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Abstract

In this thesis I will discuss the theory of two level systems and the theory
of the oscillating particles in quantum field theory.
In the first chapter I will consider the time evolution of a two level system,
a qubit, to show that it has inside a local in time gauge invariant evolution
equation. I construct the covariant derivative operator and show that it is
related to the free energy. The gauge invariance of the time evolution of the
two level system is analogous to the phenomenon of birefringence.I also show
that the two level systems present a Berry-like and an Anandan-Aharonov
phase. Finally, I discuss entropy environment effects and the distance in
projective Hilbert space between two level states to show that the last one
is properly related to the Aharonov - Anandan phase.
In the second chapter I review the result obtained in QFT for particle mix-
ing, analyzing the theoretical construction and the oscillation formula in the
fermion case.l will emphasize the differences between the quantum mechan-
ics formulas and the QFT formulas.The unitary inequivalence between the
flavor and the mass eigenstates is also shown and the structure of the current
for charged fields is finally discussed. I found a non - perturbative vacuum
structure for the mixing particles that, among the other things, will lead to
a non zero contribution to the value of the cosmological constant (chapter
3).
Several links between first and second chapter will arise from this thesis and
will shed the light on the fact that it is possible to construct a generic two
level quantum field theory, that is an extension of the quantum mechanics
bit theory in a quantum field theory framework.
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Introduction

A two level system, namely a qubit, is a system that oscillate between two
different configurations i.e an ammonia molecule!, an electron, a neutrino?.
In the first chapter the gauge theory paradigm is applied to the time evo-
lution of a qubit and after this we study the geometric phase properties of
these systems.

As a matter of fact, it is already known [1] that a Berry-like phase and the
related gauge field connection [2] play an important role in quantum com-
puting.Here it is recognized the role of a gauge field showing, by the explicit
construction of the covariant derivative, what are the physical links through
this gauge structure and thermodynamical operators such as the free energy
operator, and showing how it provides an analogy of the qubit system with
the birefringence phenomenon. It is found that the time evolution for the
qubit shows that such a system can be seen as embedded in a gauge field
background that preserve the invariance under local in time gauge trans-
formations.Such a gauge structure also simulates the propagation through a
birefringent medium.

I finally compute the static entropy, dynamic entropy and the distance be-
tween the qubit states in the Hilbert space using the the Fubini-Study metric.
In the second chapter, particle mixing and oscillation, that is an important
topic in modern Particle Physics, is discussed.

The experimental evidences that comes from neutrino experiments [3] demon-
strate that each neutrino can be seen effectively as a two or a three level
system and that flavor oscillation occurs.

Mixing and oscillation phenomenon happen even in the boson case but here
I focus my attention on the fermion case.This phenomenon seems to be the
most interesting one beyond the physics of standard model.Neutrino mixing
theory is crucial in explaining the puzzle of solar neutrinos [4].

I emphasize that neutrino oscillations ore possible only if neutrinos are mas-
sive particle [5].

I also observe, however, that many problems are still not solved, see for ex-
ample the nature of neutrinos masses, the value of these masses compared to
the masses of other leptons, the same origin and generation of the particle
mixing and oscillations.

Studying the puzzle of mixing and oscillation from a QFT point of view we
come to a unitarily inequivalent representation problem, where, as we will
see, the problem appears of the choice of a proper Hilbert space that is dif-

IThe ammonia molecule is an intresting system that oscillate between a configuration
that have the nitrogen atom up and a configuration that have the nitrogen atom down.
2This is the system which has inspired the ideas on which this thesis is based.



ferent for mixed and unmixed fields.

Clearly this picture is in contrast to the one proposed by the Quantum Me-
chanics where the Von Neumann theorem holds and by which only one Hilbert
space is admitted when the considered system has a finite number of degrees
of freedom. Thus in quantum field theory we define two different Hilbert
spaces, one for the flavor fields and one for the mass fields.

I emphasize that, as it will be shown in this thesis, the difference between the
mass and flavor fields consists in the fact that the mass part of the hamil-
tonian of the system is diagonal if written using the first ones and is not
diagonal if written using the second ones. It is properly the non diagonal
term that causes the mixing.

Many studies have been done for fermions and for bosons. Here we propose
the QFT analysis conducted for fermions [6] where one of the most interest-
ing results, that comes out from the unitarily in-equivalence of the Hilbert
spaces, is the orthogonality between the flavor and mass vacuum. We calcu-
late the exact oscillation formulae for fermion mixing [7] using the framework
of Quantum Field Theory. As we will see, a new additional term and energy
dependence of amplitude will come out naturally.

In the third chapter of this thesis the vacuum structure obtained considering
the mixing is shown to lead to a non zero contribution to the dark energy [8],
[9]. In particular I will show how was the situation in the early universe, and
in the universe at present epoch. In the second case I point out separately
the contribution due to neutrinos and due to quarks.



Chapter 1

Analysis of two level quantum
systems.

1.1 Gauge structure for time evolution of two
level systems.

1.1.1 Oscillation of a two level system.

I apply a gauge theory paradigm to the time evolution of a generic qubit,
computing the covariant derivative and the gauge potential.

I start the analysis considering the familiar example of a two level system
[11] i.e. any system which might be described by the orthonormal basis of
two unit (pure state) vectors |0) and 1), (i[j) = 0,5, 7,7 = 0, 1. These states
are obviously eigenstates of the hamiltonian:

H = wi[0){0] + w2[1)(1]; (1.1)
so that:
H|0) = w]0),
H|1) = wsql). (1.2)

wy and wy denote the two different values of the quantum number (energy,
or charge, or spin, etc.) that characterize respectively the states |0) and |1).
We might consider them to be the energie! eigenvalues.

Rotating in the plane {|0),|1)}, one may then prepare, at some initial time
to = 0, the superposition of states:

[9) = al0) + B11), (1.3)
) = =610) + a 1), (1.4)

i.e. the frequencies in natural units h =1=c¢

1
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« and [ satisfying the relations
la* + (8] =1 (1.5)

and
a'f—af*=0. (1.6)

Thus in full generality we can set:

a = e cos b

o (1.7)
G =e"sinf

with 4 =y +nm, n=0,1,2... 2.

In the preparation process we may have a limited control on the system and

sometimes no control [13, 14, 15].

Sometimes, however, is possible to have a good precision in the above men-

tioned initialization problem; this are the case of nuclear magnetic resonance

and electron spin resonant systems [16].

Without loss of generality we start considering

a=8 =1, (1.8)

or equivalently
Y1 =72 = 07 (19)
to have the two initial superpositions of states:
|¢p) = cosB|0) +sinf|1), (1.10)
[v) —sin#|0) + cos 1) . (1.11)

At time t we have:

(1)) = e p(0)) = e ™ (cos 0]0) + e @27t sin4[1)) | (1.12)
lW(t)) = e HY(0)) = e 1t (—sin|0) + e @27t cosf|1)),(1.13)

Obviously, time evolution preserves the orthonormality of the states |¢) and
|¢)) at any time t.

Inverting the equations (1.12) and (1.13), and using equation (1.1) we obtain
the expression for H at any t in function of the state |¢(t)) and [i(t)).

H = wio|p(0)) (@(0)] + wyp| () (D ()] + wou(|0(1)) (L (1)] + !w(t»(d)(t()l!)ﬁ)

ZWe note that |¢) and [1)) are not eigenstates of H and that is because w; # ws.



Wae, Wyy and wey, are given by the following time-independent expectation
values 3.

Wep = Wi o8> O +wy sin® 0 = (p(t)] i0; |p(t)) , (1.15)
Wyy = wy Sin®0 +wy cos®d = (Y(t)] i0; [P(t)) , (1.16)
o = glwn =) sn20 = (D) 0, [9(1)) (117)
Woy = Wy (1.18)

We stress that the wyy, “mixed term”, that is responsible of the “oscillations”
between the states |¢(t)) and |¢(t)), appears in H because wy — w; # 0 and
the ”angle of mixing” 6 is not equal to zero*.

In fact we have:

H[p(1)) = wag [(1)) + woy |1(1)) ; (1.19)
Hp(t)) = wyp [9(1)) + woy [0(1)) - (1.20)

1.1.2 Gauge interpretation of the time evolution of a
two level system.
The time evolution of a two level system introduced above can be inter-

preted as due to a gauge background. I will explain how to achieve to this
interpretation by considering the evolution of the doublet:

C(t) = ( ,'Zigi > (1.21)

Since
Hlp(t)) =i 0;|6(t)), (1.22)
Hl|(t)) =i 0, [4(1)) (1.23)

remembering equations (1.1), (1.12) and (1.13)), we get the evolution equa-
tions:

10 1C(1)) = walC(t)) + waw o1 [C(1)): (1.24)

Remember that H|x(t)) = id;|x(t)) where [x(t)) = (1)), |¢(t))
4This situation appear even in the mixing of fermions, of bosons and in general of
particles with different masses [17].




where

_ [ wes O
wd_( 0 ww)’
0 1
o1 = 10 .

(5&) = ww, — W¢¢ =

If now we consider that

= (w1 — wy)(sin® @ — cos® 0) =

= (wy —wy) cos 26,

we have: 5
tan 260 = M.
ow
If we put
g = tan 26,
we have:
1 ow
Weep = — )
oY 29

Substituting in (1.28) we obtain:

I = walC(e) + 5941 ICH)

where 4; = %5w01.

From this formula we can write the covariant derivative®:

Dt = 815 + iw(¢,¢01 :8t + igAél)al,

where g plays the role of a coupling constant and
1
A = 25w
2

plays the role of a non abelian gauge field ©.

Now we can write the equation of motion (1.31) in the form:

iDy [C(t)) = walC(t)).

5We will also use the notation : Ag = A(()l)

6

o] = %&ual

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

a similar situation occurs in the different context of neutrino mixing, see ref. [18]



If now we set:

(1)) = e O ¢(1)) (1.35)
and
D, =08, +ig(AY a1 + 9, A1) oy ,) (1.36)
we can easily see that:
iDy[C(1) = walC'(2)) (1.37)
By this we can define the operator:
U(t) = e 9o, (1.38)
So we can write:
U(t) (iDy (1)) = iDy U(t) [¢(t)) (1.39)
and also
gAY ol = U g AV o UN(1) + i (0, U) UL(t). (1.40)

The same situation (see Eq. (1.36)) happens for a gauge field transformation.
The above result can be expressed by saying that the evolution in time of
the vector doublet |((t)), that is our two level system, can be described using
a non abelian gauge field that couple the two single component of the qubit
among themselves. This situation occurs because we have to preserve the
invariance of the dynamics against local in time gauge transformations (phase
fluctuations). Finally we note that since the only non-vanishing component

of A, is Ay (which is a constant (4 =
identically zero.

This is a feature which, for example, occurs in the case where the gauge
potential is a pure gauge and the gauge function is not singular.

dwoy)), the field strength F),, is

1
2
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1.2 (Gauge evolution in time of a two level
system as a birefringence phenomenon.

1.2.1 Time evolution of the qubit seen as a birefrin-
gence phenomenon

The purpose of this paragraph is to show that the time evolution above de-
scribed can be recognised as a birefringence phenomenon. To do this we
observe that the time evolution of the eigenstates |0) and |1) of the hamilto-
nian is described by:

<|0<t>>>:<e"wt 0 ><|0<0>>>’ (L.41)
1)) 0 et J A 1(0))

7 and:

in”the vacuum”
w=27v (1.42)

So the ”propagation speed” of the the wave packet that corresponds to each
eigenstate |0) or |1) is given by:

v = AV (1.43)

We will show now what happens if, instead of considering the vacuum medium
we consider a medium that has a different refringent behavior for each of the
states |0) and |1). Suppose now that instead of ”the vacuum” the propa-
gation happens in a medium that presents different refraction indexes, for
example ny for |0) and ns for |1). To be more precise, this means that given
a length ¢ it will be crossed in a time ¢; for |0) and in a time ¢, for |1) and
this times are given by:

14 14

(%1 Vo
and ’ ’

(%) Vo

Here we have considered the same time ¢ of propagation in the birefringence
medium but we have different speeds of propagation considering v; for |0)
and vy for |1).

Now time evolution for |0) is described by the phase factor

eTWh — Wit (1.46)

7 The vacuum” means in absence of any ”external field.”, even in absence of the gauge
field.



and by
e Wl = gmiwat (1.47)

for |1), where we have applied the sequent substitutions:

wt; = w—nqg =
! v (1.48)

=2nvitn =21t = wit

for |0) and

Wity = w—ny =
2T T (1.49)
:27Tl/tn2:27Tl/2t:C¢J2t

for |1(2)).

In the above written formulas we have considered:

MV = vy (1.50)
v v
ny = U—(l’ = 71 (1.51)
for |0(¢)) and
AoV = g (1.52)
Ny = Z—Z - % (1.53)

for |1(t))

We now can see that considering the dynamical evolution of the two states
in a birefringent medium is a manner to consider two

different phase instead of one.

So now we are again in the same puzzle exposed in the first chapter, because

the time evolution of the doublet < 10(t)) ) can be now written as:

(1))

(B0 20 (m) o

If now we operate in the same way that we did in chapter 1 and construct
again at time ¢y = 0 the pure states:

6) = 10)+ 1), (1.55)
) = =10y +[1). (1.56)
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and let them evolve in time we have:

—i(wa—w1)t o}
( 6()) ) _ int ( cosf e~ sing ) ( 0) ) -
[4(1)) —sinf e"iwzmw)t cogf 1)
that is exactly the matrix form that unify the equations (1.12) and (1.13).
So starting from there we can evolve all the puzzle that we presented in
the above chapter in the same way or, in other words, we have shown that,
provided that w; # ws, for 0 # 7 + =7, the effect of time evolution through

the refractive medium is equivalent to the effect of the background gauge
field

1
A = Z(wy — wy) cos26 =
2 (1.58)

= §w(n2 —ny) cos26.

This situation obviously disappear if the propagation happens in the vacuum
where

ny = Ng = nNg = 1= (159)

= wy W = ws. (1.60)
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1.3 Free energy interpretation of the gauge
background.

In this section we will show how we can interpret the results of previous
sections in a "thermodynamical” way. To be more precise we will relate
the free energy of our two level system to the hamiltonian and our gauge
potential.

Let us first re write the equation (1.24)

10/ 1C(0) = walC(t) + wapor [C(1)): (L.61)
S 00 — wep o [C) = walC(D); (1.62)
(H = wo o) [C(8) = walC(®) (1.63)

As we can see we have written the covariant derivative as H — wg,y 01 where
again o is the first Pauli Matrix.

It is possible now to write the operator F"
F = (H — wyy01), (1.64)
Which can be identified with the free energy if we provided that we define:
Weyp 01 = gAy =TS (1.65)

where S = Aj is the entropy of the system and T' = ¢ is its temperature.
Therefore we see that the free energy (1.64) controls the time evolution of
the two level system, namely a qubit, and the gauge field plays the role of
the entropy.

It is interesting to see that T'S is written in terms of the states |¢) and |¢)
as.

TS = weu(|o(O)) (W (O] + [ @) (P®)]) - (1.66)
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1.4 Geometrical invariants.

I now write a geometrical phase that is effectively a Berry like phase and 1
will compute it.

As done in Appendix A, I consider the time evolution of each one of the
states |¢) and [¢)8.

HIs(0) = i216(0) (1.67)
HIp) = i u(0) (1.68)

We recall that the dynamic part of the time evolution of is governed by
the "energy” that pertains to each one, respectively wgy for [¢) and wy,, for
|1); considering that the dynamical phase of the time evolution of |¢) is given
by e~i fot wgedt’ and equally for [¢) is given by e~ Jo wpdt’,

If we now consider the amount of time that goes from ¢t = O tot = T =

ﬁ referring to the equations (1.12), (1.13) we will have:
BT) = ¥I6(0): (1.69)
(1)) = e*[y(0)), (1.70)
where 5
o =T (1.71)
Wy — W1

is the total phase factor that we have in this amount of time.
As expected we have:

T
(2 7é —Z/ W(M)dt/ (172)
0
T
(2 7& —Z/ u)wd,dt/ (173)
0
So we can write:
T
¢ = Py — @/ wWepdt’ (1.74)
OT
¢ = Py — Z/ wyydt’ (1.75)
0

8remember that we are in natural unit, h =c=1
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Here B4, and By, are pure geometrical phases, i.e. Berry like phases, and
are originated exquisitely by the mixing term wgy (|¢(¢)) (W (¢)| + [ (2)) (@ (2)])
of the hamiltonian.

We can obtain the two geometrical phases inverting the equations (1.74) and
(1.75) obtaining:

T
Poo = @+ Z/ wogdt’; (1.76)
0
T
ﬁWp = @+ Z/ wwd,dt/. (177)
0
Recalling the equations (1.12) and (1.13) we have:
T
Bs = ot [ (olalojar' (1.78)
0

T
Boo = ¢ +i /0 (o)t (1.79)

The above formulas for (44 and [y, are formally identical to (A.11) for
the canonical Berry phase, as shown in Appendix A. Finally, by performing

integrals in equations (1.78) and (1.79), we have:

ﬁ¢¢ = 27 Sin2 9, (180)
Byy = 2mcos®0; (1.81)

le.
Bos + By = 1. (1.82)

These geometrical phases play an important role in the oscillation phe-
nomenon of the two level systems that we analyzed. We can adopt each
one of them as a counter of the number of oscillation.

In fact if we evaluate them for a time ¢t = nT instead of ¢ = T we obtain:

Bss = 2nmsin®0; (1.83)
Bpy = 2nmcos?d. (1.84)

So, by measuring one of them, for example 344 we can get the number n
of oscillation occurred.

Another important geometrical quantity is the Anandan - Aharonov in-
variant.
For a more detailed explanation of this invariant we refer to appendix A and
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to reference [12], here we limit our attention to the calculation of it for our
two level system, namely a qubit, case.
Referring to the equation (A.14) our AE(¢)? is given by:

AE()? = Aw’ =Awiy=Awl, ;= (1.85)
= AB(t)* = (E@)HE1) — (CWOIHIER)” =wgy . (1.86)
Where € = ¢, 9.
So our geometrical invariant is given by:
5= Z/wwdt. (1.87)

Considering [39], for t = nT" one obtains:
s = 2nm sin(20) (1.88)

Immediately we can see that:
/(C(t)|T501|C(t)> dt = /(C(t)lgAél)K(tD dt =2 /%w dt = s, (1.89)

That give us the correlation between s, T'S, and g A(()l).

It is interesting to note that the relation between T'S and the variance of the
energy A E = wy, is through the non-diagonal elements of H, namely it is
proportional to the energy gap, ws —w1, between the two levels (cf. Eq. (1.88)
and (1.17)).

Finally, it is instructive to analyze the invariant s in terms of the distance
between states in the Hilbert space.

We generically denote by |£(t)) either |¢(t)) or |¢(t)).

Their evolution is governed by the Schrodinger equation

i dilé()) = HIE(D)), (1.90)

Referring to appendix A, equation (A.19)° to references([11]) and ([12]) we
have:

ds* = QngZ“diy =

(1.91)
= 4(1 = [{€@)I¢(t + db) ),
where g, is the Fubini - Study metric.
Doing the same calculation that we did to obtain (A.18) we have:
[(E@IEE+dt)) | =1 — d® Awge + O(dt?®) (1.92)

9Here we adopt |£(t)') = |€(t + dt)) = e~ Fe(t+d)|£(¢)) or in other words we are con-
sidering IT = e~ (44t a5 our projection operator.



15

so we finally:

ds* = 2g,,d7"dZ" =
= 4(dt’ A + O(dt?)) (1.93)
= 4(dt’w3, + O(dt?)),
Thus we showed the connection between wg,, that is responsible of the oscil-

lation and of the mixing and the Fubini - Study metric using the Aharonov
- Anandan invariant.
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Chapter 2

Particle fermion mixing in
QFT.

In this second part of the thesis I summarize the results obtained by the
analysis of the puzzle of fermion mixing. Among the results that we will en-
counter, of particular importance is the formal difference between the mixing
formula in QFT and the ones obtained by the quantum mechanics theory.
Another important result is the orthogonality between the ”flavor” vacuum
and the "mass” vacuum.

We will encounter other important features of the fermion mixing as a con-
tribution to the dark energy that can be obtained from QFT fermion mixing.
For simplicity we will refer to neutrinos for which we have a large amount of
experimental data, see for example ref. [3].

2.1 The vacuum structure

I focus the attention on the theoretical structure of fermion mixing treated
in quantum field theory; in particular I am going to treat neutrinos as fields
and we will surprisingly find that the oscillation formulas of neutrinos here
have in addition a Bogoliubov term.

I first start checking that the Fock space of the flavor fields is unitary in-
equivalent to the Fock space of the mass field in the infinite volume limit.
The flavor states exhibit the structure of SU(2) coherent states, as we will
see below.

We will get the new formulas for neutrino oscillation [25, 26] in QFT and
then we will study the current structure for mixed fields [27].

17
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The mixing relations written for the fields([28]):

ve(z) = wvi(x)cosf+ ve(x)sinb; (2.1)

vu(z) = —uvi(z)sind + vy(z) cosb.

Where v.(z),v,(z) are the flavor neutrino fields and v4(x),v,(x) are the
neutrino fields with definite masses my , ms.

In terms of creator and of annihilator operators, as free Dirac fields, v (x) , vo(x)
can be written as:

1 r r r r .

miz) = W;[uk,lak,xt)+v-k,lﬂ.£,1<t>}, (2.3)
1 ,

wolw) = ﬁ;[uﬁ,Qa;Q(t)+vfk,2ﬁ.li,2<t>}; (2.4)

where we have:

1
2| o
Wi + My \ 2
Ullu =\|—F" __ ks ; (2-5>
’ 2wk,,; Wk, i+m;
k1+iko
Wk, i+m;
0
a1
Wk + My \ 2
Ui = | =5 Fa—iky | (2.6)
’ 2wk,i Wi, +m;
7]{33
Wk, i+m;
_ks
1 w%i‘f‘ﬁ}ii
. N\ 2 —R1—tR2
1 — —Wk,z i Wh,i T : 2.7
/Ufk i ’ 5 .
’ 2wy i 1
0
—ki1+iko
1 wk,]i:rmi
. A\ 2 3
Uzk — M Wy i +Mm; . (28)
" 2wk,z 0
1
Moreover we have:
r _ r —iwp, it
ak,i(t) = Oy;€ ) (2.9)
T _ T iwg it
i) = B e, (2.10)

wri = /K +m? (2.11)
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with 7 =1, 2.

As usual, the operator oy ; and i ; are the mass annihilation operators that
applied to the mass vacuum give:

e i|0)12 = B 4[0)12 = 0; (2.12)
where
’0>172 = |0>1 ® ‘0)2 (213)
We write now the mass fields anti-commutation relation:
(@)} ==Yy af=l.4 (214)
And also the annihilator/creator anti-commutation relation:
{ai,’U af;tj} = 6kq57“55ij ) (215)
{5;;#.,535} = kdrsbys 0 g =1,2. (2.16)

All other anti- commutation relation are equal to zero.
We also write the completeness and orthonormality relations:

U;jzuiiz = Uli”liz = Ops; (2.17)
ugz‘vik,z‘ = Urjk,z'uii,z‘ = 0, (2.18)
Z(Uﬁzuﬁz + Uik,ivT—Tk,i) = L (2.19)

r

The mass fields vi(z) and vy(x) are related to the free hamiltonian whose
mass term [27] is:

H=m 1/11/1 + My 1/%1/2 (2.20)

Instead, the flavor fields are related to the hamiltonian *
H = m.. V;rVe +my, I/);VM + My, (V;ryu + l/lue) (2.21)

where ?

Mee = mycos®l 4 mysin® 6, (2.22)
My = mysin® 0+ mycos® 0, (2.23)
Mey = (Mg —my)sind cosé. (2.24)
Mey = Mye (2.25)

'We refer only to the mass term here also.
2Note the analogy with the eqs. (1.15),(1.16),(1.17),(1.18)
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In QFT the basic dynamics, i.e. the Lagrangian and the resulting field equa-
tions, is given in terms of Heisenberg (or interacting) fields but the physical
observables are expressed in terms of asymptotic free (in or out) fields.

The free fields, say for definitiveness the infields, are obtained by the weak
limit of the Heisenberg fields for time ¢t — —o0.

In QFT, there exist infinitely unitary non-equivalent representations of the
anti-commutation relations of the fields®; considering that for any one of this
representation the asymptotic free fields are different, we have a different set
of observables for any representation.

Thus before has a physical important meaning: if to any unitary non equiv-
alent representation corresponds the same dynamics 4 but a different set of
observables, that means that to any representation corresponds a different
physical phase of the system.

We have written above we stress that is a very rude and naive approximation
to assume that interacting fields and free fields share the same vacuum state
and the same Fock space representation. Taking into account what we said

above, we will investigate the structure of the Fock spaces H;o and H,,
relative to vy (x), 5(x) and ve(x), v,(x), respectively.

We show that H; 2 and H. , become orthogonal in the infinite volume limit,
in particular the free field vacuum and the interacting field vacuum will be-
came orthogonal.

We will achieve this result starting first by constructing the Fock spaces H; o
and H. , in the finite volume limit, then we will extend our volume V' to the
infinite limit.

The relations (2.1) and (2.2) can be seen as originated by a generator Gy(t)
as we can see below:

e(x) = Gy ()i (H)Go(t), (2.26)
(z) = Gy (t)vg (t) G (t)- (2.27)

Where « is the helicity of the field. To get the generator Gy(t) we start

from (2.1) and (2.2) and consider that:

3That means that we can represent the same Lie group of fields by different non equiv-
alent representations.

4Remember that Lagrangian and field equation depends only to Heisenberg fields that
are not representation dependent.
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Ve (z)|o=o vy (z) (2.28)
Gy (O ()Go(t)lo=0 = vi'(@) (2.29)
Gy'(t)lo—o = I (2.30)
Go(t)lo=o = 1 (2.31)

From equations (2.30),(2.31) we can easily see that Gy(t) must be such
that:
Go(t) = " @ = Gl () = 5@, (2.32)

where 60 — 0 when 6 — 0. Still following the equations (2.30),(2.31) we

have:
v () /d6 = V5 (x) (2.33)
and
(ngQ O (w)Galt) + Gel(t)yf(x)diee(t)) oo = 18(2) (234)

—S%(z)e 05" @y (1)@ 4 705 @ (1) 5 (1) e @ gy = v (x) (2.35)
=S5 (@) (x) + v (2) 5% () = v5' (x) (2.36)
(o), S(x)] = 2 (). (2.37)

By this we have found that

S%(x) = avs(z) + terms that commute with v{(x). (2.38)

To calculate the value of @ we evaluate the commutator[v (x), S%(z)].

(1(2), 5%(x)] = [m(z) , avy (2)] (2.39)

Wi (x), avy ()] = v5'(x (2.40)

vi(e)avy (v) — avy'(x)vy (x) — afws (), 17 ()} = 15 (2) (2.41)
Remembering that {v§(z), v¥(z)} = 0 we obtain:

(V2 (@) — @ (@) (x) = 15 (x) = (2.42)

v (x), a4 = 1= (2.43)

o= v (2). (2.44)

We thus result we obtain:
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S%(x) = v + terms that commute with v (x). (2.45)
We now consider the relation

dv®(z)

R
ce = SN2y (x) + vy (2)SY(x) = = (z) = (2.47)
w3 (x), S%x)] = —vi'(z) (2.48)

Equation (2.48) says to us that:

S(x) = v (2)vg (@) + bl () +-pieces that commute with v (x) and with v (z).
(2.49)
Substituting now S%(x) into (2.48) and doing the same calculations that
we did to obtain a we obtain:

b=—v(x) (2.50)
S(x) = viM(@)vs (z) — v ()0 ()

2.51
+pieces that commute with vi(x) and vy (x). (2:51)

Naturally we can exclude the terms that commute with v and v§ to
attain finally®:

§%(x) = T ()5 () — v (2)0} () (2.52)
Summing on « and integrating into all the volume V' we have:
S(t) = / BPx v (@) () — vl (2) (). (2.53)
v
From (2.53) we have:

GG (t) _ 60 Jy &z (1/1r (a:)zzg(x)—uér (z)11 (w)) (254>

Note that Gy(t) is a unitary operator at finite volume V.

®We recall that for our interaction the pieces that commute with v§* and v§ do not
contribute to it.



By introducing the operators:

S.(t) = /Cf%vﬂxﬁ@@%
S_(1) = jccfxz4<xﬁa<x>::<s;<w>f
we can rewrite (2.54) as follows:

Gy(t) = "5+ 0=-5-1)

The operator of Casimir , that here we call Sy is given by:
S= [ dai@m) + i),
v
and together with:

&:Aﬁuﬂmm@—@mww»

close the su(2) algebra, in fact we have:

[Sy(t), S_(t)] = 2853;
(S5, Sx(t)] = £5.(1);
S0, S5 = [So, SL(t)] = 0.

Thus we can see that Sy(t) € SU(2) or equivalently Gy(t) € su(2).
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(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)
(2.61)
(2.62)

Expanding the above mentioned operators respect to the momentum we

have:

S4(1)

k s

+uf,1 02k o O‘El@) 5ST o(t) + 7 Then Vi Bl 1 (t )5?1(72@)) ’

Zsk ZZ (“k 1 U2 ak 1(8) oo (1) + Uﬁk,l U o By 1 (F) oo (8) +
K

(2.63)

S-(t) = Zsk ZZ (”k 2 Uk 1 ak o(t) af{,l(t) + UiTk,Q Ulsc,l ﬁik,Q(t) af{,l(t) +
k

k ns

+u1ﬁ2 02k O‘f@(t) 6ST () +0] k2 V- klﬂrk2( >6iTk,1(t)> ’

6As we will see the Casimir is proportional to the total charge.

(2.64)
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Zsk Z (O‘k 11— BBl ak 2050+ B 50 2) ,(2.65)

,7‘

Zsk Z (O‘k 1051 — Bl 1 0lr + ak 20 — 5?1{,2511{72) .(2.66)

We observe that the operatorial structure of Eqgs.(2.63) and (2.64) is the one
of the rotation generator and of the Bogoliubov generator. We can easily see

that:
[S% (t)] 25K, (2.67)
[S;,‘,Si )] = +£Sk@), (2.68)
(S, S5] [Sy, Sk = (2.69)
[S5(8), SE(1)] = [S5, 8% (1)] = [S5.8%] = k#p. (2.70)

So the su(2) algebra structure holds for any k.
=) SUQ2)x.- (2.71)
k

Now we will establish the relation between the flavor Hilbert space H. , and

the mass Hilbert space H; » evaluating the generic element 1 o{a|vf(z)[b)1 2"
Inverting the equation (2.26) we can write:

12(alv () |b)12 =12 (alGo(t)ve (2) Gy (1) |b)1.2 (2.72)

Recalling that v&(x) is an operator of the Hilbert space H. ,, the equation
(2.72) says to us that G ' (t)[b)12 € He,, i.e. Go(t) maps Hy into He .. In
finite volume V we have:

0(t)) e = Gy (£) [0)12 - (2.73)

We can write the state of one particle in the Hilbert space H,,:

ey (1) 10))ey = Gy (1) g1 () [0)12 =0,
U, (1) 10)ess = Gy (1) af5(t) [0)12 =0,
Bew ) 0@))ese = Gy (t) Bia(t) [0)12 =0, (2.74)
B, () [0(®))ese = Gy (1) Bics(t) [0)12 =0,

Twe can do the same thing if we calculate 1 2(a|vg (x)|b)12
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[y

e, (1) = Gy (1) age (1) Go(t),

ey, (1) = Gyl (1) g, (t) Go(t), (2.75)
v (1) Gy (t) Bia(t) Go(t),

B, () = Gy (t) Bics(t) Go(t).

Taylor expanding Gy(t) and G,'(t) and substituting into (2.75) we obtain
the flavour annihilation operators:

ey, (1) =
ey, (1) =
ﬂik,uc(t) =

ﬁzk,uM (t) =

s

Without loosing generality, we can choose the rest frame where:

obtaining:

ey, (1) =

ey, (1) =

6ik,ue (t) =

Bik,uu (t) =

k =(0,0,|k|); (2.77)

cos 0 aj, (1) + sinfd (|Ux] afealt) + € [Vl 87,(0)
(2.78)

cos 0 ajolt) = sind (|0l afea(t) = ¢ Vi 8, (1)

088 Boea() + sind (U] Boelt) — € Vil afly(t))
(2.79)
cos 0 iealt) = sind (Ul Baca®) + ¢ Vid ol (1)) |

with € = (—1)" and

_rt or r
Uk| = wyyuj ; = v 005

rt rt

_ r_rt r _ r r
Vi =€ Uy (Vg2 = 7€ UV k1

cos oy, (t) + sind Z [uijl Uy 5 O o(t) + uijl 0% 10 giTk?(t)} ,
cos0 aja(t) = sind > [y uies aja(®) + wifyoti, 8,0)]
cost 07,4 (t) + sind Z [US—Tk,z Vg1 Blaa(t) + Uls(TQ QU als(T,Q(t)] ;

cost f7,5(t) — sind Z |:U8—Tk,l Vo Bl (t) + ufjl QU 0‘1811(75)} -
S

(2.76)
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where 7,7 = 1,2 and 7 # j and we have:

Wg.1 +my 2 Wg2 + Mo 2 k? )
Ul = : : 1+
1V ( 2w ) ( 2wy 2 ) ( (wr,1 +ma) (w2 +m2)
(2.80)
|V| . (wk’71+ml)é (Wk,2+m2>é ( k B k )
b 2w 1 2wy 2 (Wko2 +m2)  (wk1 +mq)
(2.81)
Ui + VA2 = 1. (2.82)

The flavor fields can be expanded in the same operational bases of the mass

fields, i.e.:
1 .
v, t) = —=> e [upaf,, () + 000, 0], (283)
\/vk,r

1 ik.x T r r T
vu(x,t) = er . [uk,Qak,uu(t) +’U—k726jk,u#(t)] ’ (2.84)
k,r

At level of annihilator operator we can see that the structure of mixing is
made by a Bogoliubov transformation nested into a rotation.

We will see below that this mixing structure will be confirmed even at fields
level.

As we can see this two, transformation could be not disentangled, so (2.78,
2.79) are different from a simple rotation and from a simple Bogoliubov. We

will now obtain the explicit expression of |0) , at finite volume, then we will
do the infinite volume limit.
Using the gaussian decomposition [29] we have :

Gyl (t) = expld(S_ — Sy)] = exp(—tand Sy) exp(—2in cosh Ss) exp(tand S_)
(2.85)

where 0 < 0 < 5
Then Eq.(2.73) becomes:

0)e,, = H ‘O>le<,,u = H exp(—tand SX)exp(—2in cosh S¥) exp(tand S¥)[0); 5 .
K k

(2.86)
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-+- The right hand of the above equation can be calculate considering:

S¥|0)12 =10, (2.87)
SX10)12 #0 (2.88)
(S¥)*10)12 £ 0 (2.89)
(S5)310)12 =0 (2.90)

and other relations that are calculated in appendix C, so the expression for
|0)¢,,, becomes:

. 1.
10)e,, = 1;[ |0>1;u = 1;[ [1 + sinf cos 0 (Slf — Sfﬁ) + 3 sin? 6 cos® 6 ((35)2 + (SJE)2) i

1 1
—sin? 9S% Sk + 3 sin® @ cos 0 (S*(S%)? — SX(S%)?) + 1 sin 0(S%)?(S%)?{ 10)12 .

(2.91)
Obviously, see eq. (2.73), |0).,, is normalized to one.
Now we will show the orthogonality between |0)., and |0); 2 at infinite
volume. We have
: L.
172<0|O>e,u = H (1 — Sln2 0 172<0|S_IT_SE|O>172 + Z Sln40 172<0|(S_1~(_)2(SE)2|0>172)
k
(2.92)
where (see Appendix C)
1,2<0|5_1§SE|0>1,2 =
= 1200 (Z S [k ks [l 7sca ] B72a () e (®) 0y (0) @i*k,ms)) 0)12 =
= 21l [P = 2 (2.93)

and proceeding in a similar way we find:

12(0[(S5)*(S%)?10)1,2 = 2|Vidl* . (2.94)

|Vk|? depends on k only through its modulus and it has values always in
the interval [0, 3[. This function has a maximum at |k| = \/myms ® and we

8 /m1ms is the scale of the condensation density
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have |Vi|? = 0 when m; = my.Also, |Vi|*> — 0 when & — co.
Finally we have

12(0[0)c . = H (1 —sin? 6 |Vk HF — Heln Lk) — oYy ln (k)
K

) (2.95)

Given the properties ok |Vi|? we have that T'(k) < 1 for any value of k
and for any value of the parameters m; and m..
Using the continuous limit relation ), — # | @k, for the infinite volume
limit we obtain:
lim 1(0[0),, = lim e@ns/ kT

=0 (2.96)
V—o0 V—oo

The relation (2.96) goes to zero because the infinite volume limit takes
into account the contribution due to values k — oo ? that eliminate the UV
divergence of [ d°k In I'(k).
In conclusion we showed that the flavor states are generalised SU(2) coherent
stases, this leads us to two fundamental results: first we have that the flavor
vacuum state is different than the mass vacuum state ' at finite volume,
second we have that at infinite volume limit the flavor vacuum is orthogonal
to the mass vacuum.
Thus we see that the usual identification of the flavor vacuum with the mass
vacuum is only an approximation and we showed the limit of applicability of
this approximation.
What we said above shows the absolutely non trivial nature of the mixing
transformations (2.1, 2.2).

If we exhibit the explicit expression oﬂ())}; u» ab time ¢ = 0, in the reference
frame for which k = (0,0, |k|) (see Appendix D) we obtain:

0%, = TI[( - sin?0 Vi) — e sin cost [il(ogl, 7L, + afyd7l ) +

1
T

+ € 'sin’f |VkHUk|(aQ1 ZTk 1 O‘SQ k2) + sin® ¢ |Vk|20‘ Tk20‘g2

As we can see from (2.97) the expression of the flavor vacuum [0)¥,
involves four pairs of massive particles.
The number of condensed particles is given by:

9In other words it takes into account the infrared limit.
10T be more precise each flavor state is different to the respective mass state

ki [10)12
(2.97)
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esil010id 0k 10)eys = e (O1G Bil0)ey = sin®@ Vi, i=1,2.(2.98)

2.2 Generalized transformation of the mix-
ing.

Let us now start by introducing a new notation to describe the flavor fields:

vo(x) = Gy (£ vj(x) Gl fz[uk]akya £) + iy, (8)] €
(2.99)

Obviously we have also:
OATWO (t) . ol J (t)
( e )=t T )6t (2.100)

If we explicit the generator Gy(t) in the frame where k = (0,0, |k|) we
have:

O‘ﬁ,ue <t> Co S ’Uk| 0 So € ’Vkl ail(t)

OélT(,uH (t> _ —Sp |Uk| Co Sg€” |Vk’ 0 Oéig(t)

0 0 —sp € | Vil Co s |Uk| B ()

iTk’V# (t) —sg € | Vil 0 —sg |Ux| o ﬁjkg(t)
(2.101

where ¢y = cosf, sy =sinb, € = (—1)".

In Eq.(2.99) it can be used an eigenfunction with arbitrary masses i, so the
transformation (2.100),see [30, 31], becomes:

vo(z) = \/_Z[u£0~£u +vik70~ﬁk%(t)] ekx(2.102)

u, and v, are the helicity eigenfunction with definite mass .

Using this basis we simplify considerably the calculations with respect to the
above mentioned choice [31]. The generalized flavor operator will be denoted
by a tilde to distinguish the one above defined.
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Let us consider again the set of free fermion'! field operators composed, for
simplicity, by only two elements, i.e. assume our annihilators are:

aj (1) ) S

I , with i=1,2., (2.103)
( Bla(t)

the non zero masses are m; and ms, with m; # mo.

The wave functions u; and v;'2 satisfy the free Dirac equations

respectively.
We denote the with |0);2 = [0); ® |0)2 the vacuum state that is annihilated

o, (t

by ( 51}?2((2) ) As we know, in quantum field theory there exist many
—k,i

unitarily inequivalent representations of the anti-commutation (commutation

for bosons) relations of the fields operators [33] [34] so we can consider another

set of annihilation operators:

(B) 2w

Suppose now that the wave functions that corresponds to the operators
of Egs. (2.105) satisfy the free fields Dirac equations:

(@ f+p)u =0, (@(f—pw)ui=0, (2.106)

As we can see, the mass now is considered as a mass parameter'® i.e. m;

are mass parameters for the fields v;(x) and u; are mass parameters for the
fields v;(z).
The two sets of operators are related in the following way:

(800w

—k,i —k,i

The operator 1,(t) is given by:

fﬂ<t>:Hexp{ifo o) i,,-<t>+ﬁik,i<t>a;i<t>}} (2.108)

11 A1l the conclusions that we achieve here remain valid even in boson case.
12We omit the index k whenever no confusion arises

13A parameter with the dimension of a mass.

14Tn this particular case coincide with the masses
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Obviously if 1; = m; the operator 1,(t) transforms into the identity opera-
tor and this is simply due to the fact that £¢ = (X;—x;)/2 and cot X; = |K| /s,
cot x; = [k|/m;.

Substituting (2.108) into (2.107) we obtain the matrix form of (2.107)' i.e.

e (1) P00 ik 0 g1 (1)
(e o (1) 0 o5 0 i)k a5 (t)
i, _ | X, 2.109
Tt oo || e | B
ﬁiTk,Q(t) 0 ixy O P2 ﬁiTk,Q(t)

The matrix elements of the transformation matrix are given in the sequent
way:

Pi{érs = ﬂquz uls(z = @/:Tk,i Uik,i = COS £zk Ors
i NGy = U 0%y, = D ub, = 0 osingFon,
(2.110)
with i = 1,2 and @y; = VKk? + p2.
The vacuum that is annihilated by the (aj ;, 7y ;) operators is
0())12 = 1, (£)0)12 (2.111)

Relation (2.107) is nothing but a Bogoliubov transformation that relate fields
operators (aj;, A7y ;) and (aj ;that have different mass parameters, i.e. p;
and m;.

In the infinite volume limit the Hilbert spaces where o ; and o ; are respec-
tively defined these operators turn out to be unitarily inequivalent.

As we can see, the ¥ acts like a label that specify the unitarily inequivalent
Hilbert spaces that have different values of the p; mass parameter among
themselves.

Obviously [0(t));5 is not annihilated by ag.; and fi ; and it is not an eigen-
state of the number operators:

Nai = Z/d3k alriiai,i’ Nﬁz‘ = Z/d3k 51:2@2,1 (2'112)

Also |0)12 is not annihilated by & ; and B{;l and it is not an eigenstate of
the number operators:

5Written for both the index i = 1,2
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No,()=>" / Pk al,mag,t),  Nat) =Y / &k Byl () B(1).
' ' (2.113)

If we perform the expectation values of N,, and Nj, on [0(t))12 we obtain:
12(0(0)[Nas[0(E)1,2 = 1,2(0(8) N3, [0(£)) 1,5 = sin’ef (2.114)

If we also perform the expectation value of Nai (t) and Nﬁi (t) on [0)12 we
obtain: _ N
12(0] No, (1)[0)1,2 = 12(0] N, (£)]0)1,2 = sin’¢* . (2.115)

So the number operator, say N,,, is not an invariant under the Bogoliubov
transformation (2.107). This results is not really surprising us because Bo-
goliubov transformations introduce a new unitary inequivalent(i.e. physi-
cally inequivalent) Hilbert space in the infinite volume limit. In other words,
through the Bogoliubov transformation we introduce a new set of asymptotic
fields'®, so there are infinitely many sets of asymptotic fields, each one asso-
ciated to its specific representation. The choice of the set of fields operators,
i.e. the choice of the Hilbert space of states that describe our system, is then
dictated by the physical conditions which are actually realized and where the
system is.

If we define the state |aj ;) as |aj ;(0)) = &£T1(0)|6>, we have:

(@, (0)] N (8) [a7,(0)) = [{k;(£), @3, (0)}?
— ||p7ll‘<|26i(ak,i_wk,i)t + |A?|2ei(gk’i+wk’i)t 27 (2116)

with i = 1,2. Equation(2.116) shows that the expectation value of
the time dependent number operator is not preserved by the transforma-
tion (2.107) applied both to states and operators. Consider the total charge

operator
Qi = No, — Ng,

7

(2.117)

with 7 = 1, 2, instead of considering the single number operators N,, and Ng,
we have that:

Qi = Qi (2.118)

16 A new set of quasi-particles.
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ie. Q;, for free fields, is conserved under the Bogoliubov transformation
(2.107).
The expectation value of (); at time ¢ on the state at t = 0 is given by:

(1:(0) | Qu#) | @s(0)) = (aies(0) | Qult) | g (0)), (2.119)

since we have:

{50 (0, &80} + HAL®), @l (01 = e, (6), aid (03 + {8 (1), il (0037
(2.120)

So we have shown that the above mentioned expectation value is independent
from mass parameters.

If we consider, instead of the Bogoliubov (2.107) a Bogoliubov nested into a
rotation 7 we obtain similar results.

We clarified that quantum fields can have different mass parameters because
of it is intrinsic into QFT, so this feature is independent from the occurrence
of the mixzing. Also we have seen that the choose of the mass parameter must
be justified on the ground of physical reasons [35, 36, 37].

Obviously in the mixing problem the choice . = m1, p, = my is motivated
by the fact that my, msy are the mass-eighenfields, so it is the only one that
have a physic relevance.

Going forward, we will use the charge operator instead of the each number
operator; this operator describes the relative population densities in a beam.
In case of fermion oscillation it is relate to the lepton charge.

2.3 Current structure for field mixing.

Consider a doublet of free fields with masses m; and mo with my # mo.
The lagrangian density that describe the behavior of the above mentioned

fields is:
L(x) = U, (2) (i @— Mg) ¥,,(2), (2.121)

where U1 = (v1,15) and My = diag(my, ms).

The label m indicates that we are dealing with mass eighenfields, in the
following the flavor eighenfields are labelled by f.

The above lagrangian is invariant under global U(1) phase transformations

like:

7In this way we reproduce the mixing fields situation that we have seen before.
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U () = e, (2), (2.122)
so we have the conservation of the Noether charge:
Q- / I°(z)d*x (2.123)
with
I"(z) = U, ()", (z) (2.124)

that is the current obtained applying Noether’s theorem. @) is the total
charge of the system, i.e. the total lepton number.
Let us now consider a global SU(2) transformation:

U (z) =TV, (z) j=1,2,3. (2.125)
with «a; real constants, and 7; being the Pauli matrices. The lagrangian

(2.121) is not invariant under the above mentioned transformation because
my # my . Referring to (2.121) if we consider the gauge transformation:

Y (2) — W) (2) = " h,, (2), (2.126)
with: _ e ) 1o
Tj = < ) ?7 ?7 ?) ) ( . )

where I is the identity matrix, o;, with j = 1, 2, 3. are the Pauli matrices and
aj, withj =1, 2, 3. that are constants. Obviously (2.126) is an SU(2)®@U (1)
transformation.

We can power expand e‘®i

i obtaining:

iC!jTj — Zn(laJTJ) . (2128)

¢ n!

For not too big values «; we can approximate (2.128) in the following way:
€7 = [ +ioyTj. (2.129)
So we can re write the equation (2.126) as follows:

> lioyTy)"

n!

P(x) = U(x). (2.130)

If we now calculate:
AL(z) = L (x) — L(x), (2.131)
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we have:

AL(x) = 4, (x) (170, — Ma) i, (€) = Ym(2) ("0 — Ma) Pm(z) (2.132)

Remembering that v/ (x) = ¢/T (x)vy we obtain:

o) = (wa)f%:wxﬁ(x) (ZW(—C”)TV:»

n!

n!
(2.133)
> (o )\ T (o))"
£ = vl (EI) e, - at (220550 ) 4, o),
(2.134)

The first term of the equation (2.134) becomes!'®:

oot (BT g (BT )

n!
Y(z)! (Z?(;O;jTj)n)T (Zzo(:jm)n> Yo (i7"0u) Ym(x) =

Y(z)T (iv"0,) Y () = (2.135)

£e) = @) (1#0,) () —
* Gar;) "\ T (o )"
(o)) (E ) o, (Z B )

AL(x) = Yn(2) (Md - (—ZZO (:j‘m)n)T M, (—ZZO (;ﬁ‘m >n)> Ym(@)-

Separating in the two sums the even and the odd terms we obtain:

AL(x) = m(x) (Mg — (=i sin(ay) + cos(ay)) Mq (it; sin(a;) + cos(a;))) Ym(z) =
Um () (Md + isin2(aj)TjMde + isin(ay) cos(oy) (75, My] — cos2(aj)Md) Ym ().
(2.137)

0 I 0 —1
18 . _ . _ 1 2X2 2X2 . 1 2X2 2X2 .
Note that: 79 = I4xa;71 = 5 ( vy Ono ) ;T2 =35 < nns  Ogoo ) ;
1 < Iyyo 022

T — 5
O2x2  Iox2

2
on vi(x) and note that (Ziﬁ(iaﬂ")n)T (Zf(ia’ﬂ)n) =1
vo(z) |- nl nl 4x4

) ; where 2 x 2 indicate 2 X 2 matrices. So the 7 matrices operate
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In the limit of a; — 0'we obtain:

0L(z) = o}]i-TO AL(x) = Yy (z)icy[1;, Myl ().

By Noether theorem the currents of a complex field are given by:

o or oc .
) =)~ s

So, in our case:

Ih (@) = W () ¥ 75 Wpe(2), j=1,2,3.

Explicitly we have:

S (@) = 5 [1(2) " va(x) + 2o(2) v 1 ()]

SN

Tmo(®) = 5 [71(2)  va(2) — Do) v ()],

| = DO

Js(®) = 5 [1(2) A" v1(z) — Do) V¥ 1a()] .

and,
T ol@) = 5 () 7 12 (2) + Pa(a) o wal)]

Obviously the related charges are given by:

Qo) = [ @iEx =123
and satisfy su(2) algebra:
[Qu,i(t), Qunj (t)] = i€k Qi ().

(2.138)

(2.139)

(2.140)

(2.141)
(2.142)

(2.143)

(2.144)

(2.145)

(2.146)

The Casimir operator is proportional to the total conserved charge, as we

can see:

Qo= 5@

(2.147)

By the fact that M, is diagonal we have that even (), 3 is conserved, this also
implies that () and ()5, witch are the charges of the two separated neutrinos

(v1(x) and vs(x)), are conserved:

Q1= 50+ Qus,
Q2= 35Q ~ Qns.

19Up to first order in o

(2.148)

(2.149)
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If we do the normal ordering, we obtain:
1Qi = /d3X vl (z) vi(x) = Z/dBk (afﬂ.a{m — ﬁﬁkﬂﬂik’i) , (2.150)

where ¢ = 1,2 and the : .. : denotes normal ordering with respect to the
vacuum |0)1 5.
As we can easily verify, neutrino states with definite masses defined as

Vi) = Ofgi|0>1,2, 1=1,2, (2.151)

are then eigenstates of : ()1 : and : ()2 :, which can be identified with the
lepton charges in the absence of mixing. The above mentioned charges are
nothing but the Noether charges of the free fields v (x) and vy(z).

The transformations induced by the generators 71, 7o, 73 are

»( cosb; isint,
Vo = ( isinf; cos6, ) Wom, (2152)
+ [ cosby sin 0,
Vo = ( —sinfy cosfy ) Wim, (2.153)
, 67;63 0
v ( e ) . (2.154)

and the transformation induced by @y, 2(t) :
Uys(z) = e~ 200m2(t) (1) 20@m2(t) (2.155)

corresponds exactly to the matrix form of the mixing transformations (2.1),
(2.2).

I will consider now the lagrangian written in the flavor basis:

L(x) = Tp(x) (i §—M)Ty(z), (2.156)
where W7 = (ve, 1), M = ( e Mep ) and f indicate the flavor basis.
Mey My

Considering the transformation:
U(x) = ey () j=0,1,2,3 (2.157)

and repeating the same steps that we have done to obtain the formula (2.138)
we have the analogous formula:

0L (x) = ia;Wy(x) [1;, M] Wy(2) = —;0,J% (), (2.158)
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Again by Noether theorem we obtain the currents:

JE () = Wp(z) 4" 75 Up(x),

or explicitly:

TA(@) = 3 [e(a) 7 mule) + Bule) 7# (2],
Tia(e) = 5 [le) A () = 2ul) 7* ()],
Tiy(o) = 5 7)o vela) — P w(a)],
Tio() = 5 [ele) o ) + 7(2) 7 ().

From these formulas we obtain the flavor charges:

Qri(t) = /J})vj(x)dgx j=0,1,2,3,
that satisfy again the su(2) @ u(1) algebra:
[Qr,i(1), Qi ()] = igi jkQyk(t) -
Defining the electronic and the muonic charges as follows:
Qu.(t) = 5Q + Qra(t),
Qu,(t) = 5Q — Qys(t),

(2.159)

(2.160)
(2.161)
(2.162)

(2.163)

(2.164)

(2.165)

(2.166)

(2.167)

where @ = Q,,, (1) + Q,, (1) is the total conserved charge, we have that those
charges are not conserved because Qf3(t) is not conserved by the fact that
the off diagonal terms of M are not null. Any way the Casimir operator is

again proportional to the total conserved charge:
Q
Qro=Qo =7

If we do the normal ordering we obtain:

2 Qy, (1)

Il
QU
T
»
Q
=
>
=

(2.168)

(2.169)
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where o = e, i1, and :: ... :: denotes normal ordering with respect to |0). .
Note that

5 Qy, (1) = GHE) 1 Qy : Golt), (2.170)
with o =e, u, 7 =1, 2.
The flavor states at any time t are defined as eigenstates of the charge

1 Qu(t) Vi) = Vi) 5 Qu () [V, () = Vi)
(2.171)
Q@ (1) |Vrk7#(t)> =@y, (t) = |V7i(7e(t>> =0, Q,(t): |0(t))e, = 0.
(2.172)
Where
Vieo ) = i, (D100) ey o =ep (2.173)
Same situation happens for antiparticles.
These results are not trivial since the usual Pontecorvo states [28]:
Vie)p = cost |V ) + sind [V ) (2.174)
|V7iw)p = —sinf |1/’i(71> + cosf |1/T1<72> , (2.175)

are not eigenstates of the flavor charges operators [38]. To see better it,
consider that the expectation values of the flavor charges on the Pontecorvo
states are (we consider for simplicity ¢ = 0).

Vil 5 Quu(0) 5 Wh)p = costd+sint0
+  2|Uy|sin® @ cos® 0 + Z / d’k, (2.176)
and
120012 Q. (0) 2 0)12 = Y / o (2177)
which are both infinite.

The above mentioned infinity can be removed by normal ordering respect to
the mass vacuum but we also have the problem that the expectation values:

1200](: Q,,(0) )2]0)12 = 4sin2900529/d3k|Vk]2, (2.178)

P(Vicel (6 Qu.(0) )* Vi )p = cos® 0 +sin® g (2.179)

+ sin? 6 cos® 0 {2|Uk| + |U)? +4/d3k|Vk|2] ,
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are both infinite and they make the corresponding quantum fluctuation di-
vergent.

So the correct flavor states are the ones in (2.173) and the correct normal
ordered charge operators are the ones in (2.170).

2.4 Oscillations in neutrino mixing.

Following what we have explained before, using the Pontecorvo’s states pro-
duces a violation of lepton charge conservation both in the production and
in the detection vertices. Of course in the presence of mixing the leptonic
charge is violated, but not in the production or in the detection vertex, this
violation occurs during time evolution (flavor oscillations), due to the form
of the weak interaction.

Let us show it in more specific details; I define the following quantities:

Ay = p(Viel 1 Qu.(0) : [Vl ) p = cos® 0 +sin® 6 + 2|Uyx| sin® 6 cos® 0 < 1,
(2.180)

1—Ay = piel: Q. (0): Vi) p = 2sin* 6 cos® 6 — 2|Uy|sin’ 6 cos® 6 > 0,
(2.181)

for any 6 # 0, k # 0 and for m; # ma.

Obviously we have:

P(”T{,e| : QVe(O) : |V711(,€>P + P(”L,e| : QVM(O) : |VI<,6>P = ]' (2182>

Consider, for example, an ideal experiment in which neutrinos (or other
oscillating fermions) are produced and detected by means of some charged
weak interaction process. What will be measured in the experiment will be
obviously the number of accompanying leptons, say (anti-) electrons in the
source and in the detector. I will indicate with N the number of electrons
revealed at the source and with NP (t) the number of electrons revealed at
the detector, usually one assumes that N} = N and NP (t) = NP(t) , where
NJ and N2 (t) are the neutrinos produced in the source and those detected,
respectively. The usual Pontecorvo oscillating probability formulas are then
given by:

N (t) N, (#) 9og o (AW

NT T NS 1 — sin” 20 sin (Tt> =1-—P(t) (2.183)
D

NP Nt

A
Km = e = sin’ 2fsin’ <th> = P(t). (2.184)
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I take now into account (2.178, 2.179) so we have that the vacuum uctuation
for neutrinos has got a divergence, and it means that in the generation vertex
there is an instantaneous leptonic charge violations for them. Considering
that the total leptonic charge in any vertex must be conserved, we have
that only a part of electron neutrinos produced is accompanied by an anti
electron23. I denote these quantities as:

N? = AgN? (2.185)
NP(t) = AN () + (1 — Ag) N2 (t). (2.186)

(1— AO)NzZ (t) is the part of the electronic neutrinos that arrives at the
detecting vertex initially as muon neutrinos and that becomes electron neu-
trinos by a vacuum oscillation in the same vertex.

So the oscillation formulas becomes:

NP(t) AgNP(t) + (1 — Ag) NP (t) 240 — 1
e = c L =1————P(t). (2.1
G AoNS o (t). (2.187)

e

The above written formula is substantially different from the usual Pon-
tecorvo’s formula used to describe the oscillation (2.183) 2.

2.5 The exact formula for neutrino oscilla-
tions

The flavor vacuum state at time ¢t = 0 is |0)., , and the one electron neutrino
state is (for k = (0,0, [k|)):

M) = 04010 = [cos Ol + [Tl sind aly + ¢ [Vid sind aghayly 7, 10012

(2.188)

Last term is a multi - particle component that disappear in relativistic limit
k| > \/mimg : in this limit the Pontecorvo state is recovered.

It is not possible to compare directly the neutrino state at time ¢ with the
one at time ¢ = 0 given in Eq.(2.188).

Recalling (2.72) indeed in the reference frame for which k = (0,0, |k|) we
have:

20The Pontecorvo’s formula is however recovered in the relativistic limit.Indeed, for
k| > \/mimgy we have |Ux| — 1 and Ay = 1.
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V(1)) = gl (D10() e = €714, (0))

— e*iwkylt |:COS 9 &k . + |Uk|e*iﬂlit Sin 0 0/1;1;2 — ET ‘Vk‘eii Sln 9 Oék 1a£T2 iTk 1]
X Gksyér HG (0, 0)[0)1.2, (2189)
p#k

where QF = wy o + wi1, D = wy2 — wy1, and

‘H:= H —15{0|H|0)5 = H + 2/d3k9§ = Z/d?’kwkl[akzakl CANC

is the Hamiltonian normal ordered with respect to the vacuum |0); 5 *'. From
the above written equations, considering Appendix E, we have

Jim (v (1)]re(0)) = 0. (2.191)

We found this because |0).,,, is not eigenstate of the free Hamiltonian H so
one find:

T (0] 0(1))ey = 0 (2.192)

Thus, in the limitV — oo , at different times we have unitarily inequivalent
flavor vacua. It is direct consequence of the fact that flavor states are not
mass eigenstates, moreover, the unitarily inequivalence implies that we can-
not directly compare flavor states at different times.

Let us now consider the flavor charge operators,in the Heisemberg represen-
tation we have:

e (01Que ()]0)e. = (01Qu,, (1)[0)eu = 0, (2.193)

and the oscillation formula for the flavor charges are given by [7]:
Qi (t) = (el = Qu (1) = v

= Vo .0, @} + {5,000, )]
(2.194)

*'We have also used the notation G (0, t) =[], I], Gp, (6, t).

(2.190)
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Qllje—wM (t) = <Vl7;,e’ " QV[,L (t) - ‘I/li,e>
r r{ 2 7 T 2
= [k, @.0l, @} + [{5,, @0, 0} .
(2.195)
Total charge is obviously conserved:
Q. () + Q5 (6) = L. (2.196)
Explicitly equations (2.193), (2.194) are:

Ql,fe_,l,e (t) = 1—sin?(26) {|Uk|2 sin? (—wk’Q ;wk’lt> + |Vk|2 sin? (—wk’2 + wk’ltﬂ ,

QIV:—% (t) = sin®(20) {|Uk|2Sin2 (Mt> + [Vi/? sin® (Mt)} .

2.6 Consideration on the oscillating formu-
las.

We conclude the chapter with some considerations about the oscillation for-
mulas Eqs.(2.197),( 2.198). These formulas are exact and have two differences
with respect to the Pontecorvo formulas: the amplitudes are energy depen-
dent, and there is an additional oscillating term. They have the sense of
statistical averages. This is because thy present the structure of a many-
body theory, where it has no sense to talk about single particle states. The
approximate Pontecorvo result is recovered in the relativistic limit. Indeed
for |k| > \/mimg we have |Uy|> — 1 and [Vi|> — 0 and the results of [28]
about oscillation are recovered.

2.7 Non-cyclic phases for neutrino oscillations
in QFT

We now study the Aharonov-Anandan geometric invariant in the context of
QFT. In this manner we will show a connection between two level systems
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that we have studied before and the neutrino mixing. The structure of the
neutrino flavor vacuum has got multi particle components even in two flavor
case. This component makes non cyclic time evolution associated to them.
As we can see, the flavor state in the reference frame for which k = (0, 0, |k|)
are:

V() = aLL(tMO(t»e,u = e " (0)), (2.199)
= e Wkt [60590/121 + |Uk|e’imt sin @ CVQ:Q
— ¢ e sin6 ol Tk,l] Gil (0.6 T] G5 (0. )[0)12.
p#k
i, () = gl (O10(1)e = e g, (0)), (2.200)

_ —iwg ot rto LR rT
= e [COSQO(IQQ |Uxle sinf o'

+ € Vil ™ sind ol ol ifm] Gil(0.6) T] G5 (6. )(0)12.
p#k

where QF = wy o + wi 1, F = wy 2 — wy1, and

tH: = H—15(0/H|0),,=H+ z/di”ksz’; (2.201)
= 2% [ dkendoiio + 56

is the Hamiltonian normal ordered with respect to the vacuum [0);o. the
multi-particle components disappear in the relativistic limit [k| > \/mims ,
where |Uy|> — 1 and |Vi|*> — 0 and the quantum mechanical Pontecorvo’s
states are recovered.

By formulas (2.199) and (2.200) we see that the non-cyclic time evolution of
mixed neutrino states is due to the presence of two oscillation frequencies,
namely(2, and €2,. The Berry like phase studied before is not applicable
in the QFT mixing formalism, since quantities like (v, (t)|v,(t')) are zero
for t # t' in the infinite volume limit [38]. On the contrary the Aharonov
Anandan invariant defined in [12] is suitable for the present case because it
is well defined in the case of non-cyclic transformation in time and do not
have products of states at different times.

Let us now consider the quantity:

t
Sor(t) = 2 /0 AE, . dt (2.202)
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where AE = AE] and o,7 are labels used to compute the uncertainties
AFE, ; in the above mentioned integrals. Computing AE, , with o = e, i by
using : H : we have:

AE;, = (Vo) H ) v, (1) — (e, (O] - H 2 [y, (1) o =e,p.
(2.203)

Using Egs.(G.1), (G.3), and (G.2), (G.4), we obtain

AEZ, = sin®6 cos®0 [(QF)” + dwpwee|Vil?] + 4wpy sin® 0| Uk [Vi[?,
(2.204)

AEi,u = sin?6 cos’f [(QE)Q + 4wk,1wk,2|Vk|2] + 4w272 sin? 0 |Uk|2|Vk|2.
(2.205)

AE,, in QFT is given by

ABe, = (W () H: v, () = W, ()] H: [ (1) = Q" sind cosd Ui
(2.206)

Defining, at time t, the multi-particle flavor states (their explicit expres-
sions are given in Appendix F):

Veeeu () = ailde(8) Bl () i, (8) 10(0) e (2.207)
M) = il (0) B () add (D) 10(1)) e (2.208)
we have also the following non-zero expectation values:

ABjzee = (Vipee()l - H 2 [ (1), ABeppe = (Viepu (D] - H = g (1)),

(2.200)
By = Wopeal® s H 10 By = W] H £ I, (1),
(2.210)
whose explicit expressions are given in Appendix G.
Now note that AE?_ and AE}. , can be also obtained as follows
2 2 2 2
AE2, = AR?, + AE%,, + AE%, .. (2.211)
AE2, = AE’, + AE% . + AE%, .. (2.212)

Egs.(2.211), (2.212) represent a generalization of the relations (1.85), (1.86)
to the case of QFT flavor states; they take into account the multiparticle
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components due to the condensate structure of the flavor vacuum.
Explicitly the expressions for the various Aharonov Anandan invariant s, .,
with 0,7 = e, u, efip, pée are given by:

See(t) = 2tsind \/COS2 0 [(Q’i)z + 4wk71wk,2|Vk|2] + 4wi’1 sin? 6 |Uy|?| Vi |2,

(2.213)
Suu(t) = 2tsinf \/00829 ()2 + 4wy w2 Vi[?] + 4wi, sin? 6 |Uy|?| V|2,
(2.214)

Seu(t) = Q7 t sin26 |Uy], (2.215)

Speec(t) = se,w( ) = ¢ QF ¢ sin20 |V, (2.216)

Seape(t) =4 € w1t sin 0 |Uy| [VA| (2.217)

Speen(t) = —4€ wyat sin” | Uk |Vk| - (2.218)

From Eqs.(2.214)-(2.218) we see that in the relativistic limit, k > /mima,
where |Vi| — 0, |Ux| — 1, we have

Spcee = Sefipe = Spee = Seppuu = 0- (2.219)

When we are in that limit, from Appendix C and Eqs. (2.204), (2.205), we
have
AE,.=AE,, =AE., =0 sinf cosd. (2.220)

In particular, if the time ¢ is set t = 2n7/QF | the quantum mechanical result
is consistently recovered and the geometric invariants

See = Sy = Se,u = 207 sin 260 (2.221)

coincide with the one given in Eq.(1.89). Since |0); 2 and |0).,, are unitary
inequivalent states in the infinite volume limit, two different normal orderings
must be defined, one with respect to the vacuum |0); o for fields with definite

masses, as usual denoted by : ... :; and one with respect to the vacuum for
fields with definite flavor |0).,, denoted by :: ... :: . AE, . can be then
computed by using : H : as done above or with :: H ::. The Hamiltonian

normal ordered with respect to the vacuum |0).,, is given by
H:=H — ,,(0H|0)., = H + 2/d3kQ‘_‘; (1 — 2|Vi|*sin? 0) .(2.222)

Taking into account the expectation values of :: H :: on the flavor states
given in Appendix G, we have:

AEc, = (O] H g, (8) = (e (O] = H = i, (1)) - (2.223)



47

On the other hand, defining the uncertainties AEUJ as

AEZ, = (v (0l(: H =)o (D) — (o, (0] = H 2 ()% o= eop,

(2.224)
and by using the relations in Appendix G, we have:
AE?, = AE? | (2.225)
AE? = AE? (2.226)

that means that, AE? , are independent of the normal ordering used, : H :
or = H :.

We can also see that by comparing the expectation values of : H : and = H =
presented in Appendix G, we obtain that: AE, ,, , AEzcc, Al eupe, AByze
are also independent of the particular normal ordering used. This implies

that Eqgs.(2.213)-(2.214) are normal ordering independent.

AFE,

efijupt

2.7.1 Discussion and Conclusions

We now conclude the argument treated above resuming some links obtained
by discussing the above paragraph, and giving some further comments.
Eqgs.(2.213) - (2.218) are the generalization of Eq.(2.221) that coincide with
Eq.(1.89). Indeed quantum mechanics neutrinos can be seen as a particular
two level system so what we have seen in general about them in quantum
mechanic can be extended to quantum field theory.

Let me now define the operator:

Z / @ [wee (0l (Daf () + B (D5 0)
+ W <akTH(t)oz£ (t) + 57, (t)ﬁﬁkw(t))

e (il (g, (1) + ail, (D (1)

H'(t)

A (DB + ﬁik,ﬂ<t>ﬁik,e<t>)}. (2:227)
Wee = Wi 1 cos? 6 + W2 sin? 4, (2.228)
Wy = Wiy SiN% 0 + wy cos® (2.229)

and
wue = QF sinf cos . (2.230)
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We also have:

Ve O H'(8) Ve (t)) = wrpcos®d + wyosin®6,  (2.231)
Ve (O H' (1) [ (1) = wrasin®0 4 wypcos® 6, (2.232)
Ve (O H'(t) [y, , () = QF sinfcosb, (2.233)

Wi pee OV H' () [V e (8)) = Wi pee (O H'(2) 14, (1)) =
= Wkepn O H' (@) [ (1) = (Wi (L H'(2) 1, (1)) = 0.(2.234)

The above expectation values tell to us that contributions from the flavor
vacuum condensate have been eliminated.

Indeed, Eqs.(2.231) and (2.232) coincide with Eqs.(1.15), and (1.16) derived
in the two level system case. Moreover the uncertainties in the energy H'(t)
of the multi-particle states (2.207), (2.208) are zero, like for QM two level
systems.

Finally we can define the invariant:

I
°A
Il

nT
s, =g 2/ AFE'dt = 2nmsin 20, (2.235)
0

where
T = 2nm /QF (2.236)
and
AE;, =AFE,, = AE., = (v (0| H*(t) |4 ,(6) = (e, (O H' (1) 14, (1)
= (Ve ()| H'(t) |, (1)) = (2F)?sin® 0 cos 6, (2.237)

with o0 =e, .



Chapter 3

Particle mixing and connection
with dark energy.

The aim of this chapter is to show that the non-perturbative vacuum struc-
ture associated with neutrino and quark mixing leads to a non—zero contri-
bution to the value of the dark energy. At the present epoch, contributions
compatible with the evaluated upper bound on the dark energy come from
vacuum condensates due to particle mixing with adiabatic index close to —1.
An increasing bulk of data [40]-[41] has been accumulated in the last few
years and indicates that the geometry of the universe is spatially flat and
that it is in a phase of accelerated expansion. This accelerated expansion is
thought to be induced by dark energy theorized as a non-clustered fluid with
negative pressure. This picture have acquired many strengths from more pre-
cise measurements of the CMBR spectrum, due to the WMAP experiment
[42] and by the extension of the SNela Hubble diagram to redshifts higher
than 1 [43].

In this chapter we show that particle mixing might contribute to the dark
energy budget of the universe [44, 45, 46, 47] and establish a link between
cosmology and particle physics. In particular we will analyze the possible
contribution to dark energy due to the vacuum condensation of neutrino and
quark mixing in two regimes of the currently adopted scheme in literature
[48]:

A) the regime of the matter dominated universe with adiabatic index w = p/p
ranging between 0 and 1/3; and

B) the present epoch regime, dark energy dominated universe, with w ~ —1.
We find that, at the present epoch, w ~ —1 imposes constraints on the vac-
uum condensate leading to dark energy values compatible with those inferred
from observations.

First we will discuss the particle mixing condensate in the early and in the

49
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present epoch, second we present explicit computations of the mixing contri-
butions to the dark energy at the present epoch.

We outline the QFT formalism for fermion mixing [49, 50, 51, 52, 53, 54, 55]
in Appendix F and in Appendix G a useful computation is reported . The

contribute of dark energy component to the total matter-energy density is
Qa >~ 0.7. So, physically motivated cosmological models should undergo, at
least, three phases: an early accelerated inflationary phase, an intermediate
standard matter dominated (decelerated) phase and a final, today observed,
dark energy dominated (accelerated) phase.

In other words we have to take into account some form of dark energy which
evolves from early epochs inducing the today observed acceleration.

We put now our attention to the the energy density due to the vacuum con-
densate arising from particle mixing because it gives a contribution to the
vacuum energy which evolves dynamically. We will also consider the con-
tribution due the quark mixing condensate to complete the analysis. The cal-
culation here presented is performed for Dirac fermion fields in a Minkowski
space-time. It can be extended to curved space-times, as it is showed in many
papers that will be resumed in a forthcoming review.

The energy-momentum tensor density 7, (x) for the fermion fields v, i =
1,2,3 [33], is

T () = % (Tl B W) ) (3.1)
which can be written as [56]
Tw(z): = Z;{u(l’) C 4 V() |
=+ {3 (Tl 50 0 0) = s (o 5o )]
+ My [Ton(2) Mg W, ()] } . (3.2)
where
Sle): = {5 (T B ¥n@) = | 3 5 wnte)| }
(3.3
Vw(z): = [\Ifm(x) My \Ilm(a:)} . (3.4)

My = diag(mi, ma,m3) ' and U,,, = (¢1, o, 13)".
We recall that 7y and 7;; do not depend on time in the Minkowski metric.

Ymi,ma, ms are the quarks’s masses.
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The energy momentum tensor density of the vacuum condensate is given by
T () = ;0)] : T () < [0(E)5, (3.5)

where |0(¢)) s is the vacuum for the flavor fields and the normal ordering is
with respect to the vacuum |0),, for the massive fields (see Appendix F).
As said above, we consider two cases:

1) The early universe epochs,where the vacuum is not required to be
space-time invariant since Lorentz invariance is broken [57]. Thus the vacuum
expectation values of the energy momentum tensor density in such epochs
may be space-time dependent, i.e.

Tam(w) = 5 /00 = (D@ B0 V() - 000 (3.6)

2,4) The present epoch where 7, (x) is space - time independent because the
breaking of the Lorentz invariance is very small (negligible). Thus, in this
case (present epoch), terms in 7, (x) carrying space-time derivatives 0, ~
k, = (wg, k;), must give vanishing contributions to the vacuum expectation
values. Then, in the present epoch, for the kinematical part Efj;"d of Tlfy""d
we have

St = {0()] By (x) 1 [0()); =0 (3.7)

and the energy momentum tensor density of the vacuum condensate is given

by:

T = (0] Vi (@) 0) 5 = 1 1(0(0)] 2 Upn (@) Mg Wy() : [0(2)) 5 -
(3.8)

In the following we compute the contributions p,,;, and p,,;, to the vacuum
energy density and to the vacuum pressure in the 1, and 2,4 case.

3.1 Early universe epochs

We now focus our attention on the Early universe epochs; the contribution
Pmiz Of the particle mixing to the vacuum energy density is given by the (0, 0)
component of the energy momentum tensor density of the vacuum condensate
given in Eq.(3.6):
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1 COMNy
Pmic = 17 n™ /d?’x T (x) . (3.9)

In terms of the annihilation and creation operators of v, ¥y and 3, we
have

d3k T T s I8 -
Pmiz = ;/@T)gwlm <f<0|akfiak,i|0>f + f<0|ﬁk]jiﬁk,i O)f) , i=1,23.
(3.10)

Introducing the cut-off K, Eq.(3.10) becomes
2 " 2 k
p - % /0 wri N, i (3.11)

Here wy; = \/k? + m? and N’}‘ are the numbers of particles condensed in the
vacuum given in Appendix H.

The contribution p,,.;, of particle mixing to the vacuum pressure is given
by the (j,7) component of the energy momentum tensor density of the vac-
uum condensate given in Eq.(3.6):

1 .
Pmiz = _V 77” /d?’l' ,Z;'j'ond(‘r) . <312>

where no summation on the index 7 is intended. We have

iy &Pk kik; . o
Pmiz = —1" Z/ (2r)? ﬁ(f«)‘&k]tiak,i’(»f + f<o|ﬂkj[iﬁk,i O)f) , (3.13)

with ¢ = 1,2, 3. If we have the isotropy of the vacuum condensate momenta
we can write: 75" = T, = T, then:

2 K 2 k2 k
i = 523 PR (3.14)

Considering Eqs.(3.11) and (3.14) one obtains the adiabatic index w,y;, of the
particle mixing condensate, Wiz = Prmiz/Pmiz 0 function of the momentum
cut-off K.

This means that in the case considered now, the condensate "have got the
behavior” of a perfect fluid of dust and radiation at the extreme values of the
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cut-off. To be more precise,it behaves as radiation in the relativistic regime
(Wmiz ~ 1/3) and as dark matter in the non-relativistic regime (W, =~
0). So, in the early Universe and in the regions in which the breaking of
Lorentz invariance of the vacuum is not negligible, the condensate could
give rise to the dark matter component of the Universe and also the particle
mixing condensate does not give contributions to the ”standard” dark energy
(the adiabatic index w,;, assumes in such epoch, as we said, values in the
range 0 < wp, < 1/3). This gives the possibility to achieve the large scale
structure formation as requested in a standard matter-radiation dominated
regime and is in complete agreement with the WMAP results [57].

3.2 Universe at present epoch

Estimates from WMAP data show that the current universe consists of 5%
of ordinary matter, 23% dark matter, 72% dark energy [57]. Lorentz in-
variance of the vacuum is now unbroken, then the energy momentum tensor
density of the vacuum condensate comes almost completely from space-time
independent condensate contributions and from Eq.(3.8), we have:

o o [ G SO B 0y = s i (315

Since the vacuum condensate is homogeneous and isotropic and its energy-
momentum tensor density is given by

Tcond dzag(pmm s Pmiz s Pmiz » Pmix ) (316)

by comparing this expression with Eq.(3.15) and using 7, = diag(1, —1, -1, —1),
we obtain the state equation: p,,iz ™~ —Pmiz, 1.€. the adiabatic index at the
present epoch is

We can see that the vacuum condensate, coming from particle mixing, at
the present epoch behaves as a cosmological constant [58].
Pmiz computed from Eq.(3.15) thus turns out to be

m
Pia —Z / kK AT, (3.18)
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which, by using Eqs.(H.5), (H.6), (H.7) in Appendix H, can be written as

2 (" 2 m% k|2
Pmiz = —/ dk k { (512013"/12‘ +313’V13‘ ) (3'19)
™ Jo Wk,1
m% 2 2 2 k|2
+ e [(312023 +012523313) |V12| +3 c13 Va3l }

m2
+ Ez [(052333 + 3%20333%3) |V21§ ‘+ (5%2333 + 0320333%3) |V11§ 2} }

K 2 2
4 A m m
of My k2 3 K2 K2
—  —512023C12523513C5 dk k {— Vg™ + —= [|V23 — Vi3 ] }v
™ 0 Wk,2 Wk,3

where ¢s = cosd. Note that p,,;. also depends on the C'P violating phase
0. Let us observe that the value of the integral is conditioned by the presence
in the integrand of the |V;;‘|2 factors.The integral, and thus p;,;,, would be
zero for VX[ = 0 for any [k|. The [V;¥[*’s account for the vacuum condensate
(Egs. (H.5) - (H.7)) and |V;¥|* goes to zero only for large momenta, getting
its maximum value for |k| ~ ,/mym; for any 4,j = 1,2,3 [53]. We note that
the integral (3.18) diverges in K as m{ log (2K/m;), with 4,7 = 1,2,3 [47].

3.3 Contribute of the particle mixing to the
condensate at the present epoch.

Let us now show that the very small breaking of the Lorentz invariance of
the flavor vacuum at the present epoch constrains the value of the cut-off on
the momenta and consequently the value of the dark energy contributions
due to the particle mixing.

Eq.(3.10) and the identity wy; = -~ + — — show that the energy density
induced by the particle mixing condensate Can be written as

where the kinematic term >J,,;, and the potential term V,,;, are respectively
given by

Smiz = EZ/deka—QNk (3.21)
maix - T - 0 Wkﬂ 7 .

and

_ o My Nk
Vinia = —Z/ dk k A (3.22)
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By comparing Eqgs.(3.18), (3.20) and (3.22), we observe that, at the present
epoch, ppiz ™~ Vinie; in other words, ¥, < V. The Lorentz invariance of
the flavor vacuum imposes a very small value of the cut-off on the momenta
as we can see:

K < ¥mimams . (3.23)

We consider the adiabatic expansion of a sphere of volume V. Let p denote
the pressure at which the sphere expands. The total energy, ' = pV, is not
conserved since the pressure does work.

We have: dE = —pdV. That is pdV +Vdp = —pdV, that can be written
as

dl(p+p)V] =0, (3.24)

from which

const

Vv

p+p= (3.25)
Then if the volume is very large (V — o0), that is in the bulk of the
Universe, i.e. far from the Universe “boundaries”, we have p ~ —p and the
adiabatic index is w = p/p ~ —1.
From Eq.(3.25) we have

B const
P="y

- D (3.26)
Moreover, taking into account that the energy density can be written as
p=X+V (3.27)

where Y and V' are the kinetic and the potential terms respectively, we have
p=X+V ~ —p for a volume V — oo. If we consider now the condition
> < V due to the very small breaking of the Lorentz invariance at the
present epoch, we obtain p ~ V' ~ —p. Using such a relation and by equating
the two expressions of p: p = C"T”St —p =X+ V, we find that, for very large
volume V, the kinematic term is approximatively given by

const
Y~ ~(. 3.28
- (3.28)

From Eqs.(3.27) and (3.28), we have, at the present epoch,

p=X—p~—p (3.29)
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. So in the case of the flavor vacuum condensate, the state equation we obtain
at the present epoch is

Pmiz
Note that

since Ynie < Pmie- £q.(3.30) shows that, since at the present epoch %, —
0, then w,,;; — —1. Moreover, since ¥,,;, and p,,;, are function of the cut-off
on the momenta K, then Eq.(3.30) gives an expression of w,,;, as function
of K:

Winiz = Winie (K). (3.32)

We now estimate the contributions given to the dark energy by the particle
mixing condensates for different values of w,,;, close to —1, both for neutrino
and for quark mixing condensates.

3.3.1 Neutrino mixing condensate contribution

Let U represents the flavor neutrino fields: \If? = (Ve, Yy, v-) and ¥,,, denotes
the neutrino fields with definite masses, my, ms, ms:

Ul = (v, 10, 13). (3.33)

The experimental values of squared mass differences and mixing angles are
respectively:

Am?2, = 7.9 x 107°eV? (3.34)
Am3, = 2.3 x 10%eV? (3.35)
51, = 0.31, (3.36)

53, = 0.44 (3.37)

573 = 0.009. (3.38)

If we consider the normal hierarchy case |mgs| > |mq 2|, we consider values
of the neutrino masses such that the experimental values of squared mass
difference are satisfied, as for example:

my = 4.6 x 1073V, (3.39)
my =1 x 1072V, (3.40)
mz =5 x 107 %eV. (3.41)
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Then the condition Eq.(3.24) for neutrinos reads
K< 12x107%V. (3.42)

We find that contributions to the dark energy compatible with its estimated
upper bound, p,_miz ~ 1074 GeV*?, are obtained for values of the adiabatic
index w,_ ;. of the neutrino mixing dark energy component:

—0.98 < Wy iz < —0.97. (3.43)

Eq.(3.42) is in agreement with the constraint on the equation of state of
the dark energy given by the combination of WMAP and Supernova Legacy
Survey (SNLS) data: w = —0.96770073 and with the constraint given by
combining WMAP, large-scale structure and supernova data: w = —1.08 £
0.12 [60).

Values of w,_ i < —0.98 leads to negligible contributions of p,_ .

3.3.2 Quark mixing condensate contribution

The quark mixing is expressed as:

d/ Vud Vus Vub d
Sl = Ve Ves Va s, (3.44)
v Via Vis Vi b
Vud Vus Vub
where V = | Vg Vs Vg
Vie Vis Vi

is the CKM matrix [61]. For the values of the quark masses given in
Ref.[61], we have:

K < 120MeV . (3.45)

We find that the exact Lorentz invariance of the quark mixing condensate
Wy—miz = —1 (Xg—miz 18 16 orders less than V,_,,;,), at the present epoch,
leads to a contribution to the dark energy that is compatible with its esti-
mated upper bound: p, iz = 1.5 x 10747GeV*. We remark that very small
deviations from the value w;_,,;; = —1 give rise to contributions of py_ iz
that are beyond the accepted upper bound of the dark energy.

The computation of p,,;, turns out to be sensible to small variations in
the values of the particle masses and of Am?2. 3

2The results we found are dependent on the neutrino mass values one uses.
30ur results are therefore dependent on the mass values one uses.



o8



Chapter 4

Conclusions

We summarize Briefly here the results obtained in the first chapter and then
proceed to link them to the second chapter of this thesis. Lastly we comment
the results obtained in chapter 3. As we have seen before a fundamental link
between two level quantum systems and QFT fermion systems consists into
the Aharonov Anandan invariant. As we have seen this geometrical invariant,
instead of the Berry phase, can be both defined for quantum two level systems
and for quantum fermion mixing particles; this result and the presence of
an underlying gauge structure for the first one lead us to suppose that is
possible to write a ”quantum field two level theory”!. We stress although
that is possible in QFT of neutrino mixing to define an hamiltonian H'(t)
(2.227) that leads us to value of the Aharonov Anandan invariant formally
identical to the one obtained in for two level systems:

nT
s, =5, = 2/ AFE'dt = 2n7sin 20, (4.1)
0

Concerning the chapter 3 instead, we emphasize that the structure of mix-
ing implies a vacuum condensate that can give reason of the presence of
dark energy. We reviewed briefly some results obtained about w,,;; both for
early and for present epoch, and these seems to be in agreement with the
evaluable experimental data that we have, especially those that comes from
WMAP experiments. For the present epoch we calculate separately the two
contributions due to neutrinos and to quark mixing.

IHere we mean a quantum field mathematical formalism that is independent from par-
ticular particle family (neutrinos, kaons....etc) as we do in a quantum mechanics frame-
work; we will treat it in a further work.

29
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Appendix A

Brief introduction to
geometrical invariants

Consider a quantum system described by an Hamiltonian H and being in a
stationary state. To be more precise we consider an eighenstate |E,) of H
or an evolved state

e 7 ). (A.1)

The measurement on this state will always give the same result excepted
for a variation of the dynamical phase, that is:

e WALt (A.2)

where AFE, is the difference between two eigenvalues of the hamiltonian H.
Suppose that the hamiltonian has an external dependence by some parame-
ters ﬁ(t) = (a(t), .....) that depends from the time too.

Suppose also that this parameters remain constant for a while, or in other
words that the hamiltonian do not vary for a time interval.In this interval
the time evolution of an eigenstate of the hamiltonian due to the Shrodinger
equation is':

(B n(0) = ih o n(1)) =

= Ey|n(t)) = ih%]n(t)) = (A.3)

= |n(t)) = e S @D |n(0)) .

N

'Remember that in this interval of time R do not vary so we write |(n)(t)) to put
in evidence that we are considering the time evolution of the eigenstate due only to the
Shrodinger equation
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To be more general we have to consider the relative initial phase e’ where
the initial eigenstate |n(0)) could be to have finally

In(t)) = e~ Jo @B cin | 0)) . (A4)

—
If we now vary the parameters R(t) slowly in time, considering that even =,
—
depends on R(t), by the adiabatic theorem we have that the system evolve
in time from an eigenstate to another eigenstate of the hamiltonian.

N —
So we have that in an adiabatic transformations of H( R (t)) in the parameter
space the relative phases remain each other independent time after time.

Varying ]_f(t) from 0 to time ¢ we have 2

—

n(e)) = e F (P O) o RO (1)), (A5)

and we have the following Shrédinger equation:

ﬁ<%>\n<t>>—m () =
= H(R(E)e 8 (1 Pm ) B (1, F ) 1) =

t , A6
= H(R{)| () ())e 8 (4Fm ) iR _ -
= in (= ER @) + 5B () ) (o) +
i (e—;;fé (dt'E,?nu’))em(RTtS)WR(nﬁ)(t)),) Ra().
Applying ]{r(ﬁ(t)) on |(n]_~2>)(t)> we obtain:
T RIEN (B (1) et o (2B () i (RE) _
H(R(t))|(nR)(t)) ( )etmiF (A.7)

E,(R) | (nRB)(#))e#5 (WEm ) conBO) — B (R(#)) (1)) =

ZNote that |n(0)) is an eigenstate of the hamiltonian at time 0, |n(¢)) is only the
time Shrodinger evolution of |n(0)) (no variation of R happened in time) and |n(1_%>(t))>
is the eigenstate |n(t)) after the variation of R in time (no Shrédinger time evolution
happened in this time for the eigenstate). Cause of the variation in time of R we also

—
have v, — v, (R(t)) and E;,, — Ex>(t), note that v, and E, do not depends strictly on
time or in other words do not vary ?or Srodinger time evolution.
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0 = 3 (R (D) |n(t)) + ih (e-éfcf (4 555.®) 10 R |7 o ( ><t>>.> Rat) =

S A (RO = i ( f <dt’ER7“’>>eW<W>|vR<nﬁ><t>>) Ralt).
(A.8)
Multiplying on the left by (¥(¢)]:
5B (1) = (B0 Va(nB) (1) - Bolt). (A.9)

Integrating (A.9) from ¢t = 0 to t = T', where T is the time the needed to let

ﬁ
the parameters R (t) turn in their initial values, we have:

o(T) = i / dt - B o) n B )(6)Va(nF) (1)) =
0 (A.10)

= (€)= i 74 B (RO a(nB) (1)

where C' denote the cycle computed in the parameter space by T%)

What we found is the so-called Berry phase, that as we can see is a pure
parametrical dependent phase and does not depend on the specific cyclic
path in the parameter space.

Sometimes is better to compute the Berry phase considering a total phase ¢
and the Berry phase as the difference between ¢ and the dynamical phase:

%(C):w%/o dt’EE(t):¢+%/0 dt’@ﬁ)(t)y%(nﬁ)(m. (A.11)

Let us now consider the Aharonov - Anandan geometrical invariant.
This invariant has the advantages that does not depend on the adiabatic
transformation and remains valid even for non cyclic transformation.

We start considering again a physical system that evolves according to the
Schrodinger equation:

F)(0) = g (0) (A12)

Note that now we do not make any hypotheses on the time dependence
of H(t) Let H be the Hilbert space of the states |¢(t)) and let II be the
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projection map between H and another Hilbert space P, defined as :
(|9(1))) = {1 @)) = [(@)) = clv ()} (A.13)
Where ¢ is a complex number. For an isolated system to move in P it is

necessary and sufficient that it is not a stationary state or in other words
that it has a non zero value of the energy uncertainty defined by:

AE(t)? = (L) H (1)) — (0O H (0] ()* . (A.14)
We will now show that the quantity
5= 9 / Ai(t)dt. (A.15)

is independent on the particular H (t) used to transport the state along a
curve [' in P hence it is a pure geometrical quantity as it is the Berry Phase.
To do this we Taylor expand to the second order the state:|i)(t+dt)). Bearing
in mind the formula (A.12) we obtain:

00t -+ dt)) = ho(e)) — i 1)+
a? [ dA@E) 1. \ (A.16)
o ( 0 i |¢<t>>> + 0.
Remembering that H(t) is Hermitian we obtain:
[(W(O)](t + dt))|* =
= (WO (t +dt) (W) (t + dt))) = (A.17)
—1—%+(9(dt3),
therefore A
ds = 2TE (A.18)

is independent of the phases of |¢(¢)) and [i(t 4 dt)) but it depends only on

the points in P to witch they project.

There are infinite Hamiltonians that would evolve the state of our system

along a given curve I" in P, they generally produce different phase factors for

the state vector in every single instant of time, but they all give the samequantity for s.
In other words s is invariant and to be more precise it’s a geometrical invari-

ant that give to us the distance along I' as measured by the Fubini-Study

metric as we can see by the relation:
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ds® = 2g,,d7"dZ" =
= 4(1 =[O E)) .

where Z* are coordinates in P and where g, is the Fubini-Study metric in
the projective Hilbert space P, as asserted in reference [12].

(A.19)
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Appendix B

Mixed states, entropy and
environment effects.

Now I exploit the Schmit decomposition theorem (see e.g. [19, 20]). One can
always ”double” the system under study; denote it by A.

The ”doubled” system, denoted by A, is introduced in such a way to work
in the composite Hilbert space Hy ; = Ha ® H; with states |\I/A,A> =
Yo VWn lan ay) € H AL >, w, = 1. The density matrix for mixed states
of the system A, p = > wy|a,)(ay|, is obtained by tracing out the system
A:

A= S walan) (aul = 3 v a) @] Tr (i) @] = Trz (0454) .

(B.1)

where the relation (a,,|a@,) = d,m has been used.
One can show that the ”tilde” system A can be interpreted as the thermal
bath or reservoir for the original system A [21, 22] and the free energy and the
entropy can be defined!. The state |¥ A, i) is recognized to be an entangled
state of the tilde and non-tilde modes and the entropy provides a measure of
the entanglement [18, 23].

Now I will show the computation of the static (linear) entropy for the
qubit states |¢(t)) and |¢(t)) given by Egs. (1.8) and (1.9), respectively.
One introduces the states |0) and |1) as

0) — 10)@[0), (B.2)
[ — Hell, (B.3)

!Such a construction is equivalent to the GNS construction in the C*-algebra formalism
and requires the quantum field theory framework [21, 22].
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and uses Egs. (B.2) and (B.3) in Egs. (1.8) and (1.9). The density matrices
for the states in Hg g, where S = {0,1} and S = {0,1}, are denoted by

pe = |6(t), E@)(E(t), ()] where € = ¢,¢ and € = ¢,4. The reduced
density matrix pi (and similarly for pi) is obtained by tracing out the tilde-

system S, and vice-versa. Thus one obtains:
pi = Trzps=cos>00) (0] +sin*0 1) (1], (B.4)
pj:: = Trspy = cos?0|0) (0] +sin?0|1) (1. (B.5)

The static linear entropies S, associated to the reduced matrices p‘g and pf
are then:

Sulpf) = 20— Trsl(p)7) = sin*(26), (B.6)
Silpg]l = 2(1 = Trgl(p3)’]) = sin®(20) (B.7)
Recall that
sin?20 = % wzw (B.8)
(cf. Eq. (1.17)), where
W =ws —wy #0. (B.9)

. For the dynamic entropy we have to consider the state |¢(¢)) in Eq.(1.8) 2
and express it in terms of the states |¢(0)) and |¢(0)):

(1)) = Ass(D)|9(0)) + Agy(t)]1(0)), (B.10)
where Ay (t) and Ay, (t) are the amplitudes:

Ago(t) = (6(0)]o(t)) = e ™ cos®  + e 2! sin* 0, (B.11)
App(t) = ((0)|p(t)) = e ™" sinfcosf + e “**sinfcosd, (B.12)

respectively. The tilde-states |¢) and |¢) are introduced, for any ¢, as :

) — |6)®10), (B.13)
) — [ @[Y). (B.14)

we can proceed in a similar way for |¢)(t))

2
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The reduced density matrices are now, for any ¢,

Py = Trape = [Ass(@) 0) (8] + [Asu () 1) (], (B.15)
PR = Trrps = |Ass(t)*10) (0] + [Ags(®)*[0) (@],  (B.16)
where R = {¢, ¢} and R = {¢, ¢}

The dynamic entropies Sy, are

Sulpl) = 2(0=Trr[(pf)%]) = 4[Aps(t)]” [Agu(t)* = 4 Py (t) Py (1),
(B.17)

Siulpy) = 2(1=Trgl(p5)?]) = 4| Ape(t)]? [Agy()]> = 4 Pyg(t) Pyys(t),
(B.18)

where P,_,4(t) and P,_,(t) are the probabilities of the transitions ¢ — ¢
and ¢ — -

Psy(t) = sin2(20)sin’ <w2;““t>, (B.19)

Py s(t) = 1—sin®(26)sin’ (”2;”175) , (B.20)

respectively.
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Appendix C

Formulas for the flavor vacuum

We use the formulas (2.67) - (2.69) and the equations (2.87 - 2.90) to obtain:

S¥SX10)1,2 = S¥SX[0)12 (SX)?(S%)?|0)1,2 = (S%)?(S%)?10)12
(S%)2S%10)1,2 = SE(S%)2|0)1,2 + 25%]0)12

(S%)25K[0)1,2 = SX(S%)?10)1,2 + 25%|0)1.2

(S%)2SX|0)1.2 = 6(5%)?(0)1.2 (S%)*S|0)12 =0

(S%)2(S%)%]0)1,0 = 6SX(S%)?|0)1, (SX)?(SE)?10)1,2 = 65K (SX)?(0)1,2
(S%)1(S%)?[0)12 = 24(5%)?]0)1 2 (S%)7(5%)?10)1.2 = 0
SXS*(S¥)?|0)1,2 = 4(S%)?|0) 1,2 SKSE(5%)%10)1,2 = 4(S*)?(0)1,2
SxSkSX|0)12 =10 Sx(S%)2(S*)2|0)12 =0
(S5)"SX[0)1,2 = (=1)"SX[0)1 2 (S5)"(S%)?10)12 = (=2)"(SX)?[0)12
(55)"S%|0) 12 = SK|0)1,2 (S5)"(S%)?10)1,2 = 27(SK)?(0)1,2
S3SX(S5)?[0)1,2 = SX(SK)?[0)1,2 S5SK(SE)?|0)1, = —SE(SX)?[0)1,2
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Appendix D

The flavor vacuum

To calculate |0)¥ , it is useful to choose k = (0,0, [k]).
In the above mentioned reference frame the operators S¥, S¥, S¥ are written
as follows:

S.lﬁ:zskr_z< aklakQ e Vi Bl O + € Vi oy BTz"'Ukﬁrklﬁ )

(D.1)

_ k,r T r r * 7 r r
Sk = Z ST = Z (Uk O‘szak,l + € Vi Blia001 — € Vi O‘kz T + Uk By 287 1>
(

k,r r
D.2)
r 1 r r T v r
S5 = ZS:I; D) Z (aleakl Bkl — akzakQ + Bk 200 k2> 3
k,r k,r
(D.3)
where Uy, Vi are defined in Eqgs.(2.80)-(2.81) and ¢” = (—1)".
Using the Gaussian decomposition, |O>le‘ ., can be written as
= H exp(—tant S )exp(—2In cosh Sx") exp(tanfd S*7)[0);
(D.4)

where 0 < 0 < 7.
The final expression for [0)¥, in terms of S¥" and Sy is then
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0}, = T [1+sin0coso (5% - $E7) — sin? 0 S¥75%7] o).,

el
T

(D.5)



Appendix E

Orthogonality of flavor vacuum
states and flavor states at
different times

The product of two vacuum states at different times ¢ # ¢’ (we put for
simplicity ¢ = 0) is

L {0[0(t) H C2(t) = e2XrnCr(®) (E.1)

with
Cr(t) = (1—sin?0|Vi[)?+ 2 sin®6 cos® g |V, |> em@rater)t |
+ sin4(9 H/k|2 ‘Uk’2 (e—Ziwkﬁlt + e—Ziwk’Qt ) + (EQ)

+ sin6 ]Vk|4 e 2iwkatwe )t

In the infinite volume limit we obtain (note that |Cy(#)| < 1 for any value of
k, t, and of the parameters 0, my, my ):

T (0]0(0)e = Tim exp{é:)g/d?)k (In |Ch(D)] + dan(®)| =0
(E.3)

with |Cy(¢)]? = Re|Cy(t)]*+Im[Cy(t)]? and ay(t) = tan=t (Im[Cy(t)]/Re[Cy(t)]).
Thus we have orthogonality of the vacua at different times.

Now we can show the orthogonality of flavor states at different times.

We define the electron neutrino state at time ¢ with momentum k as

Mee(t)) = a3l (DI0(0))e.p (E4)
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The flavor vacuum is explicitly given by!

0) e = [ [ Gp(8)10), 2, (E.5)

then, we have

Wee(0)[iee(t)) = u{0lag o (0)ai (1)]0()) e (E.6)
= TIII .-01Gpo(0)ai (0)ail. ()G 5(£)]0), .

With p # q the mixing generators commute, then we put p = q:

Ve (O)ce (1) = T ] 12(01Gp0(0)ak (0)rl (VGLH(1I0), .. (ET)

P

afe acts only on vacuum with momentum k, then

Viee (0)[ce(t)) 0 e u(0%[af (0)ai ] (01050} e [ [ 12 (01Gp0(0)GL5(1)]0),
p#£k

= (00 (0)ail (D05 ())esp e {O10(E)) e (E.8)

By using the Eq.(E.3), in the infinite volume limit we obtain the orthogonality
of flavor states at different times.

!To be precise, the mass vacuum is to be understood as [0),, =

ki1 k. k-
0)}, ®10)%2 @ [0)55....



Appendix F

QFT flavor states

The explicit expression for |0)., at time ¢ = 0 in the reference frame for
which k = (0,0, |k|) is

0)e, = H [(1 —sin? 0 [Vi|*) — € siné cosd \Vk|(aklﬁ K2 —i—ofT erJ) +

rk
+ € sin®0 ‘VkHUk‘(akl er1 _O‘QLQ )—i—sm 0 Vil oy, 15TT 20/‘T kl]’0>1 2-
(F.1)

Eq.(F.1) exhibits the condensate structure of the flavor vacuum |0). ,. The
important point is that ;(0|0(¢)), — 0, for any ¢, in the infinite volume
limit [32]. Thus, in such a limit the Hilbert spaces H; 2 and H, , turn out to
be unitarily inequivalent spaces.

The explicit form of the multi-particle states defined in equations:

Vieeu () = ailde(8) B0 (D) il (8) 10() e (F.2)

Ve @) = i, (8) B, (1) gl (1) [0(8) e (F.3)

18
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r _ rtort ort —i(2wg, 1 +wr, 2)t r ; rt—iwp it
]Vkﬁéu(t)) = —[COSQ B0 € + € |Vk| siné o e

U sind offaily @y e Gl (0.0 T] 60,010}

p#k
(F.4)
’yf;“ﬂe(t)) = [COS@ QEIQEQ iTk,Q oWk 1+ 2wp2)t 7 |Vk| sin O O‘EQ oWk 2t
U sind aff a8, e Gt 0.0 T 65 0.010)s.

p#k
(F.5)



Appendix G

Expectation values of : H : and
 H o

The flavor states introduced in the Appendix F are used in computing the

following expectation values for the Hamiltonian : H : , = H . We have:
(yl’;e(t)] cH \1/1’;6(15)) = W1 (cos® @ + 2 sin? 0 [Vi|*) + W2 sin® G.1)
W, (O] H |, (1) = wra (cos®@ + 2 sin® 0 |Vie|*) + wpy sin® 4G.2)

Ve O] ¢ H 2 | (1)) = wiiy (cos®d + 4 sin 0 [Vi|?)
+ Wl%,2 sin 0 + 4wy wiosin? 0 |Vi|*, (G.3)

<V17;“u(t>|(2 H :)2|1/{;u(t)) = le,2 (cos® 0 + 4 sin? 0 [Vi|*)
+ w,il sin®6 + dwp W2 sin’ @ |Vk|2. (G.4)

<V{;’eﬁ#(t)| CH oy () = 26 win sin? @ |Uy| [Vi| (G.5)
Ve pee )] 1 H = |1, (1) = —2€ wyp sin® 0 |Us| Vil | (G.6)
<VT7 (t)]: H : |V17;,u(t)> = <1/17;7uée(t)| : H ‘1/1:76(15» =€ Q’i sinf cos @ |Vi/,
(G.7)
The Hamiltonian normal ordered with respect to the flavor vacuum :: H :
satisfies the following relations:
(e = H 2 n () = wia cos? 0 + wyp sin® 0 (1 — 2 |V4]?), (G.8)
<V17;”u<t)| s H o |1/17;u(t)> = wpo cos” 0 + wyy sin?0 (1 —2|Vi|?), (G.9)
<V17;76<t)| s H = |1/17;u(t)> = <I/17;#(t)| « H o |Vﬁ’e(t)> =QF sind cos 0 |Uy/,
(G.10)
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80
(Vo) (= H 2)? Ve (t) = wg’l (cos? @ + 4 sin* 0| Up | [VA|?)
+ w,iQ sin? 0 (1 — 4 sin® 0 |Uy | [Vi|?) (G.11)

<V17;’#(t)| (z H =) |V17;,u(t)> = w,i2 (cos? 0 + 4 sin* 0| Up|* [VA|?)
+ wpy sin? 6 (1 —4 sin® 0 |Ukf* [Vi[?) (G.12)

Finally we have:

e = H = e (1) = Mee (D] - H = [ (1)) (G.13)
<qu;,,u,ée<t>| " H - |V1T<,,u(t)> = <Vl7;,,u,ée(t)| : H : |Vl7;,,u(t>> <G14>

Wepuee O] 2 H = i (1)) = (g e (D] = H = |, (1)) =
= Wiepn (O] - H 2 g, (0) = Mo (O] - H =, (1) (G.15)



Appendix H

Particle mixing in Quantum
Field Theory

We use the CKM matrix as mixing matrix U for three fields: Vy(x) =
UV, (x) where Wy(x) are fields (neutrinos or quarks) with definite flavor
and W,,(z) are fields with definite masses. The mixing transformation can
be written as Y2 (x) = G, () v2(z) Go(t), where (0,i) = (A, 1), (B,?2), (C, 3),

and the generator is
Gy(t) = Gas(t) Grs(t) Gra(t) , (H.1)

where
Gialt) = exp [B12 [ P (wl(0)in(o) ~ wl0)n(@)) |, ()
Ganlt) = exp [ [ @' (vh@)n(e) — wl(@)n(o)) ], (H3)
G13(t) = exp _ng/d?’x <w1r(x)w3(x)e_i5 — wg(x)wl(x)ei5> ] .(H.4)

The numbers of particles condensed in the vacuum for any r are:

le = f(o( )|Nkr|0( )) = f<0(t)|Nk{T|0( )>f = 312013 |V12|2 +s 13 |V13|2
(H.5)
NE = (O@)INETI0@)) ;= HO@)INETI0); = |—s12e2s + € crosmssis| [V + s3sc2y VAP,
(H.6)

3 = rOOINEI0m) s = (0()IN50(£)); =

i8 i8 2 k|2
—Ci2523 + € 812023513| |V23| +|512323+€ 012023313’ [Vis]™
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Since the vacuum |0),, for the massive fields is unitarily inequivalent to
the vacuum |0(t)); for the mixed (flavored) fields at time ¢, for any ¢, two
different normal orderings must be defined, respectively with respect to |0),,,
as usual denoted by : ... :, and with respect to |0(¢))f, denoted by :: ... :: .
The Hamiltonian normal ordered with respect to the vacua |0),, and |0(t))
is given by

tH:= H—, (0|H|0), = H+ 2> / Phogi =YY / Ak wylog ot + BBl |

(H.8)

“H: = H— j0@)|H[0@®); =H + 2Z/d3kwm- —4Z/d3kwk,i NE,
(H.9)

respectively. Note that H = [ d®z Too. The state |0(¢)); is a condensate of
massive particle-antiparticle pairs. We point out that the difference of energy
between |0(¢)); and |0),, represents the energy of the condensed neutrinos
given in Eqs.(H.5)-(H.7)

HO@) = H:10); = rO@OHIOE)r = m(OlH[0)m = 4Z/d3kwk,i N

(H.10)
Now we give the proof of
0@ T () < [0@)) = {0 = T () = [0) 5 - (H.11)
From Egs.
1
poie = 1 / iz Tem () | (H.12)
and
2 " 2 k
. 53 | ki (H.13)

we see that the (0,0) component of the energy momentum tensor of the
vacuum condensate is given by:

[ #eTii@) = [ 0] Tw): o)y =43 [ o N

(H.14)
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which coincides with (H.10) and shows that ((0(¢)| : Zoo(x) : [0(t)) is time
independent since the numbers N¥ (cf. (H.5)-(H.7)) are time independent
in the Minkowski metric.

Considering now that the (j,j) components of the energy momentum
tensor of the vacuum condensate are given by the equations:

1 ..
Pmiz = _v 77” /de ,]E'ond(x); (H15)

2 K 2 k? Kk
iz = —— dk k* — N5 H.16
i = 523 |k (H.16)
we have

[ 000 Thta) ooy = 1Y [ @k NE )

(no summation on j), we again see that (0(¢)| : 7;;(z) : |0(¢))f is time
independent. This completes the diagonal part of Eq.(H.11).

For the component (0,7), 7 # 0, of the energy momentum tensor of the
condensate we have

/de O0(0)|To;(2)|0(t))f =

Z Z /d3k— agzakl — _kloz_k, +ﬁ WP — _kzﬁrkz>‘0( Vi
(H.18)

then
k.
[ &z oIz @), = a3 [ @l (MF-NF) = 0. (119)
In a similar way, the (j,1), 7 # [ component can be written as
[ & 0ITia)00) -
3 kjkl ri T rt r
Z Z d k2 £0(t) (akzakz - Of—kzotkz + By P — 5—1@1'571(,@') 0())
7 r Wh,i

(H.20)
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then
[ & 00iTaom), = 1Y [ @t (W= NEF) = o.21)

Summing up, Eq.(H.11) holds for any p and v. Moreover, since from Eqs.(H.19)
and (H.21), we have ,(0(t)|To;(2)|0()); = 0, j # 0, and ({0(8)|T;()[0(8)); =
0, j # [ respectively, then the energy-momentum tensor density of the vac-
uum condensate is given by

z]:flimd —_ diag<76coond ’ z]*lclond , 7'2020710! ’ z];caond )’ (H22>

i.e. the vacuum condensate is homogeneous and isotropic. By using Eqgs.(H.12)
and (H.15), we have

Zfzimd - dlag(pmzx y Pmiz » Pmiz » Pmix ) (H23>
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