=0

|At−d−i|
p

−→ 0, as n→ ∞.
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In particular, given:
n∏

i=0

|At−d−i| =
n∏

i=0

|φ+ ψIt−d−i|

= exp

{
n∑

i=0

ln |φ+ ψIt−d−i|

}

= exp

{
n∑

i=0

(ln |φ+ ψ| It−d−i + ln |φ| (1 − It−d−i))

}

= exp

{
ln |φ+ ψ|

n∑
i=0

It−d−i + ln |φ|
n∑

i=0

(1 − It−d−i)

}

then, following the steps presented in the proof of Theorem 1, the inequality (3) is ob-
tained.

The main consequence of Corollary 2 is that model (13) can be given as:

εt = Xt +

∞∑
j=1

[
j−1∏
i=0

(φ+ ψ)It−d−i + φ(1 − It−d−i)

]
Xt−j , with k > 2, (14)

and its invertibility conditions can be generalized to the TMA(k; 1) model

Xt = εt +

k∑
s=1

ψsIs,t−dεt−1. (15)

Corollary 3. Let Xt ∼ TMA(k; 1), under the assumptions of Theorem 1, then Xt is
invertible if:

k∏
s=1

|ψs|
ps < 1, with ps = E[Is,t−d], (16)

and model (15) can be given as:

εt = Xt −
∞∑

j=1

(
j−1∏
i=0

ψ′It−d−i

)
Xt−j ,

where ψ′ = (ψ1, ψ2, . . . , ψk) and I′t−d = (I1,t−d, I2,t−d, . . . , Ik,t−d).

Proof. The proof follows steps similar to those depicted in Corollary 2.
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3 Invertibility regions

As already remarked, the invertibility conditions given in Theorem 1 and in the subsequent
Corollaries, generalize what stated in [7].
The condition (16) in Corollary 3 can be further discussed observing that it can be seen
as the geometric mean of the discrete random variable

Vt(ψ) = |ψs| Is,t−d, s = 1, 2 . . . , k,

having expected value E[Vt(ψ)] =
k∑

s=1

|ψs|ps.

Note that if

k∑
s=1

|ψs|ps < 1 (17)

then the condition (16) is fulfilled.
The main consequence of this result is that the invertibility of the TMA(2; q) model is
assured even when the inequality (17) is true, but it can be easily observed that this last
inequality defines an invertibility region, over the parametric space, narrower than that
obtained from (16).
To better illustrate this point, in figure 1 the two invertibility regions are compared for a
TMA(2;1) model with three different values of p = 0.3, 0.5, 0.7. The regions on the left,
resulting from (16), includes those on the right, defined from (17). Besides, both regions
include the space with |ψs| < 1, s = 1, 2, obtained when the two regimes are locally
invertible. It highlights that the region over which the TMA model is globally invertible
cannot be limited to the space where each regime is locally invertible.
What has been pointed out for the TMA(2;1) model, can be generalized to the TMA(k; 1)
case, with k > 2. In fact, given the probability vector (p1, p2, . . . , pk), then (1, 1, . . . , 1) ∈
Rk is the point where the plane defined in Rk by (17) is tangent to the hyperbola (defined
in Rk) obtained from (16).
The results in figure 1 can be further discussed comparing the depicted regions, based
on the inequality (16), with those presented in [3], where a sufficient condition for the
invertibility of a TMA(2;1) model, is given as

|ψ1||ψ2| < 1, (18)

that, in practice, disregards the expectation E[It−d] = p.
In figure 2 the two regions obtained from (18) and (16), with k = 2, are examined. As
expected when p = 0.5 the regions are completely overlapped whereas their behavior
changes in the other two cases giving emphasis on the expectation p in defining sufficient
conditions for the invertibility of the class of models under analysis.
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4 Further developments and concluding remarks

All results presented in the previous sections are based on the assumption that the inno-
vations, εt, cannot differ among regimes.
Here we discuss some consequences that occur when εt changes among regimes. In this
case we denote with εs,t the innovation in regime s, with s = 1, 2, . . . , k, so that the
TMA(k; 1) model becomes:

Xt =

k∑
s=1

(εs,t + ψsεs,t−1) Is,t−d, (19)

with i.i.d. innovations εs,t having the first two moments finite.
Noting that model (19) can be given as

ε′tI
′

t−d = Xt − ε
′

t−1ΨIt−d, (20)

with

ε′t = (ε1,t, ε2,t, . . . , εk,t), It−d = (I1,t−d, I2,t−d, . . . , Ik,t−d), Ψ = diag(ψ1, ψ2, . . . , ψk),

we consider the case where εs,t is a linear transformation of εt ∼ iid(0, 1):

εs,t = as + bsεt, with as ∈ R and bs ∈ R− {0}, s = 1, 2, . . . , k, (21)

such that model (20) becomes:

εt =
Xt − a′(I + Ψ)It−d

b′It−d
−

b′ΨIt−d

b′It−d
εt−1,

with a′ = (0, a2, a3, . . . , ak) and b′ = (1, b2, b3, . . . , bk).

It can be shown that the geometric mean of
∣∣∣b′ΨIt−d

b′It−d

∣∣∣ is
k∏

s=1

|ψs|
ps from which this corollary

follows:

Corollary 4. Let Xt be a TMA(k; 1) model defined in (19) and with innovations (21),
then the model is invertible if the inequality (17) holds.

Proof. The proof is based on the use of the Jensen inequality.

The main consequence of Corollary 4 is that the TMA(k; 1) model can be formulated as:

εt =
Xt − a′(I + Ψ)It−d

b′It−d

+
∞∑

j=1

(
j−1∏
i=0

(−1)ib
′ΨIt−d

b′It−d

)
Xt−j − a′(I + Ψ)It−d−j

b′It−d−j

.
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It further improves the results given in the previous sections and it can be generalized to
the TMA(k; q) model through a heavy (but not difficult) algebra.
To sketch this generalization, consider the TMA(2; q) model (5), with innovations (21).
This model can be given as:

εt =
Xt − a1It−d(1 + Θ(1)) − a2(1 − It−d)(1 + Φ(1))

b1It−d + b2(1 − It−d)
−
b1It−dΘ(B) + b2(1 − It−d)Φ(B)

b1It−d + b2(1 − It−d)
εt.

(22)

To simplify the notation of model (22) consider

Yt =
Xt − a1It−d(1 + Θ(1)) − a2(1 − It−d)(1 + Φ(1))

b1It−d + b2(1 − It−d)

and

Dt−d =
b1It−d

b1It−d + b2(1 − It−d)
, where Dt−d =

{
0 if It−d = 0

1 if It−d = 1
,

then model (22) becomes

εt = Yt − [Dt−dΘ(B) + (1 −Dt−d)Φ(B)]εt. (23)

When the model above is compared to model (5), it results that they have a similar
structure, therefore even in this case, Theorem 1 properly applies.

Remark 4. The result (23) also shows that the TMA class is closed with respect to
linear transformations of the process innovations. This closure can be even checked if we
consider the linear transformation of Xt ∼ TMA(2; q):

Yt = a1 + b1Xt, with a1 ∈ R and b1 ∈ R− {0},

or when the process becomes

Yt = (a1 + b1Xt)It−d + (a2 + b2Xt)(1 − It−d),

where a2 ∈ R and b2 ∈ R− {0}. Finally note that in both cases the transformations do
not impact the invertibility conditions given in the previous pages.

The results in Corollary 4 are completely new, to our knowledge. Further research, in this
domain, can be addressed to general TMA models with innovations εs,t, for s = 1, 2, . . . , k,
not limited to the linear transformation (21).
Consider for example the TMA(2; q) model (5), with εt = It−dε1,t + (1 − It−d)ε2,t, where
ε1,t and ε2,t have different distribution. After an easy algebra, and using the properties of
It−d such that:

Iw
t−d = It−d, (1 − It−d)

w = 1 − It−d, Iw
t−d(1 − It−d)

z = 0, for w, z ∈ N+,
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then model (5) becomes:

Xt = [ε1,t − Θ(B)ε1,t] It−d + [ε2,t − Φ(B)ε2,t] (1 − It−d)

for which the invertibility conditions of Theorem 1 still hold.

These proposals of future research are strictly related to the theoretical results proved
in the present paper where the invertibility of TMA(k; q) models has been discussed
extending some developments given in the literature. Starting from the contribution of
[7] mainly related to the TMA(k;1) model, we have established sufficient conditions for the
TMA(k; q) model. We have discussed these results through an illustrative example that
allows to depict the invertibility regions on the parametric space. Further developments
are left for future research.

Appendix
In the proof on Theorem 1 the following notation is used.

Given the sequence of (q × q) matrices An and let λi(An) the i-th eigenvalue of An

(for i = 1, 2, . . . , q), then we say that the sequence Bn is dominant with respect to An

(An ≺ Bn), if the dominant eigenvalue (the maximum absolute eigenvalue) of Bn, denoted
λ(Bn), is greater or equal to the dominant eigenvalue of An, λ(An), for n = 1, 2, . . . .
In other words:

An ≺ Bn, if λ(An) ≤ λ(Bn) (24)

From (24) it follows that:

1. if λ(Bn) → 0, as n → ∞, then Bn → 0(q×q) and An → 0(q×q), with 0 a matrix of
zeros;

2. given the sequence An, then An ≺ λ(An)I, where I is the identity matrix of order
q.
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Figure 1: Invertibility region of the TMA(2;1) model. On the right the solid line delimits
the regions defined by the inequality (17) and on the left the regions defined by (16)
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Figure 2: Invertibility region of the TMA(2;1) model. On the right the solid line delimits
the regions defined by the inequality (18) and on the left the regions defined by (16).
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