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INTRODUCTION

1. INTRODUCTION

The central goal of this work is to put in an unified framework Dynamics,
Identification and Control of multibody systems. A multibody system is a
mechanical system constituted of interconnected rigid and deformable
components which can undergo large translational and rotational displacements.
The description of the motion of multibody systems is the leitmotif of Multibody

Dynamics [1] . On the other hand, System Identification is the art of determining
a mathematical model of a physical system by combining information obtained
from experimental data with that derived from an a priori knowledge [2] In

addition, the System Identification methods can be successfully employed to
refine a multibody model obtained from fundamental principles of Dynamics by
using experimental data. In particular, applied System Identification methods
allows to get modal parameters of a dynamical system using force and vibration
measurements. On the other hand, the raison d’etre of Control Theory is to study
how to design a control system which can influence the dynamic of a mechanical

system in order to make it behave in a desirable manner [3], [4]. Consequently,

it is intuitive to understand that these three seemingly unconnected subjects
(Multibody Dynamics, System Identification, Control Theory) are actually
strongly linked together. Therefore, the study of one of these subjects cannot be
separated from the study of the other two. The structure of this works represents
an attempt to encompass the essence of Multibody Dynamics, System
Identification and Control Theory. In the first chapter (Multibody Dynamics) a
synthesis of the most important principles and techniques to derive the equations
of motion of multibody systems is presented. In this chapter a particular

attention is devoted to the fundamental problem of constrained Dynamics [5]
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[6] and to the finite element formulation of flexible multibody Dynamics [7].

In the second chapter (System Identification) a synthesis of the most important
methodologies to obtain modal parameters of a dynamical system using force
and vibration measurements is presented. In this chapter a particular interest is
addressed to the Egensystem Realization Algorithm with Data Correlation

(ERA/DC) using Observer/Kalman Filter Identification Method (OKID) [8] and
to the method to construct physical models from identified state-space
representations (MKR) [9], [10], [11]. In the third chapter (Control Theory) a
synthesis of the most important algorithm to design a feedback control system
based on a state observer is presented. In this chapter a particular attention is
devoted to the Linear Quadratic Gaussian control method (LQG) [12]. Finally,
in the last chapter (Case Study: Active Control of a Three-story Building Model)
a case-study is analysed. The case study examined is a three-story building
model with a pendulum hinged on the third floor [13], [14]. The motivations of
this choice can be summarized in two points. First, the three-story frame, in spite
of its simplicity, is a mechanical system whose dynamical behaviour is
qualitatively similar to complex flexible structures. Therefore, all methods able
to derive the equations of motion of multibody systems, all algorithms capable to
identify the modal parameters of structural systems, and all strategies adequate
to perform active vibration control of mechanical systems can be identically
used in order to obtain qualitatively similar results. Second, the three-story

building model, by virtue of its simplicity, is a mechanical system which can be
quite simply assembled in laboratory making relatively little effort in order to

perform a quick and easy-to-test experimental analysis [15]. In particular, a

lumped parameter model and a finite element model of the three-story frame
have been developed. Subsequently, a data-driven model relative to the system
under test has been developed exploiting System Identification techniques. In
particular, the Eigensystem Realization Algorithm with Data Correlation using

Observer/Kalman Filter Identification method (ERA/DC OKID) [8] and the

Numerical Algorithm for Subspace Identification (N4SID) [16] have been used

to determine two different state-space models of the structural system using
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experimental input and output measurements. In addition, the algorithm to
determine a physical model from the identified sate-space representation (MKR)

[9]. [10]. [11] has been used to obtain two different second-order mechanical
models of the three-story frame. Subsequently, the design of a Linear Quadratic
Gaussian regulator (LQG) [12] has been performed using the previously

identified physical model of the system under test. The effectiveness of this
controller has been tested in the worst-case scenario in which the system is
excited by an external force whose harmonic content is close to the first three
system natural frequencies. Finally, a new control algorithm for nonlinear
underactuated mechanical systems affected by uncertainties (EUK-EKF) is
proposed. The control problem of nonlinear underactuated mechanical system
forced with nonholonomic constraints is the main object of many recent

researches [17], [18], [19]. In analogy with the Linear Quadratic Gaussian
regulation method (LQG) [12] , the proposed algorithm represents the extension
of the Udwadia-Kalaba control method (UK) [5], [6], [20], [21] to

underactuated mechanical systems disturbed by noise. This extension is
performed combining the extended Udwadia-Kalaba control method (EUK),

which is the extension of the Udwadia-Kalaba control method (UK) [5], [6],
[20], [21] to underactuated mechanical systems, with the well-known extended

Kalman filter estimation method (EKF) [12]. Even in this case, the

effectiveness of the combined algorithms (EUK-EKF) has been tested in the
worst-case scenario in which the system is excited by an external force whose
harmonic content is close to the first three system natural frequencies.
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2. MULTIBODY DYNAMICS

2.1. INTRODUCTION

The motion of mechanical systems has been the central subject of some of
the oldest research performed by the pioneers of Physics. From their work has
developed over the centuries the vast field of knowledge commonly known as
Mechanics, which is mainly composed of two parts: Kinematics and Dynamics.
The word “kinematic” originates form the Greek word “xivnuo’” which literally
means “movement” whereas the word “dynamic” originates from the Greek

word “Svvapig” which literally means “force” [1]. Indeed, Kinematics is the

branch of Mechanics which studies the geometric description of motion without
considering the causes that generate it. On the other hand, Dynamics is the
branch of Mechanics which studies the causes of motion and how it takes place.
In Dynamics the concept of force is introduced as the cause of the motion of
bodies and the principal purpose of Dynamics is to formulate a mathematical
model of a mechanical system starting from the basic principles of Physics in
order to quantitatively describe the relationship between causes and effects,
namely between forces and motion. The mathematical model of motion consists
in appropriate differential equations whose solution resolves the central problem
of Dynamics: predict the movement of a general mechanical system knowing its
initial conditions and the forces acting on it. In general, note that the knowledge
of only the position coordinates at a given instant of time is not sufficient to
determine the mechanical state of a material system, which makes it impossible
to predict the configuration of the system in the immediate future. On the
contrary, if both the position and velocity coordinates are known in a given
instant of time, then the mechanical configuration of the system is entirely
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determined and, in principle, it is possible to predict its future motion. Physically
this means that the knowledge of the state variables in a fixed moment of time
uniquely defines the value of the acceleration in same instant of time. The
equations that mathematically link the position, velocity and acceleration
coordinates to the forces which physically produce motion are called equations
of motion. From a mathematical viewpoint, these equations are typically second
order ordinary differential equations not necessarily linear. The integration of the
equations of motion allows to theoretically determine the behavior of a
mechanical system in terms of its motion as a function of time. In this chapter a
synthesis of the most important principles and techniques to derive the
equations of motion of multibody systems is presented.
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2.2. ELEMENTS OF ANALYTICAL DYNAMICS
2.21. INTRODUCTION

The central problem of Dynamics consists in determining the motion of a
mechanical system knowing the initial conditions and the forces acting on the
system itself. To solve the central problem of Dynamics it is first necessary to
derive the equations of motion of the system under examination. In the following
sections some basic elements of analytical Dynamics are introduced. The
starting point is Newton’s second law of Dynamics, which represents the most

fundamental law of Mechanics [2]. Then from Newton’s second law
D’alembert principle is derived, which paves the way to lagrangian Dynamics,
and next the Lagrange equations are deduced from D’Alembert principle [3] ,

[4]. Afterwards, another fundamental principle of Mechanics is introduced,
namely Hamilton principle of least action, and some basic elements of Calculus
of Variation are briefly mentioned [5] . Subsequently, some modern techniques
to derive the equations of motion of mechanical systems are concisely explained,
such as Gibbs-Appel equations and Kane equations [6] Finally, a fundamental

principle of Mechanics perfectly equivalent to D’Alembert principle is
introduced, namely Gausss principle of least constraint [7]

2.22. NEWTON SECOND LAW

Consider a particle of mass m whose position is represented by the R®
vector r(t) function of time t. From simple geometrical considerations, it is
straightforward to deduce that the velocity vector v(t) of the particle is equal to
the first time derivative of the position vector r(t) whereas the acceleration
vector a(t) is equal to the second time derivative of the same vector r(t).
According to Newton second law of Mechanics, the resultant force F(t) acting

on the particle is equal to the time rate of change of the linear momentum vector
p(t) of the particle:
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F(t) =p(®) (2.1)

Where the linear momentum vector p(t) of the particle is defined as:

p(t) =mv(t) =

=mF(t) (2:2)

This equation can also be restated in the form of dynamic equilibrium:
F@t)—p()=0 (2.3)

Where the second term on the left hand side can be interpreted as the
resultant of the inertia forces acting on the particle. If the mass m of the particle
is constant, then the second law of Dynamics can be rewritten as follows:

F(t) =p(t) =
=mv(t) =
=ma(t) =
=mi(t)

(2.4)

Now consider a set S of n  nparticles of constant mass m' for

1=12,...,n,. For each particle of the set Newton second law holds:

F' () =p'(t) (2.5)

If mutual distance between the particles of the set is forced to remain
constant, then the set is named rigid system. However, the particles of the set can
also be linked together or to the ground in a different way. In any case, the effect
of the constraints on the particles rebounds on Newton law creating some
constraints forces whose resultant is F!(t). Hence, the resultant force F'(t)

acting on the particles of the set can be decomposed into the sum of the resultant
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of the external active forces F!(t) and the resultant of the constraint forces

F!(t) . Therefore, Newton second law become:
F (1) +F.(t) =m'¥' (t) (2.6)

Even in this case the second law of Dynamics can be seen as a dynamic
equilibrium:

F (t)+F (t)-m'i' (t) =0 (2.7)

Where the last term on the left hand side is equal to the resultant of the
inertia forces acting on the particle.

2.23. D’ALEMBERT PRINCIPLE

Consider the dynamic equilibrium equations of a set of particles. In order to
formulate D’ Alembert principle, the virtual operator & must be introduced first.
At this stage, the virtual operator & can be treated identically to the differential
operator d except that the former does not operate on the time variable t, that is
considered fixed. According to this definition, an arbitrary virtual displacement

Sri(t) of the particle i can be introduced and multiplied for the dynamic
equilibrium equations:

(FO+F®-mi) sr®=0 , vér() (2.8)

This is a scalar equation written in terms of virtual work of the resultant
forces acting on a generic particle of the system. If this equation holds for every

arbitrary virtual displacements Sri(t), then it is perfectly equivalent to the

second law of Dynamics, that is a vector equation. Now a summation on every
particle of the system can be performed to get:
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n

> ((F®+F0O-m ) or'o)-
=_ZPZ(FJT(t)5ri(t))+Zp:(F§T(t)5ri(t))+ .p (-m'eTor'®)) = (2.9)
=OW, (t) + oW, (t) + oW, (t) =

=0 , Vor(t

In the last equality the total virtual work of the external forces, constraint
forces and inertia forces can be identified:

SW, (t) = Zp:(F;T ®or'(t)) (2.10)
SW,(t) = i(FgT or'®)) 2.11)
SW, (t) = i(—mir” mor'(t)) (2.12)

These virtual works are incremental expressions rather than differential of
functions. The typical assumption of Classical Mechanics is that the constraints
do no work and therefore they are called workless constraints:

oW, (t)=0 (2.13)

Using this assumption the D’ Alembert principle can be obtained:

OW, (1) +OW (t)=0 , Vor'(t) (2.14)
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This equation claims that for any virtual displacements of the system
particles compatible with the constraints, the sum of the total virtual works
performed by external forces and inertia forces is equal to zero.

2.24. LAGRANGIAN DYNAMICS

Consider a system of n = particles subjected to a set of n. workless

constraints. It is clear that not all the particle coordinates are independent
because of the presence of the constraints. Indeed, the actual number of
independent coordinates is:

n=3n,-n, (2.15)

The independent coordinates are customary called degrees of freedom of
the system. From a geometrical viewpoint, a coordinate transformation can be

introduced in order to express the position vectors r (t) of the system particles
in terms of a set of n generalized independent coordinates q(t) that can also

lack of an obvious physical meaning. These coordinates are named lagrangian
coordinates whereas the position coordinates are sometimes called physical
coordinates to distinguish them from generalized coordinates. Hence, there is a
mathematical vector function which represents the relation between system
physical coordinates and lagrangian coordinates:

r't)=r'@a() (2.16)

Using this relation the virtual displacement of the generic physical
coordinate vector can be expressed in terms of the virtual change of lagrangian
coordinates as follows:
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or'(t) =or'(a() =

6r ar'(t)
= aq) oq(t) = (2.17)

=J'(t)5q(t)

Where J'(t) is a R>" jacobian transformation matrix. Thanks to this

relation it is possible to express the virtual works of both external and inertial
forces in term of the generalized force vectors called lagrangian components:

W, (1) =Y (FT ®)sr' (1)) =

_ FT)J (t)s _
;( AOREGELG)) 019

p

Z(F;T(t)ai(t))]efq(t)=

i=1

=Q; (t)sq(t)

Np

(-m'F'T @or'(t)) =

i=1

| |T J 5
;( 0J'®)q()) = 019

CLIMON (t))}éq(t)=
=Q/ (t)oq(t)

SW, (t)

=

p

Where the R" lagrangian components vectors of external and inertial
forces are respectively defined as:
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Q.0-2(I"OF ) 2.20
Q)= i(J” O (-m¥')) (2.21)

Finally, the D’Alembert principle can be restated by using lagrangian
coordinates in the following way:

(Q.(M)+Q, (1)) sa®)=0 , Vvsq() (2.22)

Observing that the generalized coordinates are assumed to be independent
coordinates, the D’ Alembert principle in lagrangian coordinates is the following:

Q.M+Q =0 (2.23)

This set of equations represents the system equations of motion expressed
in terms of lagrangian coordinates.

2.25. LAGRANGE EQUATIONS

Lagrange equations are a mathematical device able to derive system
equations of motion. One method to get Lagrange equations is to start from
D’Alembert principle in lagrangian coordinates: this method consist in
expressing the lagrangian component of inertia forces by using a physical
quantity called Kinetic energy T'(t). Kinetic energy is a form of mechanical

energy possessed by a body only because of its motion and, in the case of a
particle, it is defined as:

T =2 OF O 224
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Thereby, the kinetic energy of a material system T (t) is simply the sum of
the single kinetic energy of each particle:

TO=2T'0

_ Zp(%mir” (t)ri(t)]

(2.25)

On the other hand, an useful observation is to note that jacobian matrix can
also be computed from the time derivative of physical coordinates and
lagrangian coordinates:

_or') _
Cag()
_or'(1)
gt

J'(t)
(2.26)

According to these observations, the lagrangian component of inertia forces
can be computed in the following manner:

Q0=3(3" (- m))-

:Z (8r'(t) (—mifi(t)) _

T\ aq(t)

L (ar‘ ®)
aq(t)

_dfaTw T+ aT®)
~dtl ag(t) aq(t)

Consequently, Lagrange equations are:

(2.27)

(-m'¥'() |=

i=1




MULTIBODY DYNAMICS 23

d [aT(t)jT _[aT (t)]T 0. (2.28)

dt\ oq(t) oq(t)
Lagrange equations can also be written in slightly different forms. In fact,

first note that external forces acting on the system particles can be separated in
external conservative forces and external non-conservative forces:

) =R 0)+F (2.29)

As a result, the total virtual work of external forces can be divided in two
parts:

OW, (t) = oW, . (t) + oW, . (1) (2.30)

Similarly to the previous case, the virtual work of external non-conservative
forces can be calculated in terms of the lagrangian component:

oW, (0= (FIr. (057 () =

=Y (F'T (1)J'(t)sq(t)) =
;( ARONIOESTO)) o)

=(.p (FJT(t)J‘(t))]a‘q(t)=
=Q; . (1)5q(t)

Where:

Qe ®=X(3" OF. ©) 2.32)
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On the other hand, the total virtual works of conservative forces can be
expressed in terms of system potential energy U (t) . Potential energy is a form

of mechanical energy possessed by a body only because of its position in a
conservative force field. In the case of a set of particles, the virtual work of
conservative forces can be rewritten as:

oW, (1) =X (FL(er' ©) =

_ Zp:(_gu (1) = (2.33)
=—0U (1)
Where:
u(t) = Zu '(t) (2.34)

In addition, the virtual change in potential energy can be restated using the
lagrangian component of conservative forces in the following way:

au (t)
SU(t) = =2 5q(t) =
© aq(t) a0 (2.35)
= Q. (D5q(1)
Where:
_ (au®Y
Q..()= [ 6q(t)] (2.36)

Finally, Lagrange equations can be rewritten as:
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d(aT®) (oT®)  (u@®) _
a[Mj [aq(t)j +(6q(t)j _Qe,nc(t) (2.37)

Now a new physical quantity can be introduced, namely the system
lagrangian L(t). The lagrangian is defined as the difference between the kinetic
energy and the potential energy of the system:

L(t) =T (t)-U () (2.38)

Using this definition, and noting that the potential energy is not a function
of the derivative of generalized coordinates, it is easy to prove that Lagrange
equations can be expressed as:

diom) (am)
dt(@q(t)j (aq(t)] _Qe,nc(t) (239)

A great advantage in using Lagrange equations is working with scalar
physical quantities, such as kinetic energy T (t) and potential energy U (t), to

develop the equations of motion instead of working with vector quantities, like
forces and accelerations, that are necessary to apply Newton second law.

2.26. HAMILTON PRINCIPLE

One of the most basic principle of Classical Mechanics is Hamilton
principle. This principle, also known as Hamilton principle of least action, is
based on the techniques of the Calculus of variations and can be used as a valid
mathematical tool to derive the equations of motion of mechanical systems.
Consider a system of particles S whose configuration at time t is univocally
identified by the generalized independent coordinate vector ¢(t). Assume that
the system is evolving during a time span included between two specific instants
t, and t, from the configuration state vector q(t,) to the configuration state

vector q(t,). Hamilton principle asserts that between all the possible paths,
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compatible with constraints, that the configuration vector ¢(t) can follow in its
evolution during the time span between the instants t, and t,, the one which

actually materializes is that that minimize the time definite integral of the system
lagrangian L(t), also named the action, that is:

j:‘ L(t)dt (2.40)

The solution of this minimization problem can be found considering a
perturbation, namely a virtual change, 6q(t) of the true path followed by the
configuration vector q(t) in its time evolution and assuming that the true path

and the perturbed path always coincide at the time instants t;, and t, . That is to

say:
oq(ty) =oq(t,) =0 (2.41)

According to this method it is possible to find a stationary value of the so
called action functional:

5[ “L(t)dt=0 (2.42)

At this stage, by using the definition of the lagrangian function and the
formula of integration by parts, the perturbation of the action functional become:
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5. “L(t)dt = X “ SL(t)dt =
j (T(t)-U(t))dt=
=L ST (t)— 48U (t)dt =

= [, 6T (@®.4().H) - U (@), tydt =

T g TTO o AU
J. 200 270 2 *0 0

__L(t) T ~daT()  oaT(t) ou() B
Laa *L( dt 2a(t) * aa(t) aq(t)j&q(t)dt‘

Jorw . T o d(aTo) (To) (o)) .o
RETON ;L[ dt(aq(t)] +(aq(t)j (aq(t)j } 0=

=0 , Voq(t)

U sq(t)dt =

(2.43)

Observing that all the lagrangian coordinates are independent, each quantity
in the time integral can be independently taken equal to zero:

5q(t,) =6q(t;) =0
(8T(t)] (GT(t)jT +(au (t)JT 0 (2.44)
dt\ oq(t) aq(t) aq(t)

These differential equations are the well-known Euler-Lagrange equations.
The solution of this set of differential equations corresponds to the minimum of
the action integral. Hamilton principle can be modified in order to include the
effect of non-conservative external forces on motion. This modified principle is
named extended Hamilton principle and can be mathematically stated through
the following stationary problem:
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5[ L@ydt+[" oW, , (dt =0 (2.45)
Where oW, . (t) is the virtual work of the external non-conservative

forces. As expected, it is straightforward to prove that the final result are
Lagrange equations of motion:

d(aT®) (aT®) (v _
a[at'l(t)j (aq(t)j +(8q(t)) = Qe (1) (2.46)

It is worth saying that both D’ Alembert principle and Hamilton principle
are powerful physical-mathematical tool to derive the equations of motion of all
kind of mechanical systems but conceptually the latter can be logically deduced
from the former.

2.2.7. GIBBS-APPELL EQUATIONS

Gibbs-Appell equations represent another useful and effective mathematical
technique to obtain the equations of motion of mechanical systems. These

equations are based on the so-called Gibbs-Appell function Gi(t) that, for a
single particle, can be defined as follows:

G'(t) :%mi'r'iT O (t) (2.47)

Consequently, the Gibbs-Appell function of the whole system G(t) can be
easily computed as the sum of the single particle Gibbs-Appell function. Indeed:

G(t):iei(t)z

_ Zp@mir” (t)'r'i(t)j

(2.48)
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A possible strategy to obtain Gibbs-Appell equations is to leverage
D’ Alembert principle written in lagrangian coordinates. To do that, a useful
observation is to note that jacobian transformation matrix can also be computed
from the second time derivative of physical coordinates and lagrangian
coordinates:

_or'(t)
g
_or(@)
- ad(t)

J'(t)
(2.49)

According to these observations, the lagrangian component of inertia forces
can be computed in the following manner:

Q) =nzp(J”(t)(—m‘ri(t)))=

i=1

"2 (8Q(t)j ( mr(t))J

o (2.50)
B & ([ oF(t) T B
=2 (8(‘1‘(0} ( m' (t))]_
:_(GG(t)T
oG (t)
Consequently, Gibbs-Appell equations can be expressed as:
[aq(t) Q.(t) (2.51)

Similar to Lagrange equations, Gibbs-Appell equations allow one to get the
equations of motion of a mechanical system by using a scalar function, namely
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the system Gibbs-Appell function G(t), instead of working with vector
guantities.

2.2.8. KANE EQUATIONS

Kane equations are sophisticated mathematical tool which permits to obtain
the equations of motion of mechanical systems. The simplest way to derive Kane
equations is to deduce them from D’ Alembert principle expressed in lagrangian
coordinates. First, for a single particle, Kane function can be defined as:

K'(t)=J"7 (t)m'i (t) (2.52)

As a consequence, Kane function of the whole system K(t) is simply the
sum of every single particle function. Indeed:

K@:iW@:
= (2.53)

Np

=> (3T M (1))

i=1

By using this definition, the lagrangian component of inertia forces can be
rewritten as follows:

Q0 =2,(37 (- ) -
—-K()

(2.54)

Therefore, Kane equations can be written as:

K(t)=Q,(t) (2.55)
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It is straightforward to understand that, according to the preceding
definitions, to write down Kane equations it is necessary to compute explicitly
the jacobian transformation matrix.

2.29. GAUSS PRINCIPLE

Gauss principle, also known as the principle of least constraint, is a
fundamental principle of Classical Mechanics perfectly equivalent to
D’ Alembert principle. This principle states that among all the accelerations that
a mechanical system can have which are compatible with constraints, the ones
that actually materialize are those that present the minimum deviation from the
free accelerations in a least-square sense. Consider a material system S . If the
particles of the system have no constraint in their evolution in time, the free
acceleration of a generic particle can be computed as:

()= Fm(t) (2.56)

Let i¥'(t) be the actual acceleration of a system particle due to the presence

of some constraint forces. The Gauss function Zi(t) of the material point is
define as:

') :%mi (FO-FO) (FO-FO) (2.57)

Obviously, the Gauss function of the whole system Z (t) is merely the sum
of the single Gausss function of each particle of the set. Indeed:

Z(t):z_p:zi(t):

% (1 (2.58)
= Z(Emi (Fo-ro) (Fo- (t))j
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One way to obtain Gauss principle is to leverage on D’ Alembert principle
in lagrangian coordinates:

Q.M+QO =X (3T O(F®-mF )=
-y ari(t)jT m [F;;ff) —f'(t)n _

T\ oa(t)

IO T i

4 aq‘(t)j m (5.0 r(t))J (2.59)

RO YR i

o2 [_6(_1(0] m' (i (t) re(t))J
oG (t)

=0

Setting the last expression equal to zero, Gauss principle is obtained:

(@] 0 (2.60)
aq(t)

In analogy with Lagrange equations and Gibbs-Appell equations, Gauss
principle is a mighty mathematical methods that allows one to get the equations
of motion of a mechanical system by using the scalar physical quantity Z(t)
called Gauss function. As can be intuitively understood, there is a strong
physical-mathematical link between Gauss principle, Gibbs-Appell equations
and Lagrange equations.
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2.3. THE FUNDAMENTAL PROBLEM OF
CONSTRAINED DYNAMICS

2.3.1. INTRODUCTION

The central problem of constrained Dynamics consists in determining the
motion of a constraint mechanical system knowing the initial conditions and the
forces acting on the system itself. Unlike the case of unconstrained Dynamics, in
this case the constraint forces are further unknowns. In the following sections the
central problem of constrained motion is addressed and solved according to the

formulation proposed by Udwadia and Kalaba [8].

2.32. HOLONOMIC AND NONHOLOMIC
CONSTRAINTS

The equations of motion of mechanical system can be analytically deduced
from the basic principles of Dynamics. Indeed, Lagrange equations of motion
are:

d(oL®) (oL
—| = - =Q. e (1) (2.61)
dt\ oq(t) oq(t)

These equations have been developed assuming that all the n generalized
coordinates q(t) are independent from each other, namely by using an

embedding technigue. This method identifies the configuration of the system
through a minimal set of coordinates and, using the hypothesis of workless
constrains, produces a set of differential equations which does not exhibit the
generalized constraint forces. If an augmented formulation is used instead, then a

larger configuration q(t) vector is used which, for instance in the case of a
material system, can be made of the n  physical coordinates of the particles. It

is intuitive to understand that the generalized constraint forces will influence the
equations of motion:
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d(oLw) (ow) :
ELMJ (aq(t)j _Qe,nc(t)+Q (t) (262)

Where Q°(t) is a R" vector of the generalized constraint forces

(hereafter, for simplicity, the dimension of the set of redundant coordinates will
be indicated as n). This vector is a ulterior unknown of the central problem of
constraint Dynamics. Indeed, it is possible to express the generalized constraint
forces by using the constraint equations and leveraging on Lagrange multipliers

technique [5] Constraint equations are a set of algebraic equations that links

together the generalized coordinates vector. Basically, constraints can be
classified in two type: holonomic constraints and nonholonomic constraints.
According to the traditional acceptation, holonomic constraints are characterized
by a set of algebraic equations which can be integrated and reduced to the
following form:

f(a(),t)=0 (2.63)

Where f(t) is a R™ vector function of only the generalized coordinates

vector (t). Holonomic constraints are also referred to as kinematic constraints.
On the other hand, nonholonomic constraints are characterized by a set of
nonintegrable algebraic equations which involve also the time derivatives of
lagrangian coordinates. For the sake of simplicity, nonholonomic constrains can
be distinguished in velocity nonholonomic constraints and acceleration
nonholonomic constraints. The equations of velocity nonholonomic constraints
involves the first time derivative of the configuration vector and can be defined
as:

9(a(®).q(t),1)=0 (2.64)

Where g(t) isa R™ nonintegrable vector function of generalized position
vector q(t) and generalized velocity vector ((t). Moreover, the equations of
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acceleration nonholonomic constraints involves the first and the second time
derivative of the configuration vector and can be defined as:

h(g().q(t),6(0).t) =0 (2.65)

Where h(t) isa R™ nonintegrable vector function of generalized position
vector q(t), generalized velocity vector ¢(t) and generalized acceleration
vector {(t). On the whole, the total number of constraint equations n_ is:

N, =m; +m, +m, (2.66)

Where m,, m, and m, are respectively the number of holonomic

9
constraint equations, velocity nonholonomic constraint equations and
acceleration nonholonomic constraint equations. It can be proved [9], [10] that

the generalized constraints forces can be expressed in terms of the constraint
equations by the Lagrange multiplies method as follows:

of (t) ag(t) oh(t)
Q(t)= (a (t)] A () + (5 (t)] O+ (a()] A () (267)

Where & (t), A,(t) and A (t) are R™, R™and R™ vectors,
respectively, named Lagrange multipliers and correspond to the holonomic and

nonholonomic constraint equations. Using this result, generalized constraints
forces can be adjoined to Lagrange equations:

d(oL®) (oL®)
a[aq(t)j (aq(t)j _Qe,nc(t)+

of (t) ag(t) oh(t)
J{mj Ao (1) + (a ()j M,(t)J{8 ()j Ay (1)

(2.68)
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This is a set of n differential equations but the unknowns are the n
generalized coordinates q(t) plus the n, Lagrange multipliers A(t). The

problem can be mathematically closed only including the n_ algebraic constraint
equations and solving the whole resulting system:

T

d (L(t)j (mj 0. )+

dtlaaw) Laa@
o) a9(t) oh(t) Y
J{MJ kf(t){MJ kg(t){%] A, () (2.69)
f(q(t),t)=0

9(a(t).q(®).t) =0
h(g(t),q(b).q(t),t) =0

These equations represent the general equations of motion of a discrete
constrained mechanical system.

2.3.3. EQUATIONSOF MOTION OF CONSTRAINED
MECHANICAL SYSTEMS

Assuming that the acceleration constraint vector h(t) is a linear function of

generalized accelerations ¢(t), it is possible to obtain an explicit solution of the
problem of constrained Dynamics in the sense that the generalized constrained
acceleration ¢(t) and the Lagrange multipliers A(t) can be computed explicitly.
Before doing that, it is necessary to express the equations of motion and the
constraint equations in a different form. It can be simply proved [11] that the

equations of motion of a discrete constrained mechanical systems can always be
rewritten in this form:

M(a(t)d(t) = Q(at), a(t),t) + Q°(at), a(t), t) (2.70)
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Where M(t) is a R™" generalized mass matrix and Q(t) is a R"

generalized force vector. On the other hand, it is necessary to take the second
time derivative of the holonomic constraint equations. The time derivative of the
kinematic constraint equations yields:

0 = (@0 -
af(q(t) D) 40 21O
200 - 2.71)
~, (40 +F,(1) =
=0

Taking the second time derivative of the holonomic constraint equations
yields:

() = S (F, 000 +£,0) =
(a0, , W, t)J

“dtl aq@) ot
_9(af@®.0) 54, FAOD 4 (afm(t) t)]
dtl  aq(t) aq(t) ot
af(q(t) t) R [CTOR PO (TR
[aq(t) P q()}q(t) Pl OheraalV
LT ¢ 4y, @O0
aq(t)ot ot?
o (of(t) of (t) azf(t) o O
aq(t)(aqa)“ )jq” a0 1Y 2 oqa 10 o -
= (f 04, at) +f,OFM) +2f, OGO +f,,0) =
=0

(2.72)



38 MULTIBODY DYNAMICS

This vector equation can be rearranged as:
f, (A1) =Q; (1) (2.73)
Where Q; (t) isa R" vector function defined as follows:

Q: (0 =Q;(a(t).a®).t)=

o (of(t) . o (t) (M)
0 (t)[a (t) ()] 0= 26 q(t)ot 40~ ot

==(f,0a0), 4() - 2f, OO -, ©)

= (2.74)

This vector equation represents the second time derivative of the holonomic
constraint equations acting on the system [12]. The time derivative of
nonholonomic constraint equations is:

) = 900,60, -
ag(q(t) 0.0, WAV 4y BAVAOY

aq(t) aq(t)
=g,1)a(t) +g,1d) +9,(t) =
=0
(2.75)

This vector equations can be rearranged as follows:
9, (D4 =Q, (1) (2.76)

Where Q,(t) isa R" vector function defined as:
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Q, (1 =Q,(a(t).a(®).1) =

__o9(@®).4®.1) . .\ o9@@).at).t) _
- 20 S10) - (2.77)

=-0,(a(t)-g,()

Assume that the generalized acceleration involved in the nonholonomic
constraint equations is a linear function:

D(a(®).q(t).Ha(t) = Q,(q(t).a(t),1) (2.78)

Where D(t) is a R™™" matrix function and Q,(t) is a R™ vector
function. Since all the constraint equations are now linear in the generalized
coordinates vector ¢(t), it can be simply proved [8] that they can be all

rearranged in an unique compact form as follows:
A(q(t),q(t),)a(t) =b(a(t),q(t),t) (2.79)
Where A(t) is a R™" matrix function defined as:
[ of(t) |
aaq(t)
A(t) = 89_('[) (2.80)

aq(t)
D(t)

And b(t) isa R"™ vector function defined as:
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Q1)
b(t) =| Q, (1 (2.81)
Q)

According to this mathematical reformulation, the fundamental problem of
constrained Dynamics can be restated as follows:

{M (a(t) = Q(t) + AT (A1) (2.82)

ADa(t) =b(t)

Where the generalized constrained vector Q°(t) has been expressed as a
function of the constraint equations through Lagrange multipliers rule.

2.34. FUNDAMENTAL EQUATIONS OF CONSTRAINED
DYNAMICS

The fundamental equations of constrained Dynamics were originally
developed in the field of analytical Dynamics by Udwadia and Kalaba [8]

Indeed, the constrained acceleration vector and the Lagrange multipliers vector
can be obtained explicitly solving the fundamental problem of constrained
Dynamics. To do that, some algebraic manipulation of the equations of motion
of constrained mechanical systems must be performed. The basic observation is

that these equations are linear in the generalized acceleration vector [12] and

therefore a matrix notation can be used to get:

{M(t) —AT(t)}[d(t)}{Q(t)} (2.83)
At) O |lM®)] [bt)

Now one method to solve this matrix equation for ¢(t) and A(t) is using
the matrix inversion lemma exploiting the block structure of the generalized
mass and constraints matrix [13] to get:
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M) -ATO] _[MI0+BOHDB,0) -BOHD] , 4,
At) O —H(t)B,(t) H(t) '

Where B, (t), B,(t) and H(t) are, respectively, R™™, R™" and R™**
matrices define as:

B,(t) =—M™(1)AT (t) (2.85)

B,(t) = A(t)M™(t) (2.86)

-1

H(t) =(B, (A" (1))
= (-A®B, (1)) ' = (2.87)
(AOM AT (M)

By using this block matrix inversion lemma an explicit solution for the
generalized acceleration vector and Lagrange multipliers vector can be found:

{qa):(M‘l(t)+Bl(t)H(t)Bz(t))Q(t)_Bl(t)H(t)b(t) (2.88)

M) =—H(t)B,()Q(t) + H(t)b(t)

Manipulating mathematically this solution a deep physical insights can be
found [8] . As a results, the fundamental equations of constrained Dynamics are
deduced:

g(t) =a(t) +B(t)a(t) =
—a(t) + F(t)e(t) (2.89)
M) = H(De(t)

Where B(t) isa R™™ matrix defined as:
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B(t)=M(t)AT (t) (2.90)
Here a(t) isa R" vector defined as:
a(t) =M~ (1)Q() (2.91)
And a_(t) isa R" vector defined as:
a. (t) =F(t)e(t) (2.92)
Where F(t) is a R™ matrix defined as:

F(t) = B(t)H(t) =

1 T 1 T\t (2.93)
=M (DA () (AGOM AT (1))
And e(t) is a R™ vector defined as:
e(t) =b(t) - A(t)a(t) (2.94)

These vectors and matrices have a profound physical interpretation [8]

[14]: the vector a(t) is the free system acceleration vector, that is to say the

generalized acceleration the system would have if there were no constraints. The
vector e(t) is the vector error that measures how much the free accelerations

vectors a(t) violates the actual constraints acting on the system. Moreover, the
matrix F(t) is a feedback matrix which, once multiplied by the acceleration
error e(t), allows to express the system actual constrained acceleration ¢(t) as
the sum of the free acceleration a(t) and a feedback term F(t)e(t) which
represents the acceleration a_(t) induced to the system by the action of the

constraints. Finally, the matrix H(t) is a proportional matrix that, once
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multiplied for the acceleration error e(t), allows to calculate explicitly the
Lagrange multipliers A(t). It is noteworthy to point out that the fact that the
Lagrange multipliers A(t) have been computed explicitly allows to compute

directly the generalized constrained vector Q°(t) too [8], [14]. Indeed:

‘(t)=AT (t)A(t) =
QO =A O 2.95)
=A (H(be(t)
The consequences of this results are twofold. The first one is the logic fact
that through this formula it is actually possible to predict the generalized
constraint forces acting on a mechanical system as a function of the system state

[8]. The second consequences is not so obvious: by using this formula the

inverse Dynamics problem can be solved in a simple and elegant way [14].

Indeed, if the constrained equations do not correspond to actual physical
constrains acting on the system, they can be assumed to be virtual constraints
which must be satisfied by the system. In this way the vector of generalized
constrained forces become a vector of generalized control actions that are
necessary to force the system state to follow a specified path. In addition, it is
intuitive to understand that the constraint equations cannot always be satisfied in
the sense that not any kind of constraint equations can be effectively followed by

the system state. Indeed, it can be proved that [15] only the constraint equations
which make the following matrix of full rank can be actually implemented:

(2.96)

Mc(t>=['v'(t)}

A(t)

This matrix can be interpreted as a generalized controllabity matrix relative
to nonlinear mechanical system. It noteworthy to point out that when the

constraint matrix A(t) has not full rank, but at the same time the generalized

controllability matrix M_(t) has full rank, it can be proved [8], [14] that the
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solution of the fundamental problem of constrained Dynamics can be found
simply replacing the matrix inverse operation with the Moore-Penrose
pseudoinverse in the computation of the matrix H(t) . Indeed:

H() = (AQM™ (DA (1))’ (2.97)

This means that even in presence of contradictory constraint equations, that
is when the constraint matrix A(t) has not full rank, the constrained

acceleration of the mechanical system exists and it is unique. Clearly, in this
case the evolution of the constrained system satisfies the constraint equations

only in a least-squares sense. In addition, it can be proved [8] that in this case

the Lagrange multipliers are not unique but are defined ut to an arbitrary R™
vector function:

A() = ADA” OH®e®) + (I-AGA (1) )h(t) , Vh(t) eR"(2.99)

Where h(t) is an arbitrary vector function. On the other hand, it
noteworthy to point out that when the mass matrix M(t) has not full rank, but
at the same time the generalized controllability matrix M_(t) has full rank, it
can be proved [15], [16] that the solution of the fundamental problem of

constrained Dynamics can be found simply replacing in every computation
respectively the mass matrix M(t) and the lagrangian component of
generalized forces Q(t) with the following quantities:

M., (t) = M(t) + A" ()A(t) (2.99)

Q, (1) =Q(t) + A" (t)b(t) (2.100)
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This means that even in presence of a singular mass matrix the constrained
acceleration of the mechanical system exists, it is unique and it can be computed
explicitly.



46 MULTIBODY DYNAMICS

2.4. VIBRATION OF DISCRETE AND
CONTINUOUS SYSTEMS

2.41. INTRODUCTION

Mechanical system can be modelled in different forms. Basically, two
fundamental category can be distinguished: discrete mechanical systems and
continuous mechanical systems. From a mathematical viewpoint, the former are
systems whose equations of motion can be represented by ordinary differential
equations (ODE) whereas the latter are systems whose equations of motion can
be modelled as partial differential equations (PDE). From a physical point of
view, discrete systems are mechanical systems which can be modelled as
lumped mass systems, that is to say this type of systems can be represented by
an equivalent system which consists of some bulky elements that can be
considered rigid with specified inertia properties whereas the other elements can
be assumed elastic elements with negligible inertia effects. Therefore, the
motion of discrete system can be described by a set of n coupled ordinary

differential equations, one for each degree of freedom [13], [17], [18], [19],

[20]. On the other hand, continuous systems are systems that consist of
structural components which have distributed mass and elasticity and therefore
their motion can be adequately represented only by partial differential equations
which involve variables that depend on time as well as spatial coordinates [13] ,

[17], [18]. [19]. [20]. Indeed, continuous systems have an infinite number of

degrees of freedom. The following sections concern the vibration of discrete and
continuous mechanical systems, namely systems whose equations of motion are
linear. In particular, by using the Euler-Lagrange equations the general equations
of motion relative to discrete multiple degrees of freedom system and relative to
monodimensional continuous systems are both derived.
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2.42. EQUATIONSOF MOTION OF MULTIPLE
DEGREES OF FREEDOM SYSTEMS

Consider a discrete linear mechanical system composed of n particles

connected by a set of linear elastic elements such as springs. Let X(t) bea R"
vector representing the displacements of the system particles. The kinetic energy
T(t) and the potential energy U (t) of the system can be written in matrix
notation as:

T(t)= %XT (t)MX(t) (2.101)

U(t) = %XT (HKX(t) (2.102)

Where M and K are R™" matrices representing respectively the system
mass and stiffness matrices. The equations of motion of this multiple degrees of
freedom mechanical system can be found by Lagrange equations:

d(aT(t) T_ T (t) T 2u 1) T .
E[MJ (Gq(t)j +( GQ(t)J _Qe,nc(t) (2.103)

Now assume that part of the virtual work done by nonconservative forces
can be derived from the so-called Rayleigh’s dissipation function V (t) :

V()= %XT (HRX(t) (2.104)

Where R is a R™" damping matrix. Systems whose damping can be
modelled through a quadratic Rayleigh’s dissipation function are often referred
to as linear viscously damped systems. Assume that the remaining part of
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nonconservative virtual work is performed by an generalized external force
vector denoted with F(t). Lagrange equations yield:

M(t) + RX(t) + Kx(t) = F(t) (2.105)

These are the general equations of motion of a linear multiple degrees of
freedom mechanical system [21].

2.43. FREE VIBRATION OF MULTIPLE DEGREES OF
FREEDOM SYSTEMS

In the case of free vibration of undamped linear discrete systems, the
equations of motion reduce to:

M(t) + Kx(t) =0 (2.106)

The solution of these differential equations can be found supposing that the
displacement vector assumes the following form [13], [17], [18], [19]. [20]:

X(t) = pe™ (2.107)
Where ¢ is an R" unknown vector and 4, is an unknown scalar. The

assumed solution must satisfy the equations of motion and therefore, to impose
it, the supposed solution can be put into the equation of motion in order to get:

(XM +K)p=0 (2.108)
This is an eigenvalue problem that can be restated in the standard form as:
M7 Ko =-1’¢ (2.109)

The results of this problem is a set of 2n complex conjugate eigenvalues:
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C

A, =—lw .
{c,zjl " j=12...n (2.110)

. .
/1,2,;1:'6%,,-

These eigenvalues 4 ; correspond to a set of n natural frequencies @, ;
and to a set of n eigenvectors ¢, which represent the system mode shapes,

namely the system principal modes of vibration. Indeed, the general solution of
the undamped free vibration of a multiple degrees of freedom system can be
written as a linear combination of the normal modes as follows:

n
Ac2jat * * Kajat ) _
X(t) = Z(Czj-1(l’2]—1e +C,i40; 48 ) =
= (2.111)

n
_ —i@, gt * i@y 54t
_Z(CZj—l(PZj—le j +CZ]—1(P2j—le J )

j=1
Where the constants Cj can be determined by using the initial conditions.

2.44. FORCED VIBRATION OF MULTIPLE DEGREES
OF FREEDOM SYSTEMS

In the case of forced vibration of undamped linear discrete systems, the
equations of motion reduce to:

MIX(t) + Kx(t) = F(t) (2.112)

Define the R™" modal matrix @ as a matrix whose columns are the
system eigenvectors:

Q=[p, ¢, .. 9., 9] (2.113)

Consider the following coordinate transformation [13], [17], [18], [19],
[20]:
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X(t) = @q(t) (2.114)

Where the transformation matrix is precisely the system modal matrix @ .
This transformation is referred as modal transformation and the coordinate

vector q(t) isa R" vector of modal coordinates. The equations of motion of an
undamped forced system can be transformed in modal coordinates to get:

M® q(t) + Kdq(t) = F(t) (2.115)
Premultiplying this equation by @' yields:
O MP{(t) + D' KPq(t) = D F(t) (2.116)

At this stage, an important property of normal modes can be used: the
orthogonality of mode shapes [13], [17], [18], [19], [20]. This mathematical

property can be stated as:

(PTjM(Ph :5j,hmm,h =
{ 0 , j=h (2.117)

m,; , J=h
(PEK(Ph :é‘j,hkm,h =
{ 0, j#h (2.118)
Kn; » J=h
According to this property, the products of mass and stiffness matrices with
modal matrix result to be R™" diagonal matrices:

M, =® Mb=
= diag(mm,17 mm,27' m rnm,n)

<1 W im,n-11

(2.119)
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K, =® Kb =
=diag(k,, Ky ,,-.- K K, o)

1 'm,n-1? "*m,n

(2.120)

Where m_ .

; and K ; are respectively the modal mass and the modal

stiffness of the system. Since the modal matrices M and K are diagonal

matrices, the equations of motion expressed in modal coordinates are decoupled.
Indeed:

M, 4(t) + K, a(t) =Q(t) (2.121)

Where the modal force vector Q(t) is a R" vector defined as:
Q(t) =®'F(t) (2.122)
It is easy to prove [13], [17], [18], [19], [20] that if the system is

proportionally damped, that is to say if the damping matrix R can be expressed
as a linear combination of the mass and stiffness matrices:

R=aM+ 8K (2.123)

Then the modal decoupling of the equations of motion can still be
performed to get:

M, 40 +R,q)+ K, at) = Q) (2.124)

Where R, is a R™ modal damping matrix and it is computed as a linear

combination of the modal mass and stiffness matrices:

R, =aM,_+pK,_ (2.125)
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The equations of motion expressed in modal coordinates can be written in
scalar form as:

My 6 O +16,;6, O +k,, ;0,0 =Q, ;1) » j=12....,n (2.126)

Where 1, is the system modal damping. These ordinary differential

equations are decoupled: each equation behaves like a damped harmonic
oscillator which vibrates according to one of each system natural frequency.
Therefore, each equation can be independently solved by using Duhamel

principle [13], [17]. [18]. [19]. [20]:

qj(t) = km,jqj (O)Qm,j(t) +mm,jqj(0)hm,j(t)

t . (2.127)
+['Qu, (N, t=2)dz . j=12..n

Where the functions g, ;(t) and h_.(t) are defined as:

1 —E@ g'a)n J H
gm’j(t)zf “i ”'J‘(cos(wd,jt)Jr;)—"sm(a)d'jt)] , j=12,...,n

m,j d,j
(2.128)
ro 1 SIN(@y L i
hmj(t)=ie gy SIN(@ 1) . j=12,...n (2.129)
| My 5 @y, |

Where @, ; and @, ; are respectively the damped and undamped natural
frequencies of the system whereas &; are the system damping ratios. The

functions g, ;(t) and h_ ;(t) have a remarkable physical interpretation: they

are respectively the system response to a step down function and to an impulse
function.



MULTIBODY DYNAMICS

2.45. MODAL TRUNCATION METHOD

The modal truncation method simplify the equations of motion of a multiple

degrees of freedom system considering only the significant mode shapes.
Consider a multiple degrees of freedom system:

MX(t) + Rx(t) + Kx(t) = F(t) (2.130)
Assume that the system is proportionally damped:
R=aM+ K (2.131)

If the generalized eternal forces F(t) are periodic functions, they can be

expressed with a set of oscillating functions by using a Fourier series [13],
[17]. [18]. [19]. [20]:

o0

F(t) :%a0 +_(a cos(kt) +b, sin(kt)) (2.132)

k=1

Where a,, a, and b, are R" constant vectors which can be computed as
follows:

a, _1 j " E(t)dt (2.133)
7Z' -7
a, =% [" Fcostkdt | k=12.... (2.134)

bk:%J‘””F(t)sin(kt)dt . k=12,... (2.135)
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This Fourier series can be approximated with a finite summation in order to
retain only the terms which are close to the system natural frequencies. In this

way, the external force vector F(t) can be written as a sum of few sinusoidal
functions. As a consequence, only n, modes of vibration of the system appear to
be significant instead of the whole set. Therefore, an elimination of insignificant
mode shapes can be performed by using a coordinate reduction technigue [13] ,

[17]. [18], [19]. [20]:
X(t) =®q,(t) (2.136)

Where @, is a R™™ truncated eigenvector matrix and q,(t) is a R™

truncated modal vector made of only the relevant mode shapes and modal
coordinates. Consequently, the system equations of motion can be approximated
with truncated modal coordinates to yield:

Mtqt (t) + RtQt (t) + Ktqt (t) = Qt (t) (2.137)

Where M,, R, and K, are R™™ diagonal matrices and Q, (t) isa R"
vector defined as follows:

M, =® M®, =
: (2.138)
=diag(my,;, My 50w My My )
Ky = O K, = 2.139
:diag(km,l’km,2"“’km,nl—1’km,n‘) ( ' )
Q,(t) =DF(t) (2.140)

These equations represent a set of n, decoupled ordinary differential

equations.
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2.46. EQUATIONSOF MOTION OF
MONODIMENSIONAL DISTRIBUTED PARAMETER
SYSTEMS

Hamilton principle can be used to derive Lagrange equations of continuous
systems with monodimensional distributed parameters [19]. The general form
of Hamilton principle is:

5 j; L(t)dt + j; SW, (t)dt =0 (2.141)

Where L(t) is the system lagrangian and oW, . (t) is the virtual work of

external nonconservative forces. In the case of a continuous system with
monodimensional distributed parameters, the kinetic energy and potential energy
can be expressed as:

T =] T(xt)x (2.142)

Ut) = [0 (x tydx (2.143)

Where T(x,t) and U (x,t) are the kinetic energy and potential energy

density functions. These functions assume a different form according to the type
of monodimensional continuous system in analysis, such as rods or beams for
instance. In any case, the extended Hamilton principle yields:
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5j:’ L(t)dt+J' SW, .. (t)dt = j"aL(t)de SW, . (t)dt =

:L:5(T(t)—U(t))dt+j OW, ., (t)dt =
=["((T@-aU)dt+ [ oW, (Ddt =
= [[' (T (xtax-8 T adt-+ [ oW, . (0t -
=" [, 6T @0, 0,060, x ot +

= [ [0 (@00 0,000, 0, (x,), x e +

+ftf {I Q. e (X, 1)5G(x, t)dxdt =

J~ [GT (x, '[) X.1)+ aT (x,t) 5qt(X,t)jdth+
aq(x,t) aq, (x,t)
t ¢l QU (X, t) oU (x,t)
_J' j(aq( 0 X, t +8qx(x,t) 5qx(x,t)]dxdt+
_J-tf J-I g(:.] ((X tt)) S50, (X, t)dxdt +
+J. f J- Qe nc (X,t)5Q(X,t)dth =
LI o R e o
J7[- U (1) t)_GU(x,t)g(@q(X’t)j dxdt +
6 aq(x t) g, (xt) ox
gt (6 q()z(’t)]dde
°4q,, (X,1) OX
n Lof L Q. e (X, 1)5q(x,t)dxdt =0 (2.144)

This formula can be further transformed integrating by parts:
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1| aT (x,t) ‘
J‘O{aq (XD 5q(x,t)}0 dx +

bt OT (X, t) 7T (x,1)
LO ,f [a (X t) Xt W&q(x,t)}dxdu

_It[gU(x,t) 5q(x’t)} dt_jt[aﬁ(x,t)5[6q(x,t)ﬂ it s
v | 69, (x,t) o o[ 00, (x1) x

H( AU () 50 14 LY 5q(x,t)jdxdt+
t oq(x, t) oxaq, (X, 1)

J-th- o°U (x,t) (aq(x,t)j s
o 0X0q,, (x,t) ox
+J. f j Qe,nc (X,t)5Q(X,t)dth =

CalaT(xt) ¥
_J[a x t)5q(x t)ldx+

bl AT (x,t)  &°T (x.t)
+Lo jo[ aq(x,t)  otag, (x t)jéq(x’t)dxO|t+

«[a0(x) aa(x,t) .(aq(xt))]
ErTes } L. {aqxx(x,t)g( o ﬂod”

2
+j“ VXY s0xt) s
b | OX0Q,, (X,1)

H[ AU () 50 14 LY 5q(x,t)Jdth+
t oq(x, t) oxaq, (x,t)

0

bt 8U(Xt) t ol — )
L f s X2, (x.1) ———L_5q(x,t)dxdt + Lo jOQem(x,t)aq(x,t)dxdt_o

(2.145)

Finally, this formula can be rewritten as follows:
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aT (x,1) §
j{ 0 (x t)5q(xt)ldx+

qoprf aT(x) 8T (x1)
*L j{aq(x D 8taqt(x,t)j5q(x,t)dxdt+

I ZU(X 0 540t )} It[zau‘(x,t) 5(6q(x,t)ﬂ it s
b ( t) 0 % aqxx(X’t) X 0
W[ T t) |

+ jto a0 5q(x,t)l dt +

P[0T gy TR
It” J.[ aq(x,t) X"[)Jraxaqx(x,t) 5q(x't)jdth+

8 U (X t) ty ol — ~
L 500, (1 5q(X,t)dxdt + jto jo Q. . (X, 1)5q(x, t)dxdt =

t

J. FT (.0 5q(x,t)} dx+

%

LTt T (D)
k! I"[ aqat) 8t6qt(x,t)]5q(x’t)d)(dt+

+I:f ( 020 (x, 1) _aU(x,t)jéq(X't)} it

| oxdg, (x.t)  aq,(xt) (2.146)

_ItfaU(x,t) 5(8q(x,t)j 'dH
b | 90, (X,1) ox ),

T 1[- 0D, S0 T ) g aats
t ag(x,t) 6xaqx(x,t) oxaq,, (x,t) ’

+I:f .[0 Qe,nc (X,t)5q(X,t)dth =0 , ‘v’é‘q(x’t)

The integrating term in the last equality can be set equal to zero because the
virtual change of the configuration variable 6q(X,t) is arbitrary. Indeed:
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aq(x,t,) =oq(x,t;) =0

U (xt)  au(xt) sa(x.1)
oxa,, (x,t)  a,(x.t) ’

0

_[{ 20 (xt) au(xt) sa(x.t)
X0, (x,1) 2, (x1) ’

oU (x,1) 5(aq(x,t)j [ aU(x,t) 5(8q(x,t)} 0
a6t U ax ) ag,(xt) U ax )
o°T (x,1) _a'F(x,t)+ FU(xt)  2U(xt) +au_(x,t) _

atag (x,t)  aq(x,t)  ox2aq, (x,t) oxaq, (x,t)  aq(x.t)
(2.147)

=0
|

Qe (X 1)

These equations are Lagrange equations for one-dimensional continuous
systems [22]. It is meaningful to point out that these equations represent the
complete set of systems differential equations of motion with all admissible
boundary conditions. Consider now the transversal vibrations of beams [22]. In

this case, the kinetic and potential energy density functions are:

S L ()Y
T(xt)=2 pA(—at J (2.148)
o 1 (Y
U(x,t)_zElz( ~ J (2.149)

Where V(X,t) is the transversal displacement function of the beam, o is
the mass density, A is the cross-sectional area, E is Young elasticity modulus
and 1, is the area moment of inertia of the beam. As a consequence, in the case

of transversal vibrations of beams, Lagrange equations for one-dimensional
continuous systems yields:
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[(EIZ asv();’t)jw(x,t)j - ([EIZ asv(’g't)jw(x,t)]

OX . OX |

[(EIZ az\,@:,t)) 5(6v(x,t)n UE'Z azv(i,t)] 5(8v(x,t)}}‘ .
OX OX . OX OX |

o%v(x,t) o*v(x,1)
A "2+ El L=
PR o : T ox

=0

f(x1)

(2.150)

Where f(x,t) is a distributed external force per unit length. This is the

partial differential equation for the transversal vibration of beams assuming
simple ends boundary conditions, such as free ends, fixed ends or simply
supported ends.

2.4.7. FREE VIBRATION OF BEAMS

Consider now the free vibration of beams. In this case, the equation of
reduces to:

o%v , 0'v

—F (D (x 1) =0 (2.151)

Where the constant ¢ is defined as:

C= |—= (2.152)

This is the Euler-Lagrange dynamic equation for Euler-Bernoulli beams
[23]. This equation can be easily solved through the method of separation of

variable [13], [17], [18], [19]. [20]. According to this method, the solution

V(X,t) is assumed to be the product of two different functions, one ¢(x) which
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depends only on the space independent variable x and the other one q(t) which
depends only on time variable t. Indeed:

v(x,1) = #(x)q(t) (2.153)

Substituting this equation in the equation of motion leads to:

#(x)G(t) +c*¢" (x)a(t) =0 (2.154)

This equation can be rearranged in order to separate it in two parts: the
former is a function only of time, the latter is a function only of space. This
implies that:

am "0 __ o (2.155)
q(t) P(x) "

Where @, is a nonnegative constant to be determined. The last equation

leads to two distinct ordinary differential equations in time and space:

G(t) +wlq(t) =0 (2.156)

" () -n'¢(x)=0 (2.157)

Where 77 is a constant defined as:

(0]
= | 2.158
n c ( )

The first equation is the classic differential equation of the harmonic
oscillator whereas the second equation is an ordinary homogeneous linear
differential equations with constant coefficients. These equations can be easily
solved to yield:
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q(t) = Asin(a,t) + Bcos(m,t) (2.159)

#(X) = Csin(z7x) + Dcos(;7x) + C sinh(nx) + Dcosh(;7x)  (2.160)

The constants A and B are indeterminate constants which can be found
through initial conditions whereas the indeterminate constants C, D, C and

D must be found by using boundary conditions. In any case, boundary
conditions yields to an algebraic homogeneous systems of this type:

A(w,)b=0 (2.161)

Where the matrix A(e,) is afunction of the unknown constant ¢, and the

vector b is made of the unknown constants C, D, C and D. To avoid trivial
solutions, the determinant of the matrix A(m,) must be set equal to zero:

det(A(@,)) =0 (2.162)

This equation is called frequency equation because its roots are the system
eigenvalues or natural frequencies «, ;, which are infinite:

o, j=123.. (2.163)

n,J

Substituting each natural frequencies in the algebraic equations for the

unknown constants C, D, C and D leads to a corresponding set of mode
shapes:

(), 1=123,.. (2.164)
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As a consequence, the solution of the free vibration of beams is an infinite
linear combination space-dependent eigenfunction ¢j(x) and time-dependent

modal coordinates ;(t) which can be expressed as follows:

V) = X (4,099, 0) -
= i((cj sin(17;X) + D; cos(n;x) +C; sinh(17,X) + D; cosh(z7,x) ) A sin(a)n'jt))+

+Z((Cj sin(17,X) + D; cos(n,;x) +C; sinh(s7,x) + D; cosh(z,x) ) B, cos(a)n'jt))
j=1
(2.165)
Where the unknown constants Aj and B ; can be determined using the set

of initial conditions.

2.48. FORCED VIBRATIONS OF BEAMS

Consider the case of forced bending response of beams to an applied
distributed force f(x,t). The equation of motion is:

2 4
pA%(X,t)+ El, %(x,t) — f(x1) (2.166)

This equation can be solved leveraging on the property of orthogonality of
the eigenfunctions [13], [17], [18], [19], [20]. This mathematical property

can be stated as:

.[; PAG; (), (X)dx =05;,m, =
0, j#h (2.167)
z{m- . j=h

m, ]
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[LELg! 04" (dx =5,k , =
0, j=h (2.168)
B {k j=h

m, j !

Where the hypothesis of simple end boundary conditions is assumed.
Indeed, consider the space integral of the equation of motion multiplied for a
virtual change of displacement function ov(x,t):

j A (x £)Sv(x, t)dx + j El, (x t)ov(x,t)dx =
(2.169)

= jo f (X, 1)OV(x, t)dx

According to the orthogonality eigenfunctions property, this equation leads
to:

m, ;6,0 +k,;q,®0=Q,,;t) , j=123... (2.170)

Where m_ ; and K ; are respectively the modal mass and the modal

stiffness of the system and the set of generalized lagrangian components Q,, ; (9]

relative to the external force function f (x,t) are defined as:

Q0= f(xg, Xk, j=123,... (2.171)

Consequently, a set of infinite decoupled equations each of which behaves
like an harmonic oscillator has been obtained. Similarly to the case of discrete
systems, the solution of this set of differential equations can be easily found by
Duhamel integral:
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qj (t) = km,ij (O)gmj (t) + mm,jqj (O)hm] (t)

‘ : (2.172)
+[ Quy@y, t-)d7 , j=123...
0 ’ )
Where the functions g, ;(t) and h_(t) are defined as:
1 ,
O () = —co8(@,t) , j=123... (2.173)
mj
sin(a, t
hm,-(t)=iM . =123 (2.174)
| Maj @

These functions represent the modal responses of undamped beams
respectively to a step down function and to an impulse function. It is worth to
note that the equations of motion relative to viscously damped beams can be

easily obtained from these equations by induction [24].

2.49. ASSUMED MODESMETHOD

The assumed modes method can be seen as the continuous counterpart of
modal truncation method. According to this method, the shape of deformation of
the continuous systems is approximated using a set of assumed shape functions

[13], [17], [18]. [19]. [20]. In analogy to the case of multiple degrees of
freedom systems, consider a continuous beam whose only the first n, mode

shapes are significant. The displacement function v(x,t) can be approximated
according to this assumption:

v(x,t) =; (X)q,(t) (2.175)

Where @, (X) is a vector containing the first n, mode shapes and g, (t) is a

vector containing the first n, modal coordinates. Indeed:
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A ]

,(X)

¢.(X) = (2.176)

4, (0|

[ 0,(%) ]

d,(x)

q,(x) = (2.177)

g, ()|

By using this assumption, the kinetic energy and the potential energy of
beams can be written as:

T(t) = %Lj pA(%(x,t)j dx =
a0 pre 00l a0 @179)

— 6 OME

u() :%j; El, [S—Z(x,t)j dx =

1 I
—Sa O], ELe! 0! Mex)a 0= (@2179)
.
= eq (t)Ktqt(t)
Where M, and K, are R*™ diagonal matrices corresponding to system
modal mass and modal stiffness. These matrices are defined as follows:
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: T
M, = [, PA® (90 (x)dx = (2,150
=diag(Mmy,;, My 50eees My My )
|

— diag(k_,,k kK k)

ml' ' m,27 0 Bmon -1 tmyn,

The effect of eternal force function f (x,t) can be accounted for by using
the virtual work to yield:

Q)= f(xt),(x)dx (2.182)

Where Q, (t) isa R™ vector of the lagrangian component of eternal force

function. Consequently, the equations of motion can be approximated through
assumed modes method in order to yield:

M,4, (1) + K,g, () =Q, (1) (2.183)

These equations are a set of decoupled ordinary differential equations and
they are very similar to those relative to discrete systems obtained using the
modal truncation method. Indeed, these equations represent an equivalent finite-
dimensional model for the infinite degrees of freedom continuous systems.

67
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2.5. KINEMATICS AND DYNAMICS OF RIGID
MULTIBODY SYSTEMS

2.51. INTRODUCTION

The purpose of the following sections is to develop methods for the
kinematic and dynamic analysis of multibody systems which consist of

interconnected rigid components [25], [26]. On the other hand, the analysis of
flexible multibody systems has been postponed to the subsequent chapters. The
approach followed here was originally developed by Shabana [11], [12], [13].

Basic to any study of multibody systems is the understanding of the motion of
the different bodies and components that form the system, namely the subsystem
kinematics. When dealing with rigid body system, the kinematics of the body is
completely described by the kinematics of a frame coordinate system which is
rigidly connected to a point of the body. This frame of reference is formed of
three orthogonal axes and it is referred to as floating reference. Therefore, the
local position of a particle on the body can be described in terms of fixed
components along the axes of this moving coordinates system. Besides, Chasles
theorems states that the displacement of a rigid frame can be described by a
translation and a rotation about an instantaneous axes of rotation. Hence, it is
fundamental to understand the mathematical description of rotation in space.
Once that an adequate kinematic description of the system configuration has
been obtained, the equations of motion that model the dynamics of rigid body
systems can be derived by using Lagrange equations. Indeed, an effective
systematic technique can be developed to derive the mass matrix and the
quadratic velocity vector of multibody systems. To do that, it necessary to
compute a set of inertia shape integrals which represent the total mass, the

moment of mass and the inertia matrix of the rigid bodies [11], [12], [13].

2.5.2. REFERENCE FRAMES KINEMATICS

Consider a set of n, rigid bodies connected with different type of
mechanical joints. The spatial configuration of this multibody system can be
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described setting one inertial frame of reference and a floating frame of
reference for each rigid body. Let r'(P',t) be the position vector of a generic

particle P' on the body i. This vector can be expressed as the sum of global
position vector R'(t) of the origin O' of the body reference and the position

vector u'(P') of point P' with respect to O'. Indeed:
r'(P',t)=R'(t)+u'(P") (2.184)

Where r'(P',t), R'(t) and u'(P') are R® vectors whose components are
referred to the global frame of reference. The components of the position vector
u' (P") can be referred to the body frame of reference using the rotation matrix

Al(t):
u'(P)=A'(t)u' (P) (2.185)

Where Ui(Pi) isa R® vector whose components represents the position
of point P' referred to the body floating frame of reference and A'(t) is a R*>®

rotation matrix. Hence, the position of a particle P' on the body i can be
expressed as:

r'(P',t) =R'(t)+A' (t)u' (P") (2.186)

This vector equation represents a fundamental formula for multibody
system analysis. The rotation matrix A'(t) can be computed by Rodriguez
formula:

Al (t) = evi 9 _

| 2.187
=1 +sin(¢ (t))vi(t)+23in2(87(t))v‘2(t) (2187
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In this formula & (t) is the instantaneous rotation angle and ¥'(t) is a

R>® skew symmetric matrix obtained from the R® unit vector V'(t)
corresponding to the direction of the instantaneous rotation axis. Indeed:

0 v V()
V()= vi(t) 0 —v(t) (2.188)
;1) vt 0

Itis straightforward to note that the rotation matrix A'(t) is an orthogonal
matrix, that is the inverse of rotation matrix is equal to its transposed. Indeed:

Ai—l(t) _ efv‘ I (t) _

= I =sin(9' (1)) ¥'(t) + 2sin*( ())~'2(): (2.189)

_ " 08O _

=A" (1)

Instead of using the rotation angle 9'(t) and the direction vector V'(t),

the rotation matrix A'(t) can be also expressed in other forms according to the

set of rotation parameters used. Consider the set of Euler’s parameters which are
defined as:

0 =cos )
8/t =v (0 sin>LD (t))
(2.190)
0 =v;(t>sin(‘9—”)

9 t)=v (t)sm('g (t))
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These parameters can be grouped in a R* vector ©'(t). Indeed:

6, (t)
vo-| 48
6;(t)

(2.191)

Euler’s parameters are not all independent coordinates, as can be noted
from their definition. Indeed, Euler’s parameters satisfy the following equation:

0'" (t)0'(t)-1=0 (2.192)
By using Euler’s parameters the rotation matrix A'(t) can be rewritten as:
A'(t)=E'(H)E' (t) (2.193)

Where the matrices Ei(t) and Ei(t) are R¥** matrices which can be

computed through Euler’s parameters vector 0'(t):

RACERACEEAENACN
E@®)=|-60 60 &t -6 (2.194)
-G -1 61 6 |

EAOERACERAVEEACY
E@®=|-60 -61 6t 6 (2.195)
-G 61 -1 6 |

These matrices are also useful to compute the angular velocity vector
referred to the global coordinate system o' (t) and the angular velocity vector
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referred to the local coordinate system @' (t) by using the time derivative of the

Euler’s parameters vector 0'(t). Indeed:
o' (t)=G'(1)0'(t) (2.196)
o' (1) =G'(1)6' (1) (2.197)

Where the matrices G'(t) and G'(t) are R** matrices which can be

easily computed through the matrices E'(t) and E'(t):
G'(t) = 2E'(t) (2.198)
G'(t) = 2E'(t) (2.199)

On the other hand, it can be proved that the time derivative of rotation
matrix A' (t) can be computed by using the rotation matrix itself and a skew

matrix corresponding to the angular velocity vector referred to global or local
coordinate systems:

Al() =@ (DA (t) =

_NQE 0 (2.200)

At this stage, consider as generalized coordinate vector a R’ vector q'(t)
for each body which is formed by the position of the origin of the body R'(t)

and the Euler’s parameters 0' (t) representing the rotation of the body:

(2.201)

q ) {R'“)}

0'(t)
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By using all previous definition the time derivative of the position of a
generic particle on the body i can be computed as:

(Pt =R'(t)+ A'()T' (P') =
=R'(M)+A' (o' (' (P) =
=R'()-A' )T (P)o'(t) =
=R'(1) - A 1)T (PG ()0 (1) = (2.202)
=1 —A‘(t)ﬁ‘(Pi)(_B‘(t)]{R (t)}

0'(t)
=L'(P',t)q' (1)

Where L' (P',t) is a R*’ matrix defined as:

L'(P )= Le(P,t) L,(P'1)]=

o (2.203)
=[1 AT (P)G'(M) ]

This matrix is a function of the reference coordinate vector qi(t) and

depends on the particle P' under consideration. It is remarkable to note that the
virtual change of the position vector r'(P',t) canbe computed in the same way

by using the matrix L'(P',t):
or'(P',t) =L (P',t)oq' (t) (2.204)
Indeed, this matrix is a jacobian transformation matrix which

mathematically describe the relation between the physical coordinates vector
r'(P',t) and the lagrangian coordinates vector ' (t).
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2.53. MASS MATRIXOF RIGID BODIES

Once that the kinematic description of motion has been obtained, the mass
matrix of the generic rigid body i can be computed using the definition of

kinetic energy T'(t). Indeed:
0 =%Li AT (P ) (P t)dV' =
_ %q” W, PLTPLOLP HAVIE M) = (2.205)
4" OM O

Where p' and Q' are respectively the mass density and the volume of

body i and M'(t) is a R™ matrix representing the body i mass matrix. The
body mass matrix can be computed as:

M (t) =L2i ALT(PLOL(P,t)dV' =
¢ | Le(PLY)
UL PLY

C[mie® mi, @
T mba) mi,0

}[UR(Pi,t) L,(P'.t)JdV' = (2.206)

Where mp o (t), mg,(t) and mj,(t) are respectively R*®, R** and

R** symmetric matrices which can be computed explicitly. Indeed, the mass
submatrix miR’R(t) can be computed as:
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i () = [ A'L3 (PLOLL (P AV =
=)y pldv' = (2.207)
=m'l

Where m' is the total mass of body i . The mass submatrix my ,(t) can be

computed in this way:

mi,, () = [ p'L3 (P OL, (P ,t)dV' =
=—| P AT (P)G M)V’ =
=-A®Of pT(PHIVE (1) = (2.208)
A OUG (1) =
=My g (t)

Where the R*® matrix U’ is a skew symmetric matrix defined as:

U'=[ p'd(PHav'=
— Ske (j P i(P‘)olvi): (2.209)
= Skew(U')

Where the R*® vector U' can be computed by the following integral:
= fd o't (P)dV' (2.210)

From this definition is straightforward to note that if the origin of the local
frame of reference coincides with the centre of mass of body i, then the mass
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submatrix my ,(t) is equal to zero. Finally, the mass submatrix m;, ,(t) can be
computed as:

my, ()=, p'Ly (PLOL, (P 1)dV' =
_ J‘Qi pic__:‘iT (t)ﬁiT (Pi)AiT (t)Ai (t)ﬁi (Pi)éi (t)dVi _

G W[, P (P)T (PAV'E' (1) -
=G (O)1;,G'(t)

(2.211)

Where the orthogonality property of rotation matrix A'(t) has been used.
The R*® matrix 1, , is the inertia matrix of body i which is defined as:

T, =[, P07 (PHT(PHAV' =

= [ P(TT (PHT(PHI-T (PTT(P))dv' = (2212)
(T;ﬂ M (Tgi,e)u (T;ﬂ)ls
- - -ﬂ)z,s

Il
—_
o
S
\/’\T_/ SN—
L =
—_
-l
S
—
N
N
—_
-l

The components of inertia matrix 1, , can be computed as:

(1) = I, 2@ @) +(@@)) Jav' =

o o . (2.213)
_ Qipl(ylz(Pl)+ZI2(Pl))dvl
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(T50),, ==], PT(PHT(PAV' =
=—[ A% (PYY (P)dV' = (2.214)

=(T00),,

(T0),, =], AT (PYT(PAV' =
—— in P'X(PYZ (PHdV' = (2.215)

=(Too)ss

(T30, = Joo (WYY +(w (P Jav' =

P (2.216)
= [ /(2P +x*(P"))aV’ |

:_I Pt (PHT(PHdV' =
:_L}I PV (PHYZ (P)dV' = (2.217)

=(To)s,

(2.218)
jQ. (X2 (P)+y"(P))dV’

Where the (T;,g)_ ) elements with j =k are called mass moment of inertia
0);

andthe (T;,).  elements with j =k are called mass products of inertia. Once
o),
that all mass submatrix Mg .(t), mg,(t) and my,(t) of the mass matrix

M'(t) of the rigid body i has been computed, the kinetic energy T'(t) of the
same body can be written as follows:
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T‘(t):gq”(t)M‘(t)q‘(t)=

_1 =0T AT miR,R(t) m:re,a(t) Ri(t) B
_Z[R t 8 (t)}[mim(t) mieﬂ(t)}[(')i(t)}_
- % R (t)m} (DR (1) + R (t)my, , ()6’ (1) + %é” (tym, ,(1)0' ()

(2.219)

The kinetic energy T'(t) of rigid body i results to be a function of the

system configuration q'(t) and of its time derivative ¢'(t). It is worth noting
that to derive the expression of the kinetic energy of the rigid body i a set of

shape integrals corresponding to the total mass m', the moment of mass and the

inertia matrix (Tgiﬁ) of the same body must be previously computed.

ik

2.54. DYNAMIC EQUATIONS OF RIGID MULTIBODY
SYSTEMS

Up to this point, all configuration coordinates qi(t) of rigid body i has

been considered as independent coordinates. Obviously, this is not the general
case of a rigid multibody system which is typically formed of a set of rigid
bodies mutually interconnected. Therefore, if it is required to use this

nonminimal set of configuration coordinate qi (t) to derive system equations of

motion, then the actions of the constraints must be considered in the dynamic
equations. Indeed, consider that the generic body i of the set is forced to satisfy
the following constraint equations written in the standard form:

Al ()G (t) =b'(t) (2.220)

Where A'(t) is a R™ constraint matrix and b'(t) isa R™ constraint

vector. (Note that the constraint matrix A'(t) relative to body i has been
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denoted with the same symbol of the rotation matrix A'(t) of body i). These

equations are a set of algebraic constraint equations written in the standard form
and encompass all kind of constraints acting on the system, such as mechanical
joints as well as specific constraints which derive from the definition of Euler’s
parameters. Consequently, Lagrange equations assume the following form:

d(ar'o) (T'0) _on.o
dt(&qi(t)j [aqi(t)j = Q. () +Q.(t) (2.221)

Where the R’ vector Qie(t) is the vector of generalized external forces

and Qic(t) isa R’ vector representing the generalized constraint forces. The
term on the left hand side of Lagrange equations is equal to the negative of
lagrangian components of inertia forces Q:(t) of body i and it can be explicitly

computed by using the previous expression of kinetic energy T'(t) based on the

expression of mass matrix M'(t) . Indeed:
dt{ o' (t) aq' (t)
;

_dt(éqi(t)(Zq M (t)jj (GQ‘(t)j

_i SiT i) w T _
gt (q (M (t)) (6qi(t)] (2.222)
=Mi(t)d‘(t)ﬂ\'/l‘(t)q‘(t)_(%j _

=M'(1)d' () - Q) (t)

Where the vector Q! (t) is a R’ vector defined as:
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Q,(t) = [%j ~M'(t)qg' (t) (2.223)

The vector Q! (t) is called quadratic velocity vector and it contains the

gyroscopic and Coriolis force components. Since the kinetic energy T'(t) and
the mass matrix M'(t) of the generic rigid body i has been computed
explicitly, the quadratic velocity vector in (t) canbe computed in a direct way.

Indeed, the time derivative of mass matrix can be rewritten as:

(2.224)

Ml(t) :|:mIR,R(t) mIR,E’(t):|

Mya() 1M,

Where the time derivative of the mass submatrices my, . (t), mj ,(t) and

m, ,(t) can be computed as follows:

i _ d ir) _
M () _E(m )= (2.225)
=0
Mg, (t)=0 (2.226)

00 = (G OT,,6'0) -

=G OT,G'1)+6T M1,

(2.227)

Where the origin of the local frame of reference is assumed to coincide with
the body centre of mass. Furthermore, the first term that form the quadratic

velocity vector Q! (t) can be expressed as:
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—Mi(t)qi(t):{mkﬂ(t) m;ﬂ(t)}[@ (t)}

My e(1) 1y, () || 6'(t)

__'m‘R,R(t)R‘(t)+m;,g(t)éi(t)}_
|y, (DR )+, (DO (E) |

(Mg w),

- (M‘(t)q‘(t))j

Where from the previous expression it can be deduced that:

(M0 M), =i (OR' )+ , (16 () =
=0

(M'(®d' @), =, £ OR' )+, (16’ (1) =
-(ETOT,E'O+ETOT,,E0)d V-
-GTMT,G 0 (1) +G TG () =
-GG (1) =
=-GOT,,6'00'0)

Where the following two identities has been used:
G )0 (t)=0

G ()0 (t) =—G' ()0 (1)

(2.228)

(2.229)

(2.230)

(2.231)

(2.232)

On the other hand, the second term which form the quadratic velocity

vector Q! (t) can be computed as:
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(2.233)

&0
(MT_ OR'(t)
oa®) (ot

(w6

Where from the previous expression it can be deduced that:

oT'(ty 0
oR'(t) oR'(t)\ 2
0
TR OR'(1)

0 (1wwo Mamaﬂ
1.

(1R”mmR40Raﬂ

RTOm:, (00 (1))+

TR )\ 2
0 i
=0 (t)( R (t)(m |)R (t))
0
TR t)\ 2
=0

(2.234)

[1WW0«PWUUAUGﬁ»waﬂ
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oT'(ty o
o0'(t) a0 (t)\ 2
0
ae'(t)
0
ae'()
o (1.
== (t)( R (t)(ml)R(t)j (2.235)
0
ae'(t)
0

1 iT iT i i
M( 0T ()G VT, (G (V)0 (t)}

—0'" ()G (OT, ()G (1)

[ R (Om, , (DR’ (t)}
( o (O, (00 (t]

o (R OME, (08'(D) =

( 07 ()G T, MC (t))e'(t)j

Consequently, the quadratic velocity vector Q‘v (t) for rigid body i can be
explicitly computed as:

[(M'(t)q'(t))ﬂ R (1)
+

Q)= . . =
(M®a'®), | [(aT' @)
Lo0'(t) ) |
—
=l - .= (2.236)
122G (1)1, ()G (1)8'(t)

0
) _—26” ®1,,OG ()6’ (t)}

Finally, the equations of motion of rigid body i can be expressed as:
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M' ()G’ (t) = Q) (t) + Q¢ (t) + QL (t) (2.237)

These dynamic equations can be easily assembled to derive the equations of
motion of the whole rigid multibody system to yield:

M(®)4(t) = Q, (t) + Q. (1) + Q. () (2.238)

Where the configuration vector q(t) represents the total R’™ vector of the
rigid system generalized coordinates and is defined as:

q'(t)

q(t) = qzz(t) (2.239)
q*(t)

The matrix M(t) is the global R™™*"™ mass matrix of the multibody
system and it can be easily assembled as:

Mt) O ... O
mp=| © MO - O (2.240)
O 0 .. MM

The R'™ vectors Q, (), Q,(t) and Q,(t) are lagrangian component

vectors which represent respectively the generalized gyroscopic and Coriolis
forces, the generalized external forces and the generalized constraint forces.
These vectors can be simply assembled as:
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Q) ]

Qi (t)

QM) = (2.241)

Qr ()]

QL) |

Q.() = ng(t) (2.242)

QX (V)]

QL) |

Qi (t)

Q. (1) = (2.243)

[Qr ()]

On the other hand, the algebraic constraint equations can be assembled in a
similar manner to yield:

AM)G(t) =b(t) (2.244)

Where A(t) isa R™*'™ matrix representing the total constrain matrix and
it can be directly computed as:

A) O ... O
ap-| © A0 0 (2.245)
O O .. A%t

The vector b(t) is a R"™ wvector corresponding to the global constraint
vector and it can be assembled as follows:
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b*(t)
b*(t)

b(t) = (2.246)

b”b. (t)

Finally, the set of equation of motion and constraint equations which
describe the dynamic of a general rigid multibody system is:

{M(t)d(t) =Q,(t) +Q. () +Q.(1) (2.247)

ADa(t) =b(t)

These equation can be explicitly solved to get the generalized acceleration
vector {(t) and the generalized constraint vector Q. (t) in order to obtain the

fundamental equations of constrained Dynamics.
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2.6. THE FINITE ELEMENT METHOD
2.6.1. INTRODUCTION

The finite element method is a powerful numerical method that is
commonly used to describe the motion of complex structural systems [27],

[28]. Indeed, when a mechanical system is composed of continuous

components with complex geometry, it is difficult, or even impossible, to
correctly model them by using the analytical techniques which leads to partial
differential equations (PDE). Therefore, in this case the finite element method
can be used to transform the structural system equations of motion from partial
differential equations (PDE) to ordinary differential equations (ODE). This can
be done discretizing the structure into relatively small regions called elements
which are rigidly interconnected at selected nodal points. The deformation
within each element can then be described by approximating functions, such as
polynomials. The coefficients of these polynomials are defined in terms of
physical coordinates called nodal coordinates which describe the displacements
and slopes of selected nodal points on element. Afterwards, the displacement of
the element can be expressed using the separation of variables as the product of
space-dependent shape functions and time-dependent nodal coordinates. Using
the assumed displacement field, the kinetic and strain energy of each element
can be developed and the finite-element mass and stiffness matrices of the whole
structure can be computed to yield the system equations of motion. The
following sections concern the formulation of mass and stiffness matrices of
continuous systems using the finite element method and assuming that the
system does not undergo large deformation or rigid body motion, namely when
the reference motion is not allowed. The approach followed here was originally

developed by Shabana [11], [12], [13]. Similarly to the preceding case of rigid
body systems, it can be showed that the mass and stiffness matrices of structural
systems can be derived by finite element method once that a set of shape
integrals has been computed. The general case of multibody systems which
contain rigid and structural components that exhibit large reference motion will
be described in the next chapter [11], [12], [13].
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2.6.2. ASSUMED DISPLACEMET FIELD

Consider a structural system composed of n, flexible bodies mutually
interconnected and linked to the ground. Assume that each body i of the system
is discretized in n; elements. For the generic element j of body i, the element
displacement field can be decomposed by the product of a space-dependent
global shape function and a time-dependent nodal vector g’ (t) in oerder to
yield:

uy (P, 1) =S, (P )g (t) (2.248)

Where T"/(P"/,t) is a R® vector function representing the element
displacement field, Sy’(P"') is a R*™ matrix function representing the

global shape function and qif'j (t) isa ]R"if'j vector function corresponding to the

vector of nodal coordinates. The element displacement vector, the global shape
function and the element vector of nodal coordinates are all defined in the global

reference system. The global shape function S;’(P"!) can be computed by
using the local shape function S"'(P") as:

SU(P') = C1IsH (PH)CH (2.249)
Where C"i and C"/ are respectively R*™ and R™ ™™ rotation

matrices. For instance, the local shape function of a bidimensional beam element
subjected to longitudinal and transversal vibration is:

(2.250)

S (Pi) :{S}J(Pi,j)}

S5 (P')

Where S}/ (P"1) and S}’ (P") are the following vector functions:
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SI(PY)=[1-¢" 0 0 &7 0 0] (2.251)
ST (P) =
g . _
1-3£"12 4 i3
| Li(e—agtE g (2.252)
- 0
3§i,j2_2§i,j3
Li,j(_fi,jZ_l_gi,js)

Where £ is a dimensionless spatial coordinate defined as:
M =0r (2.253)

In the case of the two-dimensional beam element, the rotation matrices C'?
and C" are defined as:

cos(e") —sin(a") 0

C" =|sin(a") cos(a"') 0O (2.254)
0 0 1
— Ci,jT O
ci { 5 C”T} (2.255)

Where ¢! is the rotation angle between the local reference frame of
element j of body i and the inertial reference system. Once that the
representation of the displacement field has been obtained, the connectivity
conditions between the elements of each body must be applied. The connectivity
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conditions require that when two elements are rigidly connected at a nodal point,
the coordinate of this point must be the same for the two elements. Therefore, a

new nodal coordinate vector g, ., (t) can be defined for each body to represent
the total body nodal coordinates. Hence, the coordinate vector of each element
g’ (t) can be expressed using the body coordinate vector ¢} ,(t) by a Boolean

matrix to yield:
¢ (t) =B'd’, (t) (2.256)

. i - Lyt )
Where ¢, (t) is a R"™* vector and B}’ isa R™ ™ Boolean matrix.
The Boolean matrix B.' is used to represent the internal kinematic constraints

of each element j of body i. On the other hand, another Boolean matrix Bie

can be used for each body i of the system to represent the external kinematic
constraint acting on the system. Indeed, the vector of total nodal coordinate

q' (1) can be expressed as a function of the vector of free coordinate q\ (t) of

body i by using the Boolean matrix of external constraints Bie to yield:
q', (t) =B\ (t) (2.257)

Where g (t) is a R™ vector and B is a R"*™ Boolean matrix.

According to the preceding definitions, the displacement vector of element j of
body i can be rewritten as follows:

0y (P",1) =Sy (P )al}! (1) =
=S} (P)BYd!, (1) =
-5} (PY)BYBL, (1)

=N"(P")Bld] (1

e

(2.258)
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Where N"/(P"}) is a R®™" matrix sometimes referred to as compact
shape function which is defined as:

N (P :ng(P"")B‘c’j (2.259)

Using this expression it is possible to compute the displacement vector of
the element j of body i by the vector of the free nodal coordinate of the whole

body. Thus, the time derivative of the displacement field can be computed by the
time derivative of free nodal coordinates:

UIfJ(PI'],t)=NI'J(PI'J)BLqIf (t) (2260)

From this formula it is straightforward to deduce the relation between the
virtual change of the displacement field and the virtual change of the free nodal
coordinate vector to yield:

ST (P ,1) =N (PH)BLoT, (1) (2261)

Indeed, the matrix N"/(P"/)B! corresponds to the jacobian transformation

matrix which mathematically describe the relation between the physical position
coordinates and the lagrangian configuration coordinates.

2.6.3. MASS MATRIXOF STRUCTURAL ELEMENTS

The formulation of the mass matrix corresponding to the element j of

body i can be performed by using the definition of kinetic energy T"1(t) of the
same element. Indeed:



92 MULTIBODY DYNAMICS

TH(t) =% AT (P T (P v =

= [l P QBN (PN (P)BIG, (DAV =

— G OBY [, N (PN POV B, (1) -

:%q? (B[, p"IBLITCHTST(PH)CHTCHIS  (PH)CHBLIAV Bl (1) =
~ 2T BIBLTCT[ | oS (RS (PH)V T BB, () -

=lqiT(t)BiTBi,jTC_:i,jT B i,jsi,jT(Pi,j)Si,j(Pi,j)dvi,jc_:i,jBi,jBiqi (t)+
2 f e [ Q.‘,p 1 1 c e f
+1qiT(t)BiTBi’ch_:i’jT 3 i,jsi,jT(Pi,j)si,j(Pi,j)dvi,jc_:i,jBi,jBiqi (t)+
2 f e c Q.,Jp 2 2 c e f
+lqiT(t)BiTBi,ch_:i,jT ..pi,jsi,jT(Pi,j)si,j(Pi,j)dvi,jc_:i,jBi,jBiqi (t):
2 f e c Qi 3 3 c e f
- L4y ©BIBLTCYT (51 +5;) +515)CHBUBLA, () -
-Lay wBBLCTSy,C BB, () -
1. iTL] Qi g
=qu-r(t)BeTJf’,JfBle(t)=

1. ij i
:EQfT(t)Mf{qu(t)
(2.262)

Where p"! and Q" are respectively the mass density and the volume of
element j of the body i and the local shape function has been expressed as:
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(")
SH (P = Siz’j(Pi’j) (2.263)
(")

Consequently, the final expression of the mass matrix M"!_ of the element

ff

j of body i is:
MY, =B, 3}, B, (2.264)

This matrix is a R™™ symmetric matrix whereas J%’. is a R

symmetric matrix defined as:
Jy, =BYTCYTSY . CVBY! (2.265)
Where S'J; isa R" ™™ symmetric matrix defined as follows:

SY =S +8;5 +S;} (2.266)

ey d . . . —. . —. .
Wherethe R"™ ™ symmetric matrices S;}, S}, and S;J come from the

integration of the local shape function and are defined as:

Sii=],, P s T (P)s! (P )dv (2.267)
Sy =, 18T (PH)SH (P (2.266)

855 =y, PS5 (PSS! (PM)dV ™ (2.269)
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These matrices represent the inertia shape integrals required to compute
explicitly the mass matrix M'f . of the flexible element j of the body i of the
system.

2.6.4. STIFFNESS MATRIXOF STRUCTURAL
ELEMENTS
The formulation of the stiffness matrix of the element | of the body i of

the system can be achieved by the definition of the elastic strain energy U " (t)
of the same element. To do that, it is preliminary required to obtain an
expression of element stress field and deformation field based on configuration
coordinates. Assuming Voigt notation, the deformation field can be computed in
a matrix form by using the linear strain-displacement equations to yield:

gl (P",t) =D"u} (P 1) =

(2.270)
— DVINY (PY)BLd, (1)

Where €"/(P"1,t) is a R® vector representing the deformation field of

element j of body i and D"/ is a differential matrix operator which are
defined as:

e (P
y"y"(PIJ D
ei) i (PM1)
X,,y,,(P'J t)
(P",1)
(P

gI(PY 1) = (2.271)

yIJZIJ

L ZIJXIJ
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2 0 0
ox"!
0 6 0
oy"!
0 0 aa‘»i
D = z (2.272)
0 0 0
oyl ox"
o 0 0
o oy
9 4 9
| 0z"! ox"!

The action of the differential matrix operator D" on the element compact
shape function N"J(P"?) can be developed to yield:
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D"IN"(P") =D"C"s" (P")C"B,! =

S (P)

—ofey c eS|l -

s/ (P")

DV (CS1 (PH) + S (PH) + CHiS} (P)) T 1B -

0
ox"

0
o
oy

o

| 07"

0
0

0

(S))

ox" |
| ClSi(PY) +CLJS3 (PM) + CLIS3 (P |
Cyisy)(PM)+Cyisy) (PH) +Cyisy) (PY)
CLIS!H(P) +CLISLL (P CLISIL(P)
CiiSy (P +Clsy) (PH)+Cllsy) (PH) +
FCHSIA(PM) + CLISLL(PH) + CLISH (P)
CyiSLH(PH) +Cpi854 (PH) + CLiSLL (PY) +
+Cyisyl (P +Cyisy) (PY)+Cyisy) (PMY)
Cl/SI(PY) +CyiSL (PY) +ClISEL () +
| +C3ISLL(P) +C1385 (PH) + CoistL (P) |

Ci{si (P)+Clis}! (P) +Clis)! (PV)
CLISI! (P) - CH1SH (P +CLISS (P) | CBY =
CLISH (P1) + LISy (PM) + CLISY (PY)

(2.273)

c_:i,jBi,j
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This expression can be rewritten in a more compact form to yield:

| ClYSi(PY)+CJS3L (PM) + ClSy (PY) |
CarSiy (P + G385, (P) + CoiSs, (P)
CiiSI(PY) +CLISEL(PY) +CyiSL (PH)
CLIS}} (P) + CLS (P) + CLISE, (PH) +

= (Ci's!(PY)+ T8 (PH) + Cisyi(PH) ) CHiBY

(2.274)

FCHISHL(PM) + CISLL (P) + LIS (PY) (gt
Cyi8y1(PM) +Cy385) (P + C;383) (P +
+C31S;) (P) +Cy385) (PY) + C;385), (P™)
CIIS1(PH)+CLISIL(PH) + CLISIL(PH) +
| +CaiS1(P") +C385) (P) +CysS3 L (PY) |
CY C CY] [0 0 0]
0 Si,j(Pi,j) C;{ Céé C;é
0 0 0 ([ ninl=iinii | O 0 0
=l et i i || (PYCBSH L i e
Cz,l C2,2 C2,3 Si,j(Pi,j) Cl_,l_ C12 ClS
0o 0 o™ Cii G Ca
G Gy Cys 0 0 0
[0 0 0]
0 0 © Shi(phy
0 0 © sizsz(pﬂ) c
Cii Gy G|t
G G G

e .
Syl (P [CIBY +

SHED
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Where the rotation matrix C"! has been expressed as follows:
c'=[cy cj ci] (2.275)

Therefore, the final expression of the action of the matrix differential
operator on the compact shape function is:

DVN'(PH) = (Cys} (PH) + Cys) (PH) + €S} (PH) | TV
(2.276)

Where C’, C\! and C}’ are R®® matrices whose components are the

components of the rotation matrix C"! which are defined as:

i, i i
C1,1 Cl,z Cl,3

0 0
. |0 o0 0
Cuz| o1 o o (2.277)
CZ,l CZ,Z CZ,S
0 0

i i i
_C3,1 C3,2 Cs,s

0 0 0
C;l G Gy
= |0 o0 o0
Chi = . (2.278)

ey cay
Cyy Ci Gy
0 0 0
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-0 0 0 |
0 0 0
zi_| Gt Gz G
! 0 0 0
Cii G G
Ci Cj Ci

(2.279)

For instance, in the case of a two-dimensional system, these matrices
assumes the following form:

cos(a) —sin(a"’) 0]
0 0 0
Ci=| 0 o 0 (2.280)
sin(e"!) cos(a"’) O
0 0 0
0 0 1
0 0 0]
sin(e")  cos(a") 0
= 0 0 0
Cli = . L (2.281)
cos(a"!) —sin(a"’) O
0 0 1
0 0 0
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0 0 0

0 0 0

= . 0 0 1
Cli = (2.282)

0 0 0

sin(e"!)  cos(a"’) 0

| cos(@") —sin(a") 0]

Besides, the matrices S'(P"J), S\!(P"’) and S}’(P")) are simply the

space derivative of the shape function S"/(P"') . Indeed:

oSt (P
e
Sia(P™) (2.283)
=|S33(P")
;1 (P)

S}/ (P) =

oS" I (P")
=T
s_‘l; ;(P‘_vi_) (2.284)
=[S
SHGR

Shi(PU) =

58" (PY)
o
S;,(P™) (2.285)
=| S5L(P™)
S;1(P)

St (PH) =
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On the other hand, the stress field can be computed by the constitutive
equations of the linear elastic material according to Voigt notation in order to

yield:

6" I(P",t) =E"lg"

=EYDYN' (PH)BLg] (1)

(P =

(2.286)

Where ¢"!(P",t) is a R® vector representing the stress field of element

j of body i and E"! is the R®® matrix of elastic coefficients. According to

Voigt notation, the stress field can be written as follows:

¢ (P t)=

qQ q

B (P ]
ij ij

Yyt (P ,t)
;lJJZIJ (Pi'j 1t)
ij ij

xidyil (P 1t)
N (Pi’j,t)

1
yl.jzl.j

S

a a

e (P |

Zh Iy

(2.287)

For instance, in the case of homogeneous isotropic linear elastic material
the matrix of elastic coefficients E"/ become:
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E"

== 1+ T)(1-2v")
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1—yti b
v 1oy b
yh VAR SV

0 0 0

0 0 0

0 0 0
(2.288)

Where E" and v are respectively the Young elasticity modulus and
Poisson ratio of elastic element j of body i. At this stage, the stiffness matrix

of element j of body i can be computed by using the definition of the strain

energy U™ (t) :

e

qif (t)dvi'j =

Ui'j(t)=%‘[gu 61T (P 1) (P t)dV" =
:% AT ()BT (DVINFI(PH)) EMDINY (P)B!
:%q? (0B [, (DVN"(PH)) EVDMIN'I (PY)dV Bl (1) =
~ 4 (OB V;1Bid! (-
— 4 OK

(2.289)

Therefore, the final expression of the stiffness matrix K‘f’ff of the element

J of body i is:
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K'Y, =B VB, (2.290)

This matrix is a R™™™ symmetric matrix whereas V}' is a R™"*

symmetric matrix defined as:
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Vi, :LW,(D“’N‘v"(P‘v"))T EVDYNY(PH)dV =

=BYTCHT [ SUT(PM)CYTENT)IS! (PY)dv T BY +
+BYTCHT[ ST (P)CLITEMC,ISY (PH)dV ICHBY +
+BYTCHT[ | SUIT(PM)CLITEMCYSY (PY)dv ICBY +
+BYTCHT[ 4T (PM)CITEMCYS) (PY)dv ICBY +
+BYTCHT[ YT (PY)CyTEMCSY (PH)dV I BY +
+BYTCHT [ YT (P)C,ITEMCYSY (PH)dV I BY +
+BYTCHT [ SWT(P)CLITEMCYSY (PH)dV ICHBY +
+BYTCHT [ SWT(P)CLITEMC,ISY (PH)dV ICHBY +
+BUITCHT| SHIT(PH)CUITENICHIS! (PM)dV HICHB =

—B}ITCHTSICH B! + BITCHTSHC B +BYTCHTSICHBY +
+BUITCHTSLICHBY +BYTCHTSLCYBY + BLITCHTSCHBY +
+BUITCHTSHC B +BHTCHTSLICH B +BHTCHTSLICH B =

=BT (S} +5}}+514)CBY +BLITCHT (S + 844 )C VB +
+ByTCHT (Si +84)CVBY +BYTCHT (§;4+ 544 )CBY =

—B}ITCHTSY CHiBl + BLITCHTSICHBY +
+BUTCHTSLCHBH 1 BLITCHTS LGB! =

=39+ 3+ 30,4 3

(2.291)

Where J4, 34, 3%, and 3%, are R™™™ symmetric matrices defined

as follows:
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Ji, =BLITCHITSY CiBY (2.292)
Jii, =B}ITCHTS}iCHBY (2.293)
31, = BUTCHTS,L G B (2.29%)
31, = BLITCHTS B (2.295)

i

Where S, S%), S' and S\l are R™ ™™ symmetric matrices defined

as.
Sij, =S 48} 18l (2.296)
St =84St (2.297)
Sil, =Sl 1§l (2.298)
Sl =Si+8i (2.299)

L i
N o xny

Qi Qi Qi Qi Qi Qi Qhi Qb Qi
Where S;), S;3, Si3, S;1, S35, Sy, S;1, Sph and Sy are R

matrices defined as:

§:IL:£ =IQ VSi,jT(Pi,j)(:_‘,iX,jTEi,jEix,jsiX,j(Pi,j)dvi,j (2.300)

§i§ =IQ VSi,jT(Pi,j)(:_‘,iX,jTEi,jEiy,jsiy,j(Pi,j)dvi,j (2.301)

i,j X

Sy =[Sy (PY)CITENCS (PY)dv' (2.302)
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Syl = J‘Qi'j SRl (P"")E‘V'”E"j(::‘x'jsix'j (P"))av'
sy :_[Q” SHIT (P TENCHISY (PY)dV
Qi _ LT (Db T i eb il (i Y\/ih]
S55 =], 8, (P)CyITENCS! (PH)dv
Syl =, ST (P)CITENCLIS,! (PH)av
Qi _ LT (Db YL T i ebigh i (i Yd\/ih]
Sy =], SiT(PY)CLTENC, IS} (PH)dv

Sii=[,, ST (PICITENC S, (P )av !

(2.303)

(2.304)

(2.305)

(2.306)

(2.307)

(2.308)

These matrices are the elastic shape integrals required to compute explicitly

the mass matrix K, of the flexible element j of the body i of the system.

2.6.5. DYNAMIC EQUATIONS OF STRUCTURAL

SYSTEMS

To derive the equations of motion of the structural system, it is necessary
first to compute the mass and stiffness matrices of the whole bodies from the
same matrices corresponding to the structural elements. This can be easily done

by summing the kinetic energy T"!(t) and the strain energy U"/(t) of each

element. Indeed, from the definition of the kinetic energy T'(t) of the body i

the mass matrix can be obtained:
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Ti(t):iT""(t):

= > 24T OM ) -
= A (2.309)
l .'T né |J |

:quf (t)(ZM f.f ]Qf (t) =

1. i i
:quT(t)Mf,qu(t)

Where the R""™ matrix M', , represents the mass matrix of the body i

and it is defined as:
Mif,f :ZMifyff =
j=1

-3 (3B -

=i (2.310)

8y (”iﬁwf]sz .

j-1

= BieTjif,fBie

Where J',  is a R™" symmetric matrix and it can be computed as

follows:

(2.311)

n.

j=1
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On the other hand, from the definition of the strain energy U'(t) of the
body i the stiffness matrix can be obtained:

U‘(t):_nz_euivj(t)z

i
Ne

= (%qi; (t)Kif’{.fqif (t)j=
= | (2.312)
-4 (t)[i K‘;?quz (t) =

j=1

1 i
ZECIfT(t)Kf,fo )

Where the R"™*" matrix K', , represents the stiffness matrix of the body

i and it is defined as:

Kif,f :ZKif’ff =

—
|
LN

>
.

_ BTV B )=
j=1( ViiB.) (2.313)

oy (S -
=

~BI'V, B!

Where V!, isa R™™ symmetric matrix and it can be computed as

follows:
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Ne

\_/i'f ZZ\_/H =
j=1
= (3 3T )= @9
j=1
:jifyf +ji j j-f 3

Where J% , J\,, J\, and J' , are R™*™"* symmetric matrices defined
as:

il
[

(2.315)

ol
N
I
<l
«._‘."_.
I

(2.316)

<l
N
[

(2.317)

—_—
vt
<
Ql
5
UZ
Q
)

—

(2.318)
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Once that the mass matrix M’ . and the stiffness matrix K' . of body i

f,f f,f
has been computed, the system equations of motion can be derived by using

Lagrange equations:

d [ oT'(t) ' aT'(t) k ou' () T_ |
a[aqif (t)J _[aqif (t)J +(6qif (t)] _Qe,nc(t) (2319)

Note that it is assumed that the bodies of the set in analysis does not exhibit
large deformation and rigid body motion. Consequently, it is also supposed that
every body of the system is not linked or constrained in some way to each other.
Therefore, the Lagrange equations can be applied without considering the effect
of some generalized constraint action to yield:

Mif,fqif (t)+Kif,fqif (t) :Qie,nc(t) (2.320)

Where Q! (t) is a R" vector representing the generalized external

e,nc
nonconservative forces applied on the system which dynamically couple the
bodies of the set. Finally, these dynamic equations can be easily assembled to
derive the equations of motion of the whole structural system to yield:

My G () + K, 0 () =Q, (1) (2.321)

Where the configuration vector g, (t) represents the total R™ vector of
the structural system generalized coordinates and is defined as:

i) ]
q; (t)

q,(t)= (2.322)

a7 (@) |
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The matrices M, , and K , are respectively the global R""" mass and

stiffness matrices of the structural system which can be easily assembled as:

‘M, O .. O
O M, .. O
M, =| . L (2.323)
0 © MY, |
K, O O |
0O K2, o)
Kei=| - s . (2.324)
| O o) K |

The R™ vector Q

e,nc

(t) is the lagrangian component vectors which

represent the generalized external nonconservative forces acting on the whole
structural system and it can be simply assembled as:

Qi ()]
2
Qg () = Qe’”f © (2.325)
| Qerne (D) ]
Finally, consider the proportional damping hypothesis:
R =aM; +pK, , (2.326)

Where R; ; is a R"™™ matrix representing the system damping matrix.
The equations of motion of the structural system slightly modifies to yield:
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M, G;()+R; q;(0)+K; g, () =Q, . (t) (2.327)

These equations can be easily solved to numerically find the damped
vibration of a structural system with complex geometry.
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2.1. FINITE ELEMENT FORMULATION OF
FLEXIBLE MULTIBODY DYNAMICS

2.71. INTRODUCTION

In the following sections the general case of the motion of a multibody
system composed of rigid and deformable elements is analysed [29]. The

approach followed here was originally developed by Shabana [11], [12], [13].

To describe the system kinematics the floating frame of reference formulation is
used. This formulation allows to combine the systematic method for the
derivation of the equations of motion of rigid multibody systems with the classic
finite element methods to deduce the equations of motion of flexible multibody
systems. In the floating frame of reference formulation the configuration of each
body of the system is described by using two sets of coordinates: references
coordinates and elastic coordinates. The former define the location and
orientation of a given body reference in respect to a fixed inertial frame whereas
the latter describe the elastic deformation of system elements in respect to the
corresponding body reference. Therefore, the position of an arbitrary point on
the deformable body is represented by using a couple set of reference and elastic
coordinates. As a legacy of classic finite element methods, the floating frame of
reference formulation considers as nodal coordinates the infinitesimal rotations
of nodes and consequently it can be used in the assumption of large reference
frame and small elastic deformation with respect to the flexible body reference.
Using the concept of the intermediate element coordinate system, a nonlinear
formulation that leads to exact modelling of the rigid body motion for elements
whose coordinates are defined in terms of infinitesimal rotations can be
developed. The intermediate element coordinate system is defined as a reference
system whose origin is rigidly attached to the origin of the body coordinate
system, its orientation is fixed with respect to the body coordinate system and it
is initially oriented with its axes parallel to the axes of the element coordinate
system. The floating frame of reference formulation yields to an inertial
coupling between the reference motion and the elastic deformation which
reverberates in a coupled nonlinear formulation of the mass matrix. Similarly to
the case of rigid multibody systems, to derive the system mass matrix it is
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necessary to compute preliminary a set of inertia shape integrals [11], [12],

[13] . In addition, the quadratic velocity vector which contains the gyroscopic

and Coriolis force components appears in the equations of motion of flexible
multibody systems because the mass matrix and the kinetic energy of the bodies
result to be functions of the configuration vector. On the other hand, the stiffness
matrix results to be a constant matrix whose derivation is identical to that of
classic finite element methods. Therefore, a set of elastic shape integrals is

necessary to compute explicitly the stiffness matrix ) ) . Finally,
y pute explicitly the stiff ix [11], [12], [13]. Finally

mechanical joints in the flexible multibody system are formulated by using a set
of nonlinear algebraic constraint equations which can be adjoined to the system
differential equations of motion by using Lagrange multiplayers rule.

2.72. FLOATING FRAME OF REFERENCE
FORMULATION

Consider a flexible multibody system composed of n, bodies each one

discretized in n; elements. According to the floating frame of reference

formulation, the configuration of the generic body i of the system is represented
by a set of reference coordinates and a set of elastic coordinates. Indeed:

(2.328)

q' ()

Where ' (t) is a R" vector which describes the configuration of body i,
qir(t) is a R’ vector representing the reference coordinates corresponding to

the body i and qif (t) is a Rnif vector representing the elastic coordinates

corresponding to the body i. Indeed, by using Euler’s parameters to represent
the orientation of the body frame of reference i, the reference coordinates vector

q. (t) is defined as:
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(2.329)

a, ) {R'“q

0'(t)

Where R'(t) is a R® vector corresponding to the origin position of the
body reference system i in respect to the inertial frame of reference and 0 (t) is

a R* vector which contains the Euler’s parameters that describe the orientation
of the body reference i in respect to the inertial frame of reference. The first
step to describe the system kinematics is to express the position of an arbitrary
material point of the system as a function of the generalized configuration vector

' (t). Thus, consider for the generic element j of flexible body i the position

vector of the material point P"/ in respect to the body frame of reference. The
position vector of this point can be vectorially decomposed by the sum of the

position vector of the point P"! referred to the undeformed state of the body and

the elastic displacement vector of point P"! measured from the undeformed
configuration. This yields to:

aH (P, ) =T (PY) + T (P 1) (2.330)

Where TG (P",t) isa R® vector representing the position of point P™! in
respect to the body frame of reference, T:!(P") isa R® vector corresponding
to the position of point P"! in the undeformed configuration and T'' (P"!,t) is
a R® vector representing the elastic displacement of point P"!. According the
classic finite elements methods, the elastic displacement field T} (P"',t) can

be decomposed by the product of a space-dependent global shape function and a
time-dependent nodal vector to yield:
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T (P,1) =S4 (PY)g () =
=S} (PY)BUd! (1) =
=S, (P")BL'BId! (1) =

=N (PH)Bg (1)

e

(2.331)

Where S}/(P") isa R*"" matrix representing the global shape function,
qi'(t) is a R™ vector function corresponding to the vector of nodal
coordinates, B!’ is a R™"" Boolean matrix representing the internal
kinematic constraints of each element j of body i, L) isa R"" nodal
coordinate vector, B‘e isa R”i*“”if Boolean matrix corresponding to the external

kinematic constraints of each body i, and N"(P") is a R®™" matrix
representing the compact shape function. On the other hand, the position vector

of point P"! respect to the undeformed configuration can also be expressed by
using the compact shape function as follows:

o, (PY) =S} (P")Bl'q, =
e (2.332)
= N"(P")q,
Where q! isa R"™* vector containing the value of the nodal coordinates of

body i in the undeformed state. Therefore the position of point P"! referred to
the body reference can be expressed as follows:

a (P ) =Ty (P + Ty (P 1) =
=N"(P")g, + N (PY)BLa] (1) =
=N"(P")(q, +B,g} (1)) =
=N"(P")q, ()

(2.333)
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Where g (t) is a R" vector of nodal coordinates defined as:
q, (t) =a, +Bg} (t) (2.334)

Afterwards, the position of the material point P"! can be referred to the
inertial frame of reference to yield:

r'J (P, t) =R'(t) + AT ()T (P, 1) =
=R'(t)+ A"()N"I(P" ) (t) = (2.335)
=R'(t)+A' (NI (P")(q} +Bid, (1))

Where r'"/(P") t) is a R® vector representing the position of point P
referred to the inertial frame of reference and A' (t) is a R*? rotation matrix
which defines the orientation of the body reference i respect to the inertial
frame of reference. The time derivative of position vector r"’(P"’,t) can be

computed by using the time derivative of the configuration vector g'(t) as:

P, =R (M) + AT (PH,1) + A' ()T (P, 1) =
=R(t)+A (O O (P, 1)+ AT (ON (PG (t) =
=R'(t)-A' ()T (P, o' (t) +

+A‘(t)[N”(P"")%(qL +B.d| (t)))=

=R'()-A'(OU" (P, ))G'(1)8' (1) + A" ()N (P")B.d, () =
R'(t)
=[1 -A'®T'(PY,)G'(t) A®N"(P)B, ] 6'(t) |=
g' ()
=L"(PY.0)d' (1)
(2.336)
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Where L"/(P"1 t) is a R*" matrix defined as follows:

LR = L(PHt) LRV, L (P10 =
=[1 -A'®T' (P, )G'(t) A'(N"(P')B]
(2.337)

This matrix is a function of the reference coordinate vector q'(t) and

depends on the particle P"! under consideration. It is remarkable to note that the
virtual change of the position vector r"/(P",t) can be computed in the same

way by using the matrix L' (P"/ t):
sri(PY, 1) =L (P, 1)5q (t) (2.338)

Indeed, this matrix is a jacobian transformation matrix which
mathematically describe the relation between the physical coordinates vector

r'*J(P"J,t) and the lagrangian coordinates vector q'(t).

2.7.3. MASS MATRIXOF SYSTEM ELEMENTS

Once that the kinematic description of motion has been obtained, the mass
matrix of the generic element j of rigid body i can be computed using the

definition of kinetic energy T"/(t). Indeed:

THO =2, T (PO (P, DV =
:%Q”(t) o AL (PYLOLI (P AV g (1) = (2.339)

:%q”(t)M”(t)qi(t)



MULTIBODY DYNAMICS 119

Where pi'j and Q" are respectively the mass density and the volume of

element j body i and M"/(t) is a R™" matrix representing the mass matrix
of the same element. The mass matrix of system elements can be computed as:

MPi() = [ pHLT (PH L (P, 1)dV T =
LT (PY,1)
=[ AT LT (P [L‘;{J(P"’,t) L: (P 1) I_'(;I’f(P"‘,t)}dV"J =
ijT i,j
LiIT(PHt)
M) miL )  my,
= m:é,jR(t) m;,ja(t) m;,jqf (t)
m‘iq’fij(t) miq'fjﬂ (t) m;fjvth (t)
(2.340)
Where mil (t), mil, (t), my!, (£), myh(t), myl (t) and my! (t) are

respectively R®®, R, R*™ | R*4, R*™ and R™™ symmetric matrices
which can be computed explicitly. Indeed, the mass submatrix m‘F;fR (t) can be

computed as:
M0 = [, o LT (P )L (P v =
:jﬂu PHidvi = (2.341)
=m"|

Where m"! is the total mass of element j of body i. The mass submatrix

Mg, (t) can be computed in the following way:
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m&), () =j LT (P L (P tdv Y =
=—[ , PTA T (P )G M)V =
=-A®f ,PTI(PY VG (1) =
——AOUOG (1) =

=mgx (1)

Where U"I (t) is a R*® skew symmetric matrix defined as:

UM =[ AP, nav =

— Skew Lighl (P t)dV")

P
= skew( [, P'/N"(P')(d), +Bigl, (1)) dv" ) =
Yo

Qb

kew
Q'

= Skew
Q'

kew(C'/S"IC'IBY (g, +Bidl, (1)) =
= W " q0+Beqf(t)))=

w(N"g, (1))
(2.343)

Where NI is a R*™" matrix defined as:

Ni,j :Ci,j§i,jc_:i,jBi,j

. i .
Where S/ is a R*™ matrix that can be computed as follows:

Sy (P)BY (o) + Bl (0)dV' ) =

(L
sk
sk
skew( [, p'1CIS™ (PY)CHBLIAV" (g, +Bld (1)) =
(
(
(N
kew(

(2.342)

C pl JSI j(PI j)dvl Jcl JBI N (qo +qu| (t)))

(2.344)
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s =], ps (P )av" (2.345)
The mass submatrix my?, (t) is defined as:

My, =], 2" LT (P L (P dv =
=[P AN (PY)BLAVY =
=A'W)],, P, (P)BAV'IB, =
— Al Ll ehicghlphiyolipiigy 'R —
—A(t)J‘Qi,jp CHSV(PM)CVBYAV B = ) 1y

A (t)Ci'jJ‘QiJ P S (PH)dvICHBIB! =

— Ai(t)Ci5"ICHiBIIB) =

=A'(t)N"'B, =

=mg 2 ()

The mass submatrix mj’,(t) can be computed in the following way:

my, () = [, AL (P L (P t)dv T =
=], P GTOUT (P HAT A (DT (PM )G ()dV" =
=G (v, AT (P, (P, 1)dV G (1) =
=G O1;,OG' 1)
(2.347)

Where the orthogonality property of rotation matrix A'(t) has been used.
The R*® matrix 1,)(t) is the inertia matrix of element j of body i which is

defined as:
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sa®) =], PG (PY, 0T (PHt)dv =
pH(THT (PY, yE (P, 1T (P, )T T (P, 1))dv =
(o), (o), (o),
=[(Liw),, (Lim),, (L),
(10), (o), (o), |
(2.348)

It is worth to point out that in this case of flexible multibody systems the
inertia matrix 1,}(t) results to be a function of system configuration vector and

consequently it changes in time. Indeed, the components of this matrix can be
computed as:
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—i Y i 2 i P 2 .

(Ieié(t))m :IQi‘j P 'J((UZ’J(P 'Jat)) "’(ua’J(P 'J1t)) )dV I=

= [, P(@I P ) AV [ pt (T (PYLY) dv =

= [, AP aT ONGT (PG (PH)g, (v +

+f,, PPaT NS (PHNG! (PH)g (1)dv Y =

=g’ O], P BYTCHTSLT(PH)CHTCHISY (PY)CHBYAV Vg (1) +
(O], pBYTTHTSYT(PY)CHTCHS, (PH)CHBY AV g (1) =
=gy ©BYTCHT[ | pMISHT(PM)S, (PH)dv T B ) (1) +

+qinT (t)Bic‘jTCi]jTJ‘Qu pi,jsis,jT (Plj)slgj (Plj)dvl]C_:IjBlchln(t) —

— )’ ()BL"CTSLLC B, (1) +

+qlT (DBLITCHTSICHBLIg) (1) =

=gy (1)B'TC"T (S5} +554)CBYg, (1) =

= (), +BLa, (1)) J1) (a) +Bld, (1))
(2.349)
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(La®),, =], A5 (P05 (P v =
=—[, AaT ONT (PN (PH)g, (dv ) =
=gy (O], pH'BYTCHTSIT (PY)CHTCHS} (PH)CHBLAV g (t) =
=, ©ByTCT[ | pHIsyT(PH)S,! (P)dVHICHBY g (1) =
=-q, (1B;CVTS;)C B (1) =
=, +BLd} (1) 3t (, +BLd) ()=
=(0),,
(2.350)

(15 0),, =, AT P HE (P v =
=] A N (PN (P)g) (v =
=—q, () ,, P BT (PH)CHTCHS (PY)T BV g () =
=g, (OBLTCT[ | pMSiT (PH)Sy (PH)dV I BY g (1) =
- —q ()B/"CTS|1C B (1) -

. . T —. . . .
= (a, +Bid; (1)) Ipd(a, +Bia (1) =
=(1,50),,

(2.351)



MULTIBODY DYNAMICS 125

Tii Lif (i 1YV L (D 4 ) i
(T30),, = [, (@) +(E ) Jav -

=[P (@I ) v [ pt (I (PYLY) dvh =

= [, AT ONST(PPNG (PH)g (V™ +

+f,, PaT ONFT (PPN (PH)g, (v =

=ay )], £ BUITCHTSYT(PY)CHTCHS, ) (PH)CBY AV Hd (1) +
+ql O, P BLTCHTSIT (PH)CHTCYS) (PH)CHBLIAV g (1) =
=) (OBYTCHT [ | Sy (P! (PH)dV T B (1) +
+qinT(t)B:;’jTCi’jTJ‘Qu IOIJS:II_JT(PIJ)S;_J(Plj)dvllélJBICJqIn(t)=

=q, (B;'"CYTS;1CYB q, (1) +

+d, (OB,'CVTS;ICB g, (1) =

=g, ()B;'TCT (851 +5:1)C B a, (1) =

= (a, +BLa, (1)) Jy4(ab+Bla) (1)
(2.352)
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(G6®),, =], P03 (P, 005! (P, t)dv ™ =
=—| ., AMal (ONG'T (PHNG! (P, (H)dV ' =
=g’ O, pBLTCHTSHT (PH)CHTCHISY (PY)CHBYAV Vg (t) =
=—q, ()BTCHT | pMISLIT(PH)S (PH)dV ICBY g (t) =
=-q,’ (1)B/TCYTS,ICHBLId) (t) =

. - T —. . . .
=(ay +Bid (1)) J54(a, +Ba} (V)=
=(;30),,

(2.353)
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(T20),,=],, p""((UJ'J'(P”,o)z +(U;'1(P”,t))2)dv“ =
= [, P(EI L) v [ pt (P Y) dv =
= | P A ONFT (PN (P, (V™ +
[, PMa (ONGT(PYING (PH)a) (tydv i =
=g O] , pBYTCHTSIT(PH)CHTCHISY (PY)CHBL AV Vg (1) +
+q, (1)],,, o 'BLTCHTS,T (P)CHTCHIS,! (PY)CH B AV Mg, (1) =
=q, (®BTCT[ | ST (P! (P)aV T By g (1) +
+qy (OBLTCHT] PSS (P} (PY)dV HICH B ) (1) =
=0y (B’ TCTS}{CYB g, (1) +
+a, (B, TCHTS;,CHB g, (1) =
=a, ()B;'CVT (81 +53})C B g, (1) =
=(a, +Blg} (©) 35} (a) +Bla, (1))
(2.354)
Where 31, Ji1, 3u1, 341, 3ud, J5L, 3u1, 3uh and 3 are R

symmetric matrices defined as:
3 =BTCHT (S, +85)CBY (2.355)

34 = BlITCHTHCHIBY =

_ LT
_J2,1

(2.356)
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311 = -BLTCHTSCBY =

— (2.357)
= Js',iT
33, =BYTCHT (S} +8}))CHiB} (2.358)
il = BUTCHTSHCHBY =
23 - ch 23 (2.359)
= ‘]3"2
Jid =BUTCHT (§11‘ +§i2"’:2)(_3i'jBic'j (2.360)

Gij Qi Qij <¢ij <cii <l <cii qii Qi i
Where Sy, Sy5, Si3 S;1h S35, Sy, S3p, S3 and Sy are R

symmetric matrices defined as:
Sl =], P S (P)s (PM)avH (2.361)

i3 =[S (PSP (PAv™ -

o (2.362)
&
Sii— [ HhighiT (phiyghi(pii)dyii =
1.3 _g-z.,-lp o (PY)S;(PH) (2.363)
-5y
§'212 =)o pi’jSiz’jT(Pi‘j)Siz’j(Pi‘j)dVi‘j (2.364)
Sk = pMSUT(PMSLI(ph)dy T =
237 )P 22 (P")S5(P*) (2.365)

_ QT
_S3,2
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Sty = ., £ ISET(PH)SY (PH)av (2.366)

The mass submatrix my?, (t) can be computed as:

myl =, A LT (P LI (PH tydv =
==, A GTOTIT (P HAT (M)A (N (PH)BLV" =
=-GT (M, P TIT(PH N (PH)dV B, =
=G'T(v), P T (PN (PY)dV B, =
=G (HH" (1)B, =
=mjl, ()

(2.367)

Where H"!(t) is a R¥*" matrix defined as:
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HY® =], pi'j ai (P NP (P )dV T =

-m (P ) T (Pt | NP
_| J(Plj t) 0 —Uli'j(Pi'j,t) NIZJ(PIJ) dvi,i —
~@I(PYL) T (P 0 N3’ (P")

[, AT PYLONG PV 4 [ pME (P NG (P )av
Q”p"u”(P"t)N"(P")dV" [ PHE (P NG (PH)av

AT (PYLONG PV + [ p"u"(P" )N (PH)dv ™

a7 O], PN (PN (PH)dV ) +
O, AYNGT(PHNG! (PH)dv
A’ ®f A NG (PN (PH)aV +
-a, O, A NPT (PYNG! (PH)dv
a7 O, AINGT (PN (PH)aV Y +
w0, O, AN (PN (PH)dv

i ()], P BLITCHTST (PH)CHTCH IS} (PH)C BV
= qLT(t)IQM_pi"'BiC'jTC_:i"'TSL’jT(Pi‘j)Ci’jTCi'jSil'j(Pi'j)C_Zi'jBiC'jdVi'j +

—ay ()], pHBLTCTS,T (PY)CHTC IS (P)C BV

Ay O], #'ByTCTS, T (PH)CHTCS (P)CH B AV

_l_

~ay' (0], "B CYTSYT(PH)CTCSY (PM)C B v
a, ], B, TCHTS T (PH)CHTCH Sy (PH)CH B AV
(2.368)

This expression can be further simplified to yield:
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g, (B'TCVT| | p"'SyT(PM)S, (PH)dvICH B,
dy (OB, TCYT| | pMST (PY)S (PY)dVICHBY 1+
gy ©BTCYT| | pMSy T (PY)S (PY)dVCYBY

oy (VBYTCHT[ | pHISLIT(PH)S (PH)dV HCHBY

_l_

) ()BYTCHT[ | pHISIT(PH)S (PH)dvHICHBY | =
Ay ©BLTCHT [ pISLT (P (PH)dv T B

q (0)(-BLCTS,IC B +BLTCHTSACBY)
=| A ©(BYTCTS}ICHBY ~BITCHTSIICBY) |-
o (O(-BYTCHTSLICH B +BYTCHTS}IC L)
o7 (BYTCHT (851 -851)CHBY
~| g7 (BYTCHT (551 -5)CHBY
gy (B TCYT(Sy5 -85 )CHBY
(qo+Beqf(t))T(3'3’z 311)
=| (ab+Bld, () (311 -31)
(9 +Blal @) (351 -31)
) (2.3:69)

Where the compact shape function has been written as follows:

Ny’ (P")
NIJ(PIJ): lel(p'l) (2.370)
N}’ (P")
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The mass submatrix my! . (t) can be computed as:

myl o © =[P LIT(PY LY (P, dv ) =
=], P BINYT(PTAT (A (N (PH)B.AV" =
=B."| ,, P/ NYT(PY)NY(PY)dV''B, =
=B," |, p"'By/TCITS T (P)CHTCHS Y (PM)CH B, dV B, =
=B'B,/TCHT[ | p"SHT(PM)SH(P)dvICHBYIB, =
=B'B,/TCHT[ | pMisiT(PH)S}I(P)dvICHBYIB] +
+B,'B;)TCYT| | p"'Sy T (PY)sy (PY)dvICY BB, +
+B,'B;/TCT| | phIsyT (PM)Sy (P)dv ICHB'B, =
~BY'BLTCHT (811 + 85} +844)CVBYB) -
=B.'B;/"C""S},C"'B}'B] =
- 2By (33318 -
~B'3}) B!
(2.371)

—_— i i
Where J'J, isa R™*™™* symmetric matrix defined as:

.. 1= . = . = .

S L Pt 115 B 113 R LY
f,f 2( 11 2,2 3,3) (2.372)

=BIC'JTCI’JTSIf"JfCI'JBIC'J

=i . bypld . . .
Where S}/ isa R™™ symmetric matrix defined as follows:
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S, =S1J +85} +S;) (2.373)

These are the mathematical expressions that allow to compute explicitly all
mass submatrix myl.(t), my, (), myl (t), myht), myl (t) and
m;) , (t) relative to the mass matrix M"!(t) of element | of the flexible body

i. It is worth noting that to compute all the mass submatrix it is necessary to
evaluate previously the following sets of inertia shape integrals:

[Oi = i) =
<[, AV &30
[@ii _ G
o (2.375)
=, PSP )V
9 =5 =
(2.376)

= [, IS (PSP AV

bl

These sets of inertia shape integrals can be computed in advance and then
they can be used to write the equations of motion of flexible multibody systems.

2.74. MASS MATRIXOF SYSTEM BODIES

Once that all mass submatrices has been obtained, the mass matrix of the
generic flexible body i can be computed using the additive property of kinetic

energy T'(t). Indeed:
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T‘(t):iTi*j(t):

i
Ne

= ZGQ” M 0 (t)J =

= (2.377)

%q”mfiﬁ M‘J(t)]c’f(t) -
=§q”(t)M‘<t)q‘<t)

Where M'(t) is a R™ " matrix representing the mass matrix of flexible
body i defined as:

Mi(t):i M"I(t) =
Mpe(t) Mp,) my, (t) (2.378)

= mL),R(t) mie,e(t) mie,qf(t)

miQf-R (t) mque(t) mqu!qf (t)

Where mp o (t), mg,(t), my, (), m,,(t), m,, (t) and m; . (t)

are respectively R, R, R®™, R**, R*™™ and R™™ symmetric
matrices which can be computed explicitly. Indeed, the mass submatrix miR’R (9)

can be computed as:
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M=) M ()=

N
=> ml= (2.379)
j=1

=m'l

Where m' is the total mass of flexible body i. The mass submatrix
miR’H (t) can be computed in the following way:

miR,e(t) :_an miré,je (t) =

i
ne

—_ (A‘(t)l:J”(t)(_S‘(t)):

—_A (t)[_nzé Gi'j(t)]éi (t) = (2.380)
- AU ®C )=
= mieTR (t)

Where U'(t) is a R*® skew symmetric matrix defined as:
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n_é (SkeW(N' (g, +Bid (t))))
= Skew[( _ni J(q0 +Blg! (t))] = (2.381)

kmm( gmm

Where N' is a R*™ matrix defined as:

N =) N (2.382)
-1

The mass submatrix miR’qf (t) is defined as:

My, (1) = Zm ()=

(A'(ON"IB, ) =

j=1

:Ai(t)[i N"j]BL = (2.383)
=A'(t)N'B! =
=My (1)

The mass submatrix mj, ,(t) is defined as:
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m.i9,9 (t) = i m;,ja (t) =

=n; éiT Ti,j C__;i —
;( O TG (1)) 2354

i
ne

=G”(t)£z T;:;;<t>}éi<t>=

j=t

=G (1)]1,,tG' (1)

Where 1, ,(t)is a R*>® representing the inertia matrix of flexible body i

and it is defined as:

I
D —
-
~
—+
N—r
I

ACED
(1,0), (10), [0.0),] oms
=(L.0),, (T.0), (L.0),
(

Tﬂjﬂ (t))3,l (T‘;ﬂ (t))s,z (Tgiﬂ © )3,3 i

It is worth to point out that in this case of flexible multibody systems the
inertia matrix 1, ,(t) results to be a function of system configuration vector and

consequently it changes in time. Indeed, the components of this matrix can be

computed as:
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nI

(T,0), =2(T10),, =

j=1

—Z((q; +BLd, (1)) 3t () +Bid! (t))):

=

=(a, +B'eq'f(t)T(n "]qo+BLq‘f(t))= (2.386)

=(a, +Blg} (1)) I, (ab+Bld’ (1)) =
=0y (03;,9, ()

(T, 0),, =2 (T0),, =

=
n

- ((a +Big; )

j=1

(a} +Bid, (t))T(

T

;3 (gy +Bia (t))) =

i
Ne

j;;g](qg +Big, (t))= (2:387)

j=1

(ab+Bla (1) Ji,(a, +Big} ()=
=0y (£)J;,0, (1) =
= (Tai,a (t))z,l
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i
ne

(1,0), =2(150), =

]

N “ ((q; +B.q} (t))T 33 (gl +Bid, (t))) _

J:

(@ 0] 3w 0)= 0

(0, +Blgl ) 3., (ah+Bld, (1) =
=q,’ (t)J}:0,(t) =
(1,0),,

i
Ne

(L.0),,=2.(L:0),,=

i
ne

> (a6 +Bla', ) 314 (g, +Bd\ )=

=1

CRLEIOIOET CRLTIDRES

j=L

=(d, +Bld\ (1)) J;,(a, +Blg, (1)) =
=0, (1)J;,9, )
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i
ne

(L.),, =2 (1), =

j=

) (a2 +Bid () 323 (e + Bua )=

J:

(@i 0] [ 31 -8 0] @0

(0, +Blg} ) I (a) +Bld, (1)) =
=q, (t)J5:0,(t) =
(1,0),,

i
Ne

(1,0),,=2(L0),, =

=t

:_.

(a: +Biq () 325 (a} + Blal, ) -

e
=

(o + Bl () (Z 32‘,{#,](% +BLg) (1) = (2.392)

=(d, +Bld, (1)) Ji, () +Bid! ()=
=0, (t)35:0, (t)

Where J¢,, 31, 31, 35, 35,, 3b,, 3%, 3, and Ji, are R™ ™

symmetric matrices defined as:

ng
J _ qi _
J1,1 = ZJM =
j=1

-3 (BT (511 +514)C B

i=L

(2.392)
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141

- ) (BLTETE E L) -

i
e
=t

_TiT
_J2,1

o

Ji qid _

J1,3 = Z‘Jl,3 =
j=1

-5 (BT IC 8L -

=t

_TiT
_‘]3,1

Il
UN

(2.393)

(2.394)

(2.395)

(2.396)

(2.397)
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The mass submatrix mquf (t) can be computed as:

ni -
m,, ()= Z my}, () =
j=

r1i

:; (G MH" (1B )= (2.398)

=G'" (t)(i H”(t)jBie =

=G'T(HH' (1B,

Where H'(t) is a R*™" matrix defined as:
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H%t):i H"(t) =
j=L
>"((ah + Bt @) (325 - 3:4)
j=1
- > ((d, +Bld\ ) (3:4-34))
j=1
> (0 + Bl @) (321 -322))
L =
(qb +Blg} ) 3(34-35))
j=1
- (o +Bla, ) (3 -3 |-
j=1
(a0 +Blg} () 3 (34 -324)
L J:l .
a3, -35,)
o (2.399)
=9, (35 -35,)
Q) (03,31,
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ij
gs,ds

m =3 m, -

e!

<

i, Bi —
BLY (2.400)

(32 + 3+ 33 -
(2.401)
> (BLTCTSY B -

oy

3_.

S (BUITEHT (51 + 51, +514) L)

j=1

These are the mathematical expressions that allow to compute explicitly all

mass submatrix My (t), m,(t), my, (t), my, (), mg, (t) and

mgf,qf (t) relative to the mass matrix M'(t) of the flexible body i . Indeed, the

kinetic energy T'(t) corresponding to the flexible body i can be expressed by
using the mass submatrices to yield:
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T/ =26 OM' 06 () -
Mee() M, () M, O [[Ri(D)
—[RTO 0TO @O M w0 m, 0|60 |-
mi () mi @ mi |90
= % R (Mg (R (0)+R'T ()my ,(1)8'(1) + R (H)my, , (1)q'; () +
+207 Om), O (0 +0 O, OF 0+ 247 Om, , OF O
(2.402)

This expression can be used to compute the quadratic velocity vector.

2.75. STIFFNESS MATRIXOF SYSTEM ELEMENTS

The formulation of the stiffness matrix of the element j of the flexible
body i can be achieved by the definition of the elastic strain energy U"(t) of
the same element. First, note that only the elastic coordinates g (t) are
involved in the computation of the strain energy U"!(t). Indeed, the elastic

coordinate vector g (t) can be simply recovered from the configuration

coordinate vector qi (t) by using a Boolean matrix as follows:

R'(t)
qif(t)=[0nih3 o, 'n;,n;} 0'(t) | =

0 () (2.403)

=Bq'(1)

n

Where B, isa R"™" Boolean matrix defined as:
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I } (2.404)

Therefore, the elastic displacement field can be written as:

0} (P"1,1) =N (P"))BLg, (t) =

e

T (2.405)
=N"/(P")B}Biq' (1)

To compute the elastic strain energy U”(t) it is preliminary required to

obtain an expression of element stress field and deformation field based on
configuration coordinates. Assuming Voigt notation, the deformation field can
be computed in a matrix form by using the linear strain-displacement equations
to yield:

g" (P",t) = D" (P, 1) =

L (2.406)
=D"N" (P")B.B! (1)

Where £"1(P",t) is a R® vector representing the deformation field of

element j of flexible body i and D"/ is a R®® differential matrix operator.
Similarly to the case of classic finite element formulation, the result of the
differential matrix operator D"/ on the element compact shape function
N"J(P"1) can be explicitly developed to vield:

DYNY (PH) =(CUIs}! (PY) +C} sy (PM) + C.'SL) (P) ) C By
(2.407)
Where C', (=3'y‘ and C' are R®® matrices whose components are the

components of the rotation matrix C"! and S;J(P"’), S!’(P") and

SHI(P™) are simply the space derivative of the shape function S"J(P"). On
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the other hand, the stress field can be computed through the constitutive
equations of the homogeneous isotropic linear elastic material according to
\oigt notation to yield:

6" (P",t) = E"Jg" (P 1) =
o (2.408)
=E'IN'(PY)BIB, ' (1)

Where ¢"!(P",t) is a R® vector representing the stress field of element

j of body i and E"! is the R®® matrix of elastic coefficients of the same
element. At this stage, the stiffness matrix of element | of body i can be

computed by using the definition of the strain energy U ] (t) . Indeed:

Lighy — = LiT (pii Li(phi i
U (t)_zjgw_c (PY t)g"i (PY t)dVi =
1

= E Qiyj

g (BYBL (DVINY(PH)) EVDHINY(PH)BIBI G (AV =
=%qiT(t)B‘JB‘J [, (DN (PH)) EVDHINY (PY)dV BB (1) =
- %q” (HBY B, Vi) B.B\q' (t) =

S LMOISENO

(2.409)

Therefore, the final expression of the stiffness matrix K"! of the element
J of body i is:

K" =B\'B. V;} BB (2.410)

This matrix is a R™™™ matrix whereas V’, is a R™*™* matrix can be

computed as:
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Vi =] (DYNY(P")) EMDYNM(PM)dV! =
H=1 0 P (P") 1)

_Jid o T i ij
_Jf,f +Jf,1+Jf,z+Jf,3

Where J,, 341, 340, and J%1, are R" " symmetric matrices defined

as:
Jil, =BUITCHTS! CHBY (2.412)
Jil =BUWTCHTSH B (2.413)
Ji, =BLITCHTS CHBL (2.414)
Jil —BHTCHTS TR (2.415)
Where St , Sti, St and S are R symmetric matrices defined
as follows:
Sl =Sl +5;4 + i) (2.416)
St =8i1 45k (2.417)
Sil, =Sii 45! (2.418)
Sil =St 4S8 (2.419)

i
nlIxn}

Where 811’ 81’2 81’3 8'2‘1 S'z‘z, S'2‘3, 8'3’l S 5% and S"3 are R

matrices defined as:
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Su =], SUTPTITENEIS PV (2420)
Sii=[,SUTPTITENES) PV (2421)
Si=[,SUTPSITENCIS PV (2422)
Sit=[ ST PTTENCS PV (2429)
Sib=[ ST (POCTENCS PV (2.424)
Si= [, SUT(POCTEICISI PV (2.425)
Sit= [, SUTPTITENEYS PV (2426)
Si= [, SUT(POCITEIS S (P (2427)
Syt =], SUT(PCUTENCIS PV (2.428)

Where C'J, E'y‘ and C'J are R®® matrices whose components are the
components of the rotation matrix C"' and S)'(P"'), S/'(P"') and
ShI(P™) are simply the space derivative of the shape function S"'(P"').
These matrices are the elastic shape integrals required to compute explicitly the

mass matrix K"/ of the flexible element j of the body i of the system. Indeed,
the fourth set of integrals required to write the equations of motion of flexible
multibody systems is the following set of elastic shape integrals:
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=[ ST (PY)CHTEVCIS!I (PH)dV T = (2.429)

ol ox" " ‘ ox"

These sets of elastic shape integrals can be computed in advance and then
they can be used to write the equations of motion of flexible multibody systems.

2.76. STIFFNESS MATRIXOF SYSTEM BODIES

The stiffness matrix of the generic flexible body i can be computed using

the additive property of stain energy U'(t) . Indeed:
Uity =Y UM ()=
j=1
L1 i .
=2 | >aTOK ') |=
1\ 2
1 it v i |y
=5a" DKM g'(t) =
j=1

— 24" OK'T'©

(2.430)

Where K' is a R™" matrix representing the stiffness matrix of flexible
body i defined as:
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Ki:iK”:
j=1
:né BiTBiT\_/i,j BiBi —
;( f “e f.f e f) (2431)

~BB!’ (25\7;9; ]BLB‘f .
j=1

= BifTB:aT\_/;,fBLBif

Where Vi is a R™" symmetric matrix and it can be computed as

follows:

i
ne

\_/i,f :Z\_/;',jf =
j=1

- (3, T T T)- @4
j=1

i
f.3

<l

—nyf +Jf11+Jf'2+

Where J% , 3\ ,, 3\, and J' , are R™*™"* symmetric matrices defined

as:

il
[

(2.433)

n

M= M=

(B17CS),CVBY)

—
Il
N



152  MULTIBODY DYNAMICS

>
.

il
=
I
<l
1_‘;.
I

- (2.434)
=y (BUTCTS G B
i '
jlf 2 :Zjiffz =
- (2.435)
-3 (BTCTSLCBY
i=1
jlf 3= Zjif',js =
- (2.436)

.Y.T_.Y.T:.'._.'. .'.
= (B'C’ cH'syC ‘BL‘)
j=1
These are the mathematical expressions that allow to compute explicitly the

stiffness matrix K' of the flexible body i. Note that according the floating

frame of reference formulation the stiffness matrix K' of a generic flexible
body i is not a function of time.

2.7.7. QUADRATICVELOCITY VECTOR

The next step to derive the equations of motion of flexible multibody
systems is to compute the quadratic velocity vector. This vector is defined as:

QL (1) =(%((8j _M ') (2.437)

To compute the first term on the right hand side is necessary to evaluate the
time derivative of mass matrix M'(t). This vields to:
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Mep(t) M) Mg, ()
M'(t)=| My () My, ) my, t) (2.438)

My, (1) My o) My, ()

The time derivative of mass submatrix my, . (t) yields to:

(0 = (1) =
=0

(2.439)

The time derivative of mass submatrix m‘Rﬂ(t) can be computed as:

i (0 =< (-A' O0 ©6'©)) -

—-AT OB )-AOT O 0-A 0T 08 1) =

A& T OC 0)-A' OU OG- A OU O 0 =

E —%Ai G ®G T HT'ME () -A MU OB O -A O )6 1) =

= m;T,R (t)
(2.440)

Where the following matrix identity has been used:

o'{t)=AT@HA()=
=2E'(E (1) =

:_%éi(t)éiT(t) _ (2.441)

=%Gi(t)é”(t)
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The time derivative of the matrix U’ (t) can be computed as:

7] (t)= %(Skew(Ni (q'O +Blg, (t)))) -

= Skew(N'Biq (1))

(2.442)

The time derivative of mass submatrix m‘Rqu (t) can be computed as:

My, (1) = %(Ai (ON'B,) =

=A'(t)N'B! =
=A'()o' (t)N'B. = (2.443)

:%A‘ G )G ON'B. =

:miqT,R(t)

The time derivative of mass submatrix mj,,(t) can be computed as:

() = <67 T, (05 0) -

=G (OT,,G'O+CTOT,OC ©+C"OT,C'(
(2.444)

Where the time derivative of the inertia matrix 1 ,(t) can be computed as:



MULTIBODY DYNAMICS 155

(L.0), (o), (Lo
L,0=|(L,0) (Lo) (o) | e
(10), (B0), (Lo),

Indeed, the components of this matrix can be computed as:

11 13

(1200), =<{(a+Bldt 0 T (a) +Bidt ) =
=a (B I, (a5 + Bl () +(a:
=4} (B J;; (ay +Big’ (1)) +(a
=2(q, +Bla, (1)) I.BLd, (1) =
=24, (1)J;,B.9' (1)

+Bld, (1) JL,BLY, (1) =

+BLd, (1) J,Bld, (t) =(2.446)

o = o -

(12,0, = % (a + 801, 0) 3+ Bl 0) -

= ¢ (OBL 3., (qb +Bld' (0)+(a) +Bld' () JL,Bd, (1) =

=2(q}, +Blg; (1)) J;,Bld (0= (2.447)
=29, (1)J;,B.4' (1) =

=(1,0)

21
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(L00),, =(a +Bia} ) 3hs(a; +Bla} (1)) =

= qifT (t)BieTji,s (qlo + Bieqif (t)) + (qlo + Bieqif (t))T ji1,3Bieqif )=

=2(q}, +Blg (1)) J1,Blg, () = (2.448)
= ZqinT (t)jil,SB:eqif (t) =

= (Téi*,e(t))

31

(1,0), =(a,+Bla ) 3, (a, + Bl () =

2,2
i iTyi i i i i i T3 Rigi
=d/ (1)B 3}, (o, +Big (t))+(a; +Bid', (1)) J;,Bid) (t) =
= ¢ ()BL' 3y, (a) +Blal ©) +(al +Bld' () Tb,Bid, (t) =
. - T —. P i
= Z(C]:) + Bleqlf (t)) ‘]Iz,zBIle t)=

=2q, (1)J,B.9 (1)
(2.449)

(12,0)), =0 +Blg ) T (ol +Blal () =

=47 (OB T, (, +BLd) (1) +(a, + Bld; () Tl () =
=2(q, +Bid’, (1)’ J;,Bld (1) =

=24, (1)3;B.4 (1) =

= (Tei,a (t))

3,2

(2.450)
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(ita(0), =<{(0% +Bia @) Tos(d) +Bia ) -
= ¢ (B3, (a, +Blal (1) +(a, +Blg} (1) 4Bl (1) =

= ¢ (OB I3 (g +Bla (1) +(a, +Blgh (1)) J5.BLd, (1) = (2.451)
=2(q, +Bld} (1) J,.Bld, (1) =

=24, (1)J5,B.4) (1)

The time derivative of the mass submatrix m;,qf (t) can be computed as

follows:

M, (0 =56 OH VB! -
=GTMH (M)BL+G'T (1)H (1)B = (2.452)

= miqt,e (t)

Where the time derivative of the matrix H'(t) can be evaluated as:
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(d+Blal ) (35, -35)|
A =< (o + Bl 0) (3 3'3) :
(dh 4B () (32 -320)
(B, ) (35, -5
=| (B, (t)) (31,-3%) | = (2.453)
( ) (Ta-30)

f (t)BIeT(Jls,z_jiz )
=| 67 ©B (31, -35,)
qlT(t)BlT( jiz)

The time derivative of mass submatrix mih q, (1) yields to:

CIf At (t)_ (BITJIf fBi)
=O

(2.454)

By using the time derivative of mass matrix Mi(t) the first term of

quadratic velocity vector Q! (t) can be evaluated as:
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-M()G' (1) =—| My (t) M, ) My, () Q‘(t)
mh L) m @) m @ |40

1 (OR'(©-+10, (00') 1, (O (0

== MR OR'O+,, 00" (M) +r., (4 ©) |=
M, 5 (OR'®) +0, , O ) g, ,, ;O

(M4 ©),
(M'®a'w),
(M'me'®)
_ (2.455)

M) M) Mg (1) Ti(t)]

ar |

Where the matrix components (Mi(t)qi(t))R, (I\Vli(t)qi(t))e and

(I\'/Ii(t)qi(t))qf are respectively R®, R* and R" vectors defined as:
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(M'®d' (1), =i s OR' O+, (8" (1) +ring , O (1) =
=(—%Ai G ()G (t)Gi(t)éi(t)]éi(t) T

-A D06 0-A T 06 0 00+

+%Ai (HG' OG (HN'BA) (1) =

:‘%A‘ (MG MG (U O 6 (1) +
-A UG 00 1) - A'OT O 060 +
+%Ai(t)éi(t)éiT(t)NiBieqif (t)=

} ‘%Ai OG' )G MU G V1) - A OU O O 1) +

+ %Ai (t)G' (t)éiT (ON'B.G (1)

(2.456)
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(M'(®)d' @), =, (OR' (©) +1,,, (6" (1) + 10, B (1) =
( 1G'T(t)U'T(t)G (t)G'T(t)A'T(t)jR (t)+
+( ' U'T(t)A'T(t) G'T(t)U'T(t)A'T(t))R(t)+
+( TOT,E ()+CT M) ,0G 1) +C®)T,E (t))e'(t)+
+(G'T(t)H 0B +G'T (O)H' (1)B! )q () =

= ——G'T (t)U'T (t)G "G T (AT (R (1) -G (t)U'T OAT DR (1) +

N

~GTHOUTOHATOR ) +GTOT,GE 06 1) +GT®)1),G (1 () +
+GTOT,G () 1)+ G T (OH B, () +G'T (OH B, () =

=187 0T 6 OB HATOR () -G HUT AT OR'®) +

N

~GTHUTHATOR M +GTOT,CE 06 1)+ G ()T ,G ()6 () +

+GT(HH OBLY, (1) + G OH (B, (1)
(2.457)
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(M'(DG'(®) =i (OR'(t)+m; (00 )+, , (4’ ()=

:%B;TN”éi(t)é”(t)A”(t)R‘(t)+
+(B;T|—|” OG () +BITHT (t)é‘(t))()‘ (t) =
=%BLTN”éi(t)G” AT HR(t)+BITH'T OG0’ (t) +
+BHT ()G (1)0' (t) =
=%BLTN”éi(t)G” OATOR (©)+BITHT ()G (1)0' (t)
(2.458)

Where the following matrix identity has been used:
G ()0 (t) =0 (2.459)

On the other hand, the second term of quadratic velocity vector Q! (t) can

be written as follows:

aTi) Y
oR' (1)

(an (t)] _|[er (t)j (2.460)
aq' (t) 00 (t)

oT'(t) '
aq' (1)
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Where the matrix components (aTi.(t)J , (MJ and {6T_i(t)]
OR'(t) 00’ (t) oq’ (t)

are respectively R®, R* and R"™ vectors defined as:

oT'(ty o
oR'(t) oR'(t)\ 2

0
6R(0

0
aR(o

0 1. iT
:aRai R monURaﬂ

o
AR () 2

(1 RIT (m), o (OR (t)j ( 0" (m, , ()9 (t)j

( 47 Om}, ., ), (t)j 2 (R @m0 1)+

8
AR (1)

— (R OmL,, O} O)+ (67 Om,,, (4} 0)=

0
@R()(

8
+
oR' 0

1

5
(1¢?0)B”J}f Q(Uj

8R(0 2 ¢/t

—é”(t)(é”(t)f@(t)é‘(t))éi(t)}

R () Amumempﬁﬂ

v

6R (
== t)(R'T(t) A'ON'B, )4} (1)) +
aR (e”(t) G (OH'()BL)d' () =

=0
(2.461)
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8
00’ (t)

oT'(ty o
o0'(t)  a0'(t)\ 2
d
o0 )\ 2

0
ae'( )

0 (1.
== (t)( R (t)(ml)R(t)j

[1 R (Oml, R (t)j (10”(0 00 (t)]

R Om, L 0.0+ 2L (R Om, 06 )+

0’ (1)

2 (RT@mk,, O, 1))+ O GLAGIE

0
Eol
(1e”(t)(c”(t)1 g(t)c‘;‘(t))é‘(t)}

0
08' () \ 2

a iT iTHi 0
- (t)( 47 0(B3,,B )qf(t>j+

0 (i e
+M(R O(-A'0T 08 )0 (t))+
)
o0’ (t) s
0 1 iT iT i i
) (t)( 0T (MG (O, (MG (1O’ (t)}
)
+ -
o0’ (t)
)
+
o0’ (t)

+

(RTM(AON'B] ), (0)+—— (67 (G H ©)B])d’ (1)) =

(

(R'T DA OU )G (1)’ (t))+

(RO ONBY, )~ =7 (07 OGO OB, )=
BAl(t) =
o' (1)
OA (t) —
o0'(t)
=07 ()G (OT;, (VG O+ R (A, QU O (1)0'(0) +
+RTOAOU NG () +RT AL ONBLG, () -G (OH (DB’ (1)
(2.462)

=9n(t)é”(t)i;,e(t)éi(om”(t) U'OG o' (1) +

+RTOA (U ()G O +R () N'Big} (1) -G (OH' (DBLY, (1) =
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oT'(t) 0 (1. 0 (Lot i a
(3% om R0 (t)(z" O 09 ) |+

0 0T i o
2 (qu Om’ . 0, (t)j
0

+—
o' () q (t)
0

T oq () 2 (1 R (m')R' (t)J ?( )(19”(0((?”(01 e(t)(_}i(t))éi(t)j+

a iT iTHi
aq (t)[ I CARIE: e)qf(t)j

)(R” (MR, (06'(1)) +

0" Om,,, 04} (1)) =

R (O, (4] 0+

+

=iT L NTiDi ) i 0 - — i i N
aqf(t)(R (A ON Be)qf(t))+aqif(t)(e O(C" OH'OBL)d, 1)) -
1

26'T(t)G'T(t) efe(())G ()0 (1) -R'T(H)A'(t) SU Et;G (1) (t) +

6H (t)

+0T )G (1) ——= )

Bl If()_

= e'T(t)G'T(t)(M(t)) G0 () -R" A O, (VG ()6 (1) +
+0'T ()G (OH,, (V)B4 (1)
(2.463)

Where the components of the matrix derivative (Tgig(t))qi , L:J'q (t) and
, Ve,

HL‘ (t) can be respectively evaluated as:
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o(T,®),,
aqif,l -

0 i i i T i i i i
(0B ) 3 (6 + B9, 0))-

8 iTHi i iT7Hi i~ i iTHi i i iTHi i~
aqi ( oT‘Jh,kqo +qu‘]h,kBeqf(t)+qu (t)BeT‘Jh,kqo +qu (t)BeT‘Jh,kBeqf(t))=
il

G 1o [ (9 J2Lc VAN () U . . oq.(t
A R IR O FRRPIT O TR
aqf,l aqf,l aqf,l
=q.'J; Bic +¢ B I, g, +2q9 (1)B.'J} Bic
(2.464)
ou'(t) o o -
——=——(Skew(N'(q, +B.q} (1) ))) =
oq; 6qf,|( ( ( f )))
8 NI~ NIiDI ~i
:Skew[ —(N'q, +N'Bjd (1)) |=
aqy (2.465)
_._oq'(t
= Skew| N'B! qfi() =
o
= Skew(N'Blc )
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_ a ((q +BQf(t))T(ji32_ji23))—
og, T T
oH'(t) | 0 (/. 9
" aqif]l((qurB d,®) (3~ 35)
_acf;,. ((qo +Bld, (1) (J‘z,l—ji,z))_
fogiT@) o~ ]
Bl ( T
oqtv () - -
| T e (%)
t
4 Ogr (3,3,

Where ¢! isa R" constant vector defined as:

. o' (t)
! aqif 1

(2.466)

(2.467)

A this stage, all the terms required to evaluate the quadratic velocity vector
in (t) has been explicitly computed.
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2.7.8. DYNAMIC EQUATIONS OF FLEXIBLE
MULTIBODY SYSTEMS

To derive the mass matrix M'(t), the stiffness matrix K' and the quadratic
velocity vector in (t) of flexible body i all configuration coordinates q'(t) has

been considered as independent coordinates. Obviously, this is not the general
case of a flexible multibody system which is typically formed of a set of flexible
bodies mutually interconnected. Therefore the actions of the constraints must be
considered in the dynamic equations as generalized constraint forces. Indeed,
consider that the generic body i of the system is forced to satisfy the following
constraint equations written in the standard form:

Al (t) =b' (t) (2.468)

Where A'(t) is a R™" constraint matrix and b'(t) is a R™ constraint
vector. (Note that the constraint matrix Al (t) relative to body i has been

denoted with the same symbol of the rotation matrix A'(t) of body i). These
equations are a set of algebraic constraint equations written in the standard form
and encompass all kind of constraints acting on the system, such as mechanical
joints as well as specific constraints which derive from the definition of Euler
parameters. Consequently, Lagrange equations take the following form:

d i T i T i T

—[OT.- (t)j —[m- (t)j +(8U- “’j - QL )+QLM) (2469)

dt oq'(t) aq'(t) aq'(t) ’

Where Q! (t) is a R" vector representing the vector of generalized

e,nc

external nonconservative forces and Q! (t) is a R™ vector representing the

generalized constraint forces. The first two terms on the left hand side of
Lagrange equations is equal to the negative of lagrangian components of inertia

forces Q!(t) of body i and it can be explicitly computed by using the
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expression of Kinetic energy T'(t) based on the expression of mass matrix

M'(t). Indeed:

d(aT'®) (oT'®)  ~i
E(aq‘(t)J (aq‘(t)j ==

A0 (L ) (T
_ dt(aqi(t)[zq OM' (1) <t>D (aqi(t)]

_i i T i T aTi(t) T_
8Ti(t)JT _

= M‘(t)d(t)ﬂ\'/l%t)d(t)—(m

=M' (1)’ (t) - Q, (t)

Where Q! (t) is the R" quadratic velocity vector defined as:

Q,(t) = (%) ~M'(H)g' (t) (2.471)

On the other hand, the last term on the left hand side of Lagrange equations
is equal to the opposite of the lagrangian components of conservative elastic

forces QL(t) of body i and therefore it can be explicitly computed by using the

expression of potential energy U ! (t) based on the expression of stiffness matrix
K'. Indeed:
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U M)
(aqim) Q-

8 1 iT i~ ' —
:[m(zq (t)Kq(t)D = (2.472)

=(a"OK') =
=K'q'(t)

Consequently, the equations of motion of flexible body i can be expressed
as:

M' ()4 (t) + K'g' (t) = Q) (t) + QL . () + Q; (1) (2.473)

These dynamic equations can be easily assembled to derive the equations of
motion of the whole flexible multibody system formed of n, bodies to yield:

M(t)d(t) + Ka(t) = Q, (t) + Q. . (1) + Q. (t) (2.474)

Where the configuration vector q(t) represents the total R" vector of the
system lagrangian coordinates and is defined as follows:

q'(t)

q°(t)

q(t) = (2.475)

q™(t)

The matrix M(t) is the global R™" mass matrix of the flexible multibody
system and it can be easily assembled as:
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Mt O .. O
mp=| © MO - O (2.476)
O 0 ..M

The matrix K is the global R™" stiffness matrix of the flexible multibody
system and it can be easily assembled as:

Kt 0 .. O
1
K= (,) K - (_) (2.477)
O O .. K@*

The R" vectors Q,(t), Q

vectors which represent respectively the generalized gyroscopic and Coriolis
forces, the generalized external nonconservative forces and the generalized
constraint forces. These vectors can be simply assembled as:

(t) and Q_(t) are lagrangian component

e,nc

Q, (1)
Q,(t)= sz(t) (2.478)
Qr ()
Qi ()
Q... ()= Qe’”f ® (2.479)

Qene (1)
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Q: (1)

Q.0 =

(2.480)
Qe (1)

On the other hand, the algebraic constraint equations can be assembled in a
similar manner to yield:

A)G() =b(t) (2.481)

Where A(t) isa R™ " matrix representing the total constrain matrix and it
can be directly computed as:

Aty O .. O
ap=| © A0 - O (2.482)
O 0 .. A

The vector b(t) isa R™ vector representing to the global constraint vector
and it can be directly assembled as:

b*(t)

b*(t)

b(t) = (2.483)

bQﬂ)

Finally, the set of equation of motion and constraint equations which
describe the dynamic of a general flexible multibody system is:
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{M 04 +Ka(t) =Q, (1) + Q. . (1) + Q. (1) (2.484)

ADa(® =b()

It is worth noting that, unlike the global mass matrix M(t), the global
stiffness matrix K results to be a constant matrix. These equation can be
explicitly solved to get the generalized acceleration vector ¢(t) and the
generalized constraint vector Q_(t) in order to obtain the fundamental

equations of constrained Dynamics.
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3.  SYSTEM IDENTIFICATION

3.1 INTRODUCTION

System identification is the art of determining a mathematical model of a
physical system by combining information obtained from experimental data with

that derived from an a priori knowledge [1] There are several types of system

identification algorithms in relation to different goals one wants to pursue [2]
In mechanical engineering, applied system identification allows to get modal
parameters of a dynamical system using force and vibration measurements [3] .

These parameters are typically used to design optimal control laws whereas in
the field of structural health monitoring they are used to detect and evaluate

system damage [4] Avery powerful algorithm to perform system identification

is Eigensystem Realization Algorithm with Data Correlation using
Observer/Kalman Filter Identification Method (ERA/DC OKID). This method

was originally developed by Juang [5], [6]. This numerical procedure is able to

constructa state-space representation of a mechanical system starting from input
and output measurements even in presence of process and measurement noise.
Another important algorithm is the Numerical Algorithm for State Space
Subspace System Identification (N4SID). This method was originally developed

by Van Overschee and De Moor [7] On the other hand, when all degrees of

freedom are instrumented with a force and/or an acceleration transducer, an
efficient numerical procedure can be implemented to construct a second-order
models of the mechanical system starting from state-space representations
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(MKR) [8], [9]. [10]. Experimental investigations show that the Eigensystem

Realization Algorithm with Data Correlation using Observer/Kalman Filter
Identification Method (ERA/DC OKID), as well as Numerical Algorithm for
State Space Subspace System Identification (N4SID), correctly determines

system natural frequencies and damping ratios [11]. On the other hand, the

method to construct second-order models from state-space representations
(MKR) properly identifies mass and stiffness matrices but it fails in esteeming

damping matrix because actual measurements are never noise-free [12], [13].

Nevertheless, if the real system is lightly damped, an efficient procedure can be
developed to identifying in a direct way system damping matrix from state-space

realization by assuming proportional damping hypothesis [12], [13].
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3.2. STATE SPACE REPRESENTATION

Consider a linear mechanical system with multiple degrees of freedom. The
system equations of motion are a set of n, coupled second-order differential

equations, where n, is the number of system independent coordinates. These

equations can be expressed in matrix notation as:

MK(t) + RX(t) + Kx(t) = F(t) (3.1)

Where Xx(t) is a R"™ vector representing the system generalized
displacement vector which describe the system dynamic, M, K and R are
R™"™ matrices representing respectively the system mass, stiffness and
damping matrices and F(t) is a R™ vector of external applied forces. In
practical application not all the degrees of freedom are excited by an external
force and therefore the vector of forcing functions F(t) is typically expressed as
a linear combination of an input vector. Indeed:

F(t) =B,u(t) (3.2)

Where u(t) isa R" input vector and B, is a R™" matrix characterizing

the location and the type of inputs. On the other hand, in control problem there is
another set of equations describing the output quantities in terms of the variables
which describe the system dynamics, namely the measurement equations. The
measurement equations are a set of m coupled algebraic equations, where m is
the number of the output variables of interest. The measurement equations
express the vector of output measurements as a linear combination of the system
generalized displacement, velocity and acceleration vectors. These equations can
be written in matrix notation as:

y(t) = C,x(t) + C,x(t) + CX(t) (3.3)
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Where y(t) isa R™ vector containing the measured output quantities and
C,, C, and C, are R™™ matrices representing respectively the output

influence matrices for displacement, velocity and acceleration. Note that in
practical applications the number of output quantities of interest m is typically

lower than the numbers of system degrees of freedom n, because it is

impractical, or even impossible, to instrument each system degree of freedom
with a sensor. The sets of equations of motion and measurement equations
describe respectively the system dynamics and the measurement evolution in

time by using n, configuration variables such as physical coordinate vectors. On

the other hand, these sets of equations can also be equivalently represented in
different forms by using n=2n, state variables defined as follows:

z(t) = [;1((?)} =

_[x
ol

Where z(t) is a R" state vector composed of system generalized

(3.4)

displacement and velocity vectors. Indeed, assuming that the mass matrix M is
a non-singular invertible matrix, the equations of motion can be rewritten in
terms of the state vector z(t) as follows:

{ 2,(t) = 2,(t) (3.5)

2,(t) =-M"'Rz,(t) - MKz, (t) + MB,u(t)

Where an identity equation deriving from the definition of the state vector
has been adjoined as first vector equation. Consequently, the original second-
order equations of motion can now be rewritten in first-order form as:

z(t)=A.z(t)+B.u(t) (3.6)
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Where A_ isa R™" matrix representing the continuous-time system state

matrix and B, is a R™" matrix representing the continuous-time system state

influence matrix. These matrices are respectively defined as:

{ . I }
A = ., o (3.7)
-M"K -MTR

B, = © 3.8
c M—le ()

In addition, the output equations can be expressed in terms of the state
vector z(t) as:

y(t) =Cz(t) + Du(t) (3.9)

Where C isa R™" matrix representing the output influence matrix and D

is a R™" matrix called direct transmission matrix. These matrices can be
respectively computed as:

c=[¢,-C,M'K C,-CM'R] (3.10)

D=C,M'B, (3.11)

The sets of equations of motion and measurement equations constitute a
continuous-time state-space model of the dynamical system. The state-space
model describes the relationship between the inputs and the outputs of a system

between an intermediate variable named the state vector z(t). It is worth to

point out that the state-space model is coordinate dependent. Indeed, let the state
vector be transformed by a new set of coordinates:

2(t) = TZ(1) (3.12)
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Where T is a R™" matrix representing an invertible coordinate
transformation. According to this coordinate transformation, the state-space
model become:

Z(t)=AZ(t)+B.u(t) (3.13)
y(t) = CZ(t) + Du(t) (3.14)

Where A_, B, and C are respectively R™", R™ and R™" matrices
representing the state matrix, the state influence matrix and the output influence
matrix referred to the transformed state Z(t) . These matrices can be computed
as:

A =TAT" (3.15)
B, =T'B, (3.16)
C=CT (3.17)

This transformed state-space model is related to the original one by a
similarity transformation in the sense that the transformation T preserves the
eigenvalues of the state space matrix A_. In addition, the transformed state-

space model describes the same input-output relationship as the original state
space model. Note that the direct transmission matrix D is coordinate
independent. The state-space representations of system equations of motion can
be reformulated in a symmetric form. The symmetric reformulation of system
state-space model can be achieved in at least two ways. The first method
considers the following formulation of system equations of motion in terms of
the state vector z(t):



SYSTEM IDENTIFICATION 181

{Rzl(t) +Mz,(t) = -Kz,(t) + B,u(t) (3.18)

Mz, (t) = Mz, (t)

Where an identity equation has been adjoined as second matrix equation.

Consequently, the second-order equations of motion can be rewritten in first-
order form as:

V. z(t) =S z(t) + N u(t) (3.19)

Where V_ and S_ are R™ symmetric matrices and N_ is a R™" matrix
respectively defined as:

"o

V, = (3.20)

M O

s -| K © 3.21
c O M ( )
N = B, 3.22
= o (3.22)

This is the first method to obtain a symmetric formulation of the system
state-space model. The second method to derive a symmetric representation of
the system state-space model is based on the following formulation of system
equations of motion in terms of the state vector z(t):

{ -Kz,(t) = -Kz,(t) (3.23)

Mz, (t) = -Kz,(t) - Rz, (t) + B,u(t)
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Where an identity equation has been adjoined as first matrix equation.
Similarly to the previous case, the second-order equations of motion can be
expressed in first-order form as follows:

V. z(t) =S z(t) + N u(t) (3.24)

Where V, and S_ are R™" symmetric matrices and N_ is a R™" matrix
respectively defined as:

S

V, = (3.25)

O M

S 3.26

c —K —R ( . )
N | © 3.27
c B2 ( . )

Note that the symmetric formulations of the state-space representation of
the system equations of motion are both ascribable to the standard one observing

that the state transmission matrix A_ and the state influence matrix B, can be

expressed using the matrices V,, S, and N, . Indeed:
A, =V.'S, (3.28)
B.=V.'N, (3.29)

One of the major advantages of representing the equations of motion in a
state-space formulation is that the now the equations assume the form of a
system of first-order matrix differential equations and therefore they can be
solved in a straightforward manner by using Duhamel principle to yield:
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2(t) = e Yz, + [ B () (3.30)

Where z, is a R" vector containing the initial conditions. The output

vector can be directly computed by using this expression of state vector to yield:
ya)=Ck&“%&0+Cfe““ﬂBJKﬂdr+Dua) (3.31)

The solution of system first-order differential equations of motion can be
used to convert the continuous-time state-space model to a discrete-time
representation for digital control considering the zero-order hold mechanism. A
zero-order hold device takes a continuous signal and turns it in a stepwise one in
which the signal is sampled and held for a certain interval of time. In practice,
when a control system is implemented by a computer, the inclusion of a sample
and hold device is routine. If the sampling interval is At, the sampling

frequency f_ is equal the inverse of the sampling interval At and the Nyquist
frequency f,,, that is the maximum frequency captured by the sampling process

or, in other words, the frequency at which the aliasing phenomenon starts
occurring, is equal to one half of the sampling frequency f_. Indeed:

1
f =— 3.32
= AL (3.32)
m=§n=
3.33
1 (339
2At

Consider the following discrete sampling interval:

t=0, At, 2At, ..., kAL, (K +DAL, ... (3.34)
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Assume that the input vector is held constant and equal to u(kAt) over the
time interval from t, = kAt to t = (k +1)At by a zero-order hold device:

u(t) =u(kAat) , kAt<t<(k+1)At , k=123,... (3.35)

The solution of the continuous-time state-space model can be rewritten by
using zero-order hold assumption as:

2((k+1)At) = e*z(kat) + [ MR y(katdr =

A (3.36)
=e"Mz(KAt) + jo e 'dr'B,u(kAt)
Where the following change of variable has been used:
r'=(k+1)At—7 (3.37)

Using the simplified notation k for the time argument kAt, a discrete-time
representation of system equations of motion can be obtained from the previous
equations:

z(k +1) = Az(k) +Bu(k) (3.38)
Where A is a R™" matrix representing the discrete-time system state

matrix and B is a R™" matrix representing the discrete-time system state
influence matrix. These matrices are respectively defined as:

A=ehM (3.39)

B- J’OM e dr'B, (3.40)
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The discrete-time state matrix A and the discrete-time state influence
matrix B can be explicitly computed from their continuous-time counterparts
directly utilizing their definitions:

A — eAcAt —

=1+A_At +%A§At2 + %A‘EAP +

o 3.41
:I+Z(£A‘;Atkj: (3.41)
k!
=Z(iA§Atkj
k!
B=|[ e"drB, =
2_12 1 3 li
—j (+AZ‘+ A’z +6A .jdrBC:
At
=17 +1Acz’ +1A§z"3+iAiz"4+... B, = (3.42)
2 6 24 )

= IAt+lACAt2+£A§At3+iA§At4+... B, =
2 6 24

= z(iAglAtkj B,
a (k!

If none of the eigenvalues of A, are zero, then A exists and the

expression for B can be further simplified to yield:
B= Agl(A— I)Bc (3.43)

On the other hand, by using zero-order hold assumption the output
equations can be sampled at each instant in an analogous fashion to yield:
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y(k) =Cz(k) + Du(k) (3.44)

Note that output influence matrix C and the direct transmission matrix
D do not change in the discrete-time representation. The sets of discretized
equations of motion and discretized measurement equations constitute a discrete-
time state-space model of the dynamical system. Note that a similarity
transformation of the discrete-time state space model produces similar effects as
in the case of continuous-time state space model, namely the eigenvalues of the
discrete state matrix are unchanged as well as the input-output relationship.
Because experimental data are always discrete in practice, these sets of
equations form the basis for applied system identification of linear, time-
invariant, dynamical systems. It is worthto notice that a continuous-time system
can be represented by a discrete-time one which exactly describe its time
evolution in the sampling instants. This model is very different from a
discretized model which can be obtained by the numerical approximation of the
time derivatives with a finite difference scheme. Indeed, the discrete-time model
has been obtained by actually integrating the state equations over each
successive time interval and therefore the system response derived from the
discrete-time model is correct in the sampling instants. On the other hand, unlike
the discrete time model, a finite difference scheme is not able to represent
exactly the system response at the sampling instants no matter how small the
approximation error is.
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3.3. MODAL ANALYSIS OF STATE SPACE
MODEL

Consider the continuous-time state-space representation of the equations of
motion of a linear time-invariant dynamical system and assume that there are not
external inputs. The equations of state are:

2(t) = A z(t) (3.45)

The solution of these differential equations can be found supposing that the
state vector assumes this form:

z(t) = ye™ (3.46)

Where y is an R" unknown vector and 4, is an unknown scalar. The

assumed solution must satisfy the state equations and therefore to impose it the
supposed solution can be put into the state equations in order to get:

(A, —2)w=0 (3.47)
This is an eigenvalue problem for the state matrix A_ that can be restated
in the standard form as follows:

Ay =1y (3.48)

The results of this problem is a set of n complex conjugate eigenvalues:

ic j— :_g'a)n'_ia)n' 1_52
2j-1 i%n,j x ! , j=12,...,n (3.49)

. . 2
;Lc,zj—l __gja)n,j +lo, ; 1_§j



188 SYSTEM IDENTIFICATION

These complex conjugate eigenvalues A ; correspond to asetof n natural
frequencies @, ;, a set of n damping ratios &; and to a set of n complex

conjugate eigenvectors j which represent the system mode shapes. The sets of

eigenvalues and eigenvectors can be grouped in a matrix form as:

A, =diag(A;, A v eoor Apgr Aon) (3.50)
Y=[y, v, ... v, ¥,] (3.51)

Where A_ is a R™" diagonal matrix containing the system eigenvalues

and ¥ isa R™" matrix containing the system eigenvectors stacked by column.
By using these definitions the eigenvalues problem of state matrix A can be

restated in matrix form as:
AY=YA, (3.52)

Assume that ¢; are the n, eigenvectors of system equations of motion

written in physical coordinates. This set of eigenvectors can be put in a matrix
form as:

W=[o, ¢; ... 9, o] (3.53)
Where W is a R™" eigenvector matrix. The state-space eigenvector

matrix W can be expressed using the physical coordinate eigenvector matrix
W and the eigenvalues matrix A as:

v
¥ = (3.54)
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At

Note that the matrix exponential e”= can be computed by using the spectral

decomposition of the state matrix A_ as follows:

e = wetlyt (3.55)

On the other hand, consider the eigenvalue problem of the discrete-time
system state matrix A:

AY = WA (3.56)

Where A is a R™" diagonal matrix containing the discrete-time system
eigenvalues and ¥ is a R™" matrix containing the system eigenvectors stacked
by column. The discrete-time system eigenvalues are related to the continuous-
time system eigenvalues by the following matrix equation:

A=e*N (3.57)

Where At is the time interval of the digital sampling. Note that the
continuous-time system eigenvectors and the discrete-time eigenvectors are
represented by the same matrix ¥ because they are identical. On the other hand,
the converse transformation from discrete-time eigenvalues to continuous-time
eigenvalues can be written as:

1
A, =—In(A) (3.58)

It is important to note that the transformation from the discrete-time model
to the continuous-time model is not unique. Indeed, the imaginary part of a
natural logarithm of a complex number can be adjusted by the addition of a
multiple of 27z which allows the reconstructed continuous-time eigenvalues to
take on different values. For instance, for the generic eigenvalue 4, :
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]‘c,jAt _
At+i2k (3.59)
e N Y/
In(A,
4 yi2r_In) . VkeZ (3.60)

© At At

This correspond to the fact that any two frequencies which differs by a

multiple of 2A_7tr are actually indistinguishable when observed at the sampling

1 . . - .
frequency f, = e Therefore, in practical applications to correctly interpret

natural frequencies of physical system either the sampling interval At must be
sufficiently short or a filter must be added to prevent that frequencies beyond the
Nyquist frequency are interpreted as real frequencies. Consider now the
following modal transformation of coordinates for the discrete-time state-space
model:

2(k) = ¥p(K) (3.61)

Where p(k) is a R" discrete-time modal state vector. By using this

coordinate transformation a modal model of system discrete-time state-space
representation can be obtained as:

pk+1) =A, pk)+B,u(k) (3.62)
y(k) =C,p(k)+ Du(k) (3.63)
Where A, B, and C,, arerespectively R™", R™" and R™" matrices

representing the modal state matrix, the modal state influence matrix and the
modal output influence matrix. These matrices can be computed as:
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A =A (3.64)
B,=Y"'B (3.65)
C,=C¥ (3.66)

Indeed, the discrete-time modal state matrix A_ is exactly equal to the
discrete-time eigenvalue matrix A . The modal state matrix A contains the
information of system natural frequencies and damping ratios whereas the modal
state influence matrix B, define the initial mode amplitudes and the modal
output influence matrix C_ represent the mode shapes at the sensor points. All

the modal parameters of a dynamic system can thus be identified by the triplet of
matrices A, B, and C_ . It is important to realize that system modal

m

parameters are unique for a given state-space model and therefore the triplet of
modal matrices A, B, and C_ are coordinate independent as well as the

direct transmission term D.
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3.4 MARKOV PARAMETERS

Consider a discrete-time state-space model described by the following set
of equations:

2(k +1) = Az(k) + Bu(k) (3.67)
y(k) = Cz(k) + Du(k) (3.68)

The computation of system response to a general input vector u(k) can be
easily performed because the integration action is already built into the model.
Indeed:

z(k) = A"z(O)+Zk:(A”Bu(k -) (3.69)

=1

y(K) = CAkz(0)+CZk:(Aj‘lBu(k — 1))+ Du(k) (3.70)

=L

Where z(0) is a R" vector containing the initial state. Note that the
response of the discrete-time model differs from the response of the continuous-
time model because in the discrete-time case the input functions are discretized
with a zero-order hold device. Consider now a series of pulse functions applied
at initial instant for each input:
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1 0
uk =0)= 0 , uk >0) = O
-z :O:
1 0
utk =0)= E : uk >0)=| . (3.71)
_O_ _O_
o o
utk =0)= 0 : u(k >0) = O
_1_ _O_

When the substitution of this input series is performed in the system
response assuming zero initial conditions, the results can be assembled into a
sequence of pulse-response matrices:

H,=0, H,=B, H,=AB, .., H =A“B (3.72)
Y,=D, Y,=CB, Y,=CAB, ..., Y,=CA“'B (3.73)

Where H, and Y, are respectively R™ and R™" matrices which are

known as system Markov parameters. Note that these parameters are related by
the following equations:

Y,=CH, , k=12... (3.74)

System Markov parameters can be obtained from experimental data and are
typically used as the basis for system identification algorithms. Indeed, it
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straightforward to realize that the discrete-time state-space model is embedded
in the Markov parameters sequence. Since the Markov parameters sequence is
simply the pulse response of the system, they must be unique for a given system.
Therefore any coordinate transformation of the state vector yields the same
system Markov parameters. Using the definitions of system Markov parameters,
the system response to a general input vector assuming zero initial conditions
can be rewritten as:

z(k):zk:(Hju(k— ) (3.75)
y(K) =Z(Yju(k— i) (3.76)

These equations shows that the contributions to the state z(k) and to the
output y(K) attime step k given by the input u(k) and by the input u(k — j)
applied at the previous time steps are weighted by the Markov parameters.
Therefore the pulse response sequence is also known as the weighting sequence
and the input-output description is called weighting sequence description. The
weighting sequence description uses the pulse response sequence to characterize
the input-output relationship instead of using the state description. The
advantage of this description is that the dimension of the matrix sequence
needed is determined by the number of inputs r and outputs m only, regardless
the order of system state n. On the other hand, the disadvantage of this
formulation is that for lightly damped systems a large number of terms must be
retained in the summation of the weighting sequence description to obtain a
satisfactory approximation. To overcome this problem, the discrete-time state-
space model can be slightly modified introducing an observer which provide an
estimate of system state from inputs and outputs measurements. The discrete-
time state-space model with the introduction of the state estimator becomes:

2(k+1) = Az(k) +Bu(k) -G(y(k)—y(k)) (3.77)
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§(k) = C2(k) + Du(k) (3.78)

Where 2(k) is an R" estimated state vector, ¥(k) is an R™ estimated

output vector and G is an R™™ observer matrix. These equations forms a
discrete-time state-space observer model of a dynamical system. The discrete-
time state-space observer state equations can be rewritten in a compact form as
follows:

5(k +1) = A2 (k) + Bv(k) (3.79)

Where A is a R™" discrete-time observer state matrix, B is a R™(™™
discrete-time observer state influence matrix and v(k) isa R"™™ generalized
input vector respectively defined as:

A=A+GC (3.80)

B=[B+GD -G] (3.81)
u(k)

k) = 3.82

-\ @82

Note that by using the previous definitions the discrete-time state-space
observer model appears identical in form respect to discrete-time state-space
model. However, the eigenvalues of observer state matrix A are moved from
the eigenvalues of the state matrix A as a consequence of the introduction of
the observer matrix G . Therefore, since the observer matrix G can be arbitrary

chosen, the observer state matrix A can be made as asymptotically stable as
desired. In practical applications the presence of process and measurement noise

suggests to choose the Kalman filter as gain matrix G . Since the discrete-time
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state-space observer model is analogous in form to the continuous-time state-
space model, a set of Markov parameters can be defined in a similar way:

I
©
I
wl
I
I
DI
@

.., H =A“B (3.83)
Y,=D, Y,=CB, Y,=CAB, ..., Y,=CA“B (3.84)

Where H, and Y, are respectively R™"*™ and R™*™ matrices which

are known as observer Markov parameters. Similarly to system Markov
parameters, observer Markov parameters are related by the following equations:

Y, =CH, , k=12,... (3.85)

Developing the definitions of observer Markov parameters, these matrices
can be expressed in a slightly different form as:

A =[AP O] (3.86)
v =[Y0 @] (3.87)

Where HY, H?, Y® and Y? are respectively R™, R™™, R™" and

R™™ matrices defined as:

H® = (A+GC)“*(B+GD) (3.88)
H® = (A+GC)“'G (3.89)
Y® =C(A+GC)**(B+GD) (3.90)

Y? =C(A+GC)“'G (3.91)
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The observer Markov parameters can be obtained from experimental data
and they can be used to as a basis to compute system Markov parameters.
Therefore, the observer Markov parameters can be used rather than identifying
the systems Markov parameters, which can exhibit very slow decay for lightly
damped systems. Indeed, the primary purpose of introducing an observer matrix
G is as an artifice to compress the data and to improve the identification results
at the same time. The matrix G can thus be chosen in an optimal way in the
sense that the number of computed parameters is the minimum number needed
to describe the system input-output relationship. This means that in the case of
lightly damped structures, the system can be described by a relatively small
number of observer Markov parameters instead of an otherwise large number of
system Markov parameters. Consider now the response of discrete-time state-
space observer model to a generalized input vector v(k). This response can be

easily computed assuming zero initial conditions as follows:

2(k) = zk:(ﬂj‘lév(k - 1)) (3.92)

(k) :czk:(A“E‘;v(k— j))+Du(k) (3.93)

Using the definitions of observer Markov parameters, the observer system
response to a general input vector can be rewritten as:

k

2(k):Z(Fljv(k—j)) (3.94)

i=0

k

y(k)=>(Yv(k- ) (3.95)

j=0
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The estimated output vector y(k) can be rewritten by using the matrix
partition of observer Markov parameters \_(k and the definition of the

generalized input vector v(k) as:

=1

(k) + i(\?}z)y(k -0)= Zk:(\?j@’u(k —1))+Du(k)  (3.96)

The observer state matrix A can be made sufficiently stable with a proper
choice of the observer matrix G and consequently AP can be neglected, where
p is a relatively small integer. Therefore, for atime step k greater than p, the
estimated output Y (k) closely approaches the measured output y(k) because

the estimation error is related to the power of observer state matrix A which
approaches zero. Indeed, for a sufficiently large k :

y (k) + Zp:(\?j(z)y(k -1)= i(\?}”u(k -1))+Du(k)  (3.97)

=1

This matrix equation is called the linear difference model for multiple input
and multiple output linear time-invariant dynamical systems alias
Autoregressive model with Exogeneous input or ARX model. The ARX model
represents the input-output description of discrete-time state-space observer
systems similar to the weighting sequence description of discrete-time state-
space systems. Note that this description is based on the assumption of zero
initial conditions or that the system is in the condition of a steady state. The
coefficients of the finite difference model can be experimentally computed from
input and output data together with the observer matrix. Indeed, define the
following sequence of Markov parameters:

H=G, HI=AG, .., H =AG (3.98)

Y. =CG, Y{=CAG, ..., Y =CA“'G (3.99)
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Where H) and Y, are respectively R™™ and R™™ matrices which are

known as observer gain Markov parameters. Similarly to system Markov
parameters and to observer Markov parameters, observer gain Markov
parameters are related by the following equations:

Y)=CH! , k=12,... (3.100)

In addition, the ARX model can be expressed in a compact form grouping
together the observer Markov parameters:

y(k) = i(?jv(k - j))+ Du(k) =

(3.101)

> (¥,vtc- 1)

]

The coefficients of the finite difference model can be computed from input
and output data.
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3.5. OBSERVER/KALMAN FILTER
IDENTIFICATION METHOD (OKID)

The Observer/Kalman Filter Identification Method is an identification
algorithm which allows to compute Markov parameters from a given set of
experimental input and output data. Consider a set of input and output data
record of length |. The ARX representation of input and output data can be
formulated for each time step and grouped in a matrix form to yield:

Y=LV (3.102)

p-p

Where Y, L, and V, are respectively R™', R™("™P ang

RH+mPX matrices defined as:

Y=[y(0) y@ y@ ... y(-1] (3.103)
L=[Y Y Y, ... Y] (3.104)
u©® u@® ... u(p) ... u(-1
v, = O v(:O) v(p:—l) v(I:—2) (3.105)
0 0 ... wvO .. v(l-p-)

The block matrix Ep contains the sequence of first p observer Markov

parameters which are necessary for the ARX input/output description of the
system. These parameters can be recovered from experimental input and output
data by least-squares method yielding:

L,=YV! (3.106)
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Where V' is a R™+*mP) matrix which represents the Moore-Penrose
pseudoinverse of matrix Vp. Once that observer Markov parameters has been

computed from input/output data, the system Markov parameters and the
observer gain Markov parameters can be experimentally computed in the
following way:

D=Y,=Y,
k
Y, =YY YOy, k=12,...,p (3.107)
j=1
P _
Y =—>Y?Y, . , k=p+Lp+2..
j=1
Y, =CG=Y/?
—_— kil_
Y=Y -3YPY . k=23..p (3.108)
j=1
b _
Yi=->YOY), |, k=p+lp+2,...
j=1

The previous two sets of equations show that from time step p+1 the

system Markov parameter and the observer gain Markov parameters become a
linear combination of the past Markov parameters. Consequently, there are only
p independent system Markov parameters and observer gain Markov

parameters. It can be proved [5] that the number of observer Markov

parameters P must be chosen such that mp =n, where m is the number of

outputs and n is the order of system. The number p determine thus the
maximum number of independent system Markov parameters and therefore the
product mp represents the upper bound on the order of the identified system



202 SYSTEM IDENTIFICATION

model. On the other hand, consider the case in which a system discrete-time
state-space model is available from a theoretical investigation or from an
experimental identification. In this case, the identified observer matrix G can be

computed by the recovered sequence of observer gain Markov parameters Yk0

and exploiting the knowledge of system state matrix A and output influence
matrix C. Indeed, consider the following matrix equation derived from the
definition of observer gain Markov parameters:

PG=Y, (3.109)

Where P, and Yg are respectively R™" and R™ ™ matrices defined as:

P = (3.110)

YO=| (3.111)

Therefore, the observer gain matrix G can be computed by using least-
squares method as:

_ p+\wvo
G=PY (3.112)
Where P; is a R™"*™P) matrix which represents the Moore-Penrose

pseudoinverse of matrix P, . Finally, it can be proved that if the data length | is

sufficiently long and if the order of the observer p is sufficiently large, then the
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identified observer matrix G computed from the combined Markov parameters

coincides with the steady-state Kalman filter gain K which produces the same
input and output map. Indeed:

G=-K (3.113)

In practical applications the identified filter matrix G is not a steady-state
Kalman filter gain because of the presence of disturbances, nonlinearities, non-
whiteness of the process and measurement noises, etcetera. In this case, the
identified filter is simply an observer that is computed from input and output
data which minimizes the filter residual in a least-squares sense.
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3.6. EIGENSYSTEM REALIZATION
ALGORITHMWITH DATA CORRELATIONS
(ERA/DC) USING OBSERVER/KALMAN FILTER
IDENTIFICATION METHOD (OKID)

Eigensystem Realization Algorithm (ERA) is a numerical method which is
able to derive a state-space realization of a dynamical system starting from

system Markov parameters [5] [6] A realization is a triplet of state-space

matrices A, B and C representing the state-space model of a dynamical
system which can be extracted from a given set of system Markov parameters.
Any dynamical system has an infinite number of realization which reproduces
the same input-output mapping. Minimum realization means a model with the
smallest state-space dimensions among all realizable systems that have identical
input-output relationship and all minimum realizations have the same set of
modal parameters. The basic development of the state-space realization methods
is attributed to Ho and Kalman, who introduced the principles of minimum

realization theory for first [14]. The Ho-Kalman method uses the generalized

Hankel matrix to derive a state-space representation of a linear dynamical
system starting from noise-free data. This method has been modified and
substantially extended by Juang to develop the Eigensystem Realization
Algorithm (ERA) and subsequently the Eigensystem Realization Algorithm with
Data Correlation (ERA/DC) in order to identify a state-space model from system

Markov parameters obtained from noisy measurement data[5], [6]. Afterwards,
Juang developed a method named Eigensystem Realization Algorithm with Data
Correlation (ERA/DC) using Observer/Kalman Filter Identification Method

(OKID) which is able to compute simultaneously a state-space realization and an
observer gain matrix of a dynamical system starting directly from noisy input-

output data [5], [6]. The Eigensystem Realization Algorithm (ERA) begins by

forming the generalized Hankel matrix composed of system Markov parameters,
which is defined as:
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Y, Y. .. Y,

k+p-1
Y, Y, e Y,
Hk-1=| ™ %% 7 o (3.114)
Ykﬂz—l Yk+a Yk+a+/i’—2

Where H(k —1) isa R“™"" block data matrix and o, S are two integer
assumed larger than system order n. Usually, for a datarecord of length |, « 5
set equal to p and S is set equal to | —p. Using the definition of system

Markov parameters Y, the generalized Hankel matrix H(k—1) can be
decomposed as:

H(k-1)=P,A'Q, (3.115)

Where P, and Q, are respectively R“™" and R™" matrices

representing the observability matrix and the controllability matrix defined as:

C
CA
P, =| CA? (3.116)
[CA“?
Qﬁ:[B AB A’B ... A“B] (3.117)

In general, a linear time-invariant dynamical system of order n is
observable if and only if its observability matrix P, has rank n. An observable
system is a dynamical system whose state at a generic time step a can be
reconstructed knowing the input and output sequences over the finite time
interval 0 <k <« . On the other hand, a linear time-invariant dynamical system
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of order n is controllable if and only if its controllability matrix Q , has rank
n. A controllable system is a dynamical system whose state at a generic time
step S canbe reached from any initial state by some control input acting on the
system over the finite time interval 0 <k < . If the system is controllable and
observable, then the block matrices P, and Q, are both of rank n. For k =1

and for k =2 the generalized Hankel matrix H(k —1) becomes:

Y, Y, Y,
H(0) = :2 Y:3 Yf” (3.118)
Y, Yau Ya+ﬂ—l
Y, Y, Y|
HQ) = TS \f“ Y"f*z (3.119)
Yo Yoo Ya+ﬁ' ]

Note that Y, =D is not included in H(0). These matrices can be
respectively decomposed as follows:

H(0)=P,Q, (3.120)
HD) =P,AQ, (3.121)

If the system is controllable and observable, the Hankel matrix H(O) is
rank n and the maximum order of the identified system is equalto am. The
next step of Eigensystem Realization Algorithm (ERA) is the factorization of the
Hankel matrix H(0) by using the Singular Value Decomposition method

(SVD) [15] to yield:
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H(0) = RZS' (3.122)

Where X is a R*™/" diagonal matrix containing the singular values of
matrix H(0) whereas R and S are respectively R“™™ and R/
orthonormal matrices containing the left singular vectors and the right singular
vectors of matrix H(0). These matrices can be respectively partitioned as
follows:

X, O
Y= (3.123)
O O
R=[R, R,n.] (3.124)
S=[S, Su.] (3.125)
Where X, R, R, ., S, and S, are respectively R™, R“™",

R RA and RA™T matrices. The matrix X is a diagonal matrix

containing the significant singular values of the system. Indeed:
X =diag(o,,0,,...,0,) (3.126)

Because of measurement noise, nonlinearity and round-off errors, the
Hankel matrix H(0O) is typically of full rank which generally is not equal to the
true order of the system under test. Therefore, in order to do not reproduce
exactly the noise sequence of data, or rather to get a realization which
reproduces a smoothed version of input-output data and that closely represents

the underlying linear dynamics of the system, the Hankel matrix H(O) can be
approximated as:

H(0)=R X S/ (3.127)

n=n=n
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One interpretation of this factorization is that the observability matrix P_ is

related to the left singular vector matrix R~ and the controllability matrix Q , is

related to the right singular vector matrix S_ . Indeed, it can be proved [5] [6]

that the identified observability and controllability matrices can be computed as:

P = R XV (3.128)

Q,=1X°S, (3.129)

This choice of observability and controllability matrices Isa and Qﬂ

appear to be balanced in the sense the observability and controllability
grammians are equal and diagonal. Indeed:

PP, =X, (3.130)
Q,Q} =2, (3.131)

The fact that the observability and controllability grammians are equal and
diagonal implies that the identified state-space model is as observable as it is
controllable. This means that the identified state-space model is an internally
balanced realization in the sense that the signal transfer from the input to the
state and from the state to the output are similar and balanced. Once that the

observability matrix F:’a and the controllability matrix Q » have been identified,

the output influence matrix C and the state influence matrix B can be
respectively identified from the first m rows of the observability matrix I5a and

from the first r columns of the controllability matrix Qﬂ. Indeed:



SYSTEM IDENTIFICATION 209

C-ELp, -
_ET R 2 (3.132)
B=QsE, = (3.133)
_yU2QTR '
— ~n Mn™pr

Where E and E;  arerespectively R“™ and R”™" Boolean matrices
defined as:

Ern=[lom Onm - Oun] (3.134)

E, =[l,, O, ... O] (3.135)

On the other hand, using the factorization of Hankel matrix H(1) and the

identified observability and controllability matrices |5a and Q rE it can be

proved [5], [6] that the identified state matrix A can be computed as:

A=x ?RTH(1)S, Z (3.136)

In brief, the Eigensystem Realization Algorithm (ERA) leads to the
following identified state-space model:

A=x?RTH(1)S, Z 2
B=X'S'E,
EoET R g2 (3.137)

D=Y,=Y,
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It is worth noting that the identified state-space model is not unique in the
sense that it is coordinate dependent. Nevertheless, the state-space realization
obtained by Eigensystem Realization Algorithm (ERA) is a minimum order,
controllable and observable realization whose modal parameters are identical to
the modal parameters of the true system. Now consider the Eigensystem
Realization Algorithm with Data Correlations (ERA/DC). This method utilizes a
set of correlation matrices derived from Hankel matrices. Indeed, define the
following correlation matrix:

Ay (K) = H(K)H' (0) =

I Y Yk+2 Y Yl

k+l k+ s
[ Yer Yo e | Y Ve |
Yo Yian Yrarpa || Yo o Yau Yoipt
) BN e YL
S0 BVl S (Nea¥)

(3.138)

Where A, (k) is a R*™“™ square matrix obtained from the correlation

between the Hankel matrix evaluated at the generic time step k and the Hankel
matrix at the initial time step. Indeed, the correlation matrix A, (k) consists of
auto-correlations and cross-correlation of system Markov parameters at lag time
of values from k to k+a. Therefore, if the noises in system Markov
parameters are not correlated, then the correlation matrix A, (k) contain less

noise than the Hankel matrix H(K). The block data correlation matrix A, (k)
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can be factorized by using the factorization of Hankel matrices H(0) and H(k)
in terms of the observability and controllability matrices P, and Q , as follows:

Ay (K)=H(K)H' (0) =
=P,A“Q,Q}P, = (3.139)
=P A'Q,

Where Q, is a R™*™ matrix representing a mixed controllability-
observability matrix defined as:

Q.=Q,Q}P] (3.140)

The next step of the Eigensystem Realization Algorithm with Data
Correlations (ERA/DC) is the definition of the block correlation Hankel matrix

H, (k) whose block elements are the data correlation matrices A, (k) shifted

in time with multiple of time lag 7 . Indeed:

Ay (K) Ay (K+7) Ay (k+07)
H(K) = Ay (:k+2') A (k:+22') Ay (K +:(5+1)2')
Apyk+yr) Aga(k+(+D7) ... Ay (k+(y+9)7)
(3.141)

Where H, (k) is a ROD*™E0e™ matrix, The integers » and & define

how many correlation lags are included in the analysis. Exploiting the
factorization of correlation matrix A, (k), the block correlation Hankel matrix

H, (k) can be decomposed as:

H, (k) =P A'Q; (3.142)
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Where P and Q, are respectively RU™™" and R™“™ matrices

representing the block correlation observability matrix and the block correlation
mixed controllability-observability matrix. These matrices are defined in terms
of the observability matrix P_ and mixed controllability-observability matrix

Q. as:

PO!
PA
P =|PA¥

L PU‘A}/T .

Q,=[Q. AQ, A™Q,

(3.143)

A&QC] (3.144)

For k=0 and for k=1 the block correlation Hankel matrix H, (k)

becomes:
Aw©@ A ()
| M@ Aw(@)
A (79) A (D7)
Aw®  Aw o)
| M@ A0

A Q+y7) Ay @+ (y+D7)
(3.146)

Ay (07)
A ((6:5+1)T) (3.145)

Ay (7 +0)7)

Ay (1+07)
Ay @+ (0+D)7)

Ay A+ (7 +6)7)
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These matrices can be respectively decomposed in terms of the block
correlation observability matrix Py and of the block correlation mixed

controllability-observability matrix Q as follows:
H,(0)=PQ, (3.147)
H.@Q= PAQ; (3.148)

Similarly to the Eigensystem Realization Algorithm (ERA), the next step is
the factorization of the block correlation Hankel matrix H, (0) by using the

Singular Value Decomposition method (SVD) [15] to yield:
H,(0)=R,X,S} (3.149)

Where X, is a RU™*™@Dam diagonal matrix containing the singular

A

values of matrix H, (0) whereas R, and S, are respectively RV« am

and RODem@Dam qrthonormal matrices containing the left singular vectors
and the right singular vectors of matrix H,(0). These matrices can be
respectively partitioned as follows:

X (0)
r o= 2 (3.150)
O O
R,=[Rys Ruguenn] (3.151)
Sy =[San Saiamn | (3.152)

Where X, . R,y Raginemns San @d Sy 5094mn are respectively

Rnxn, R(wl)amxn, R(wl)amx((;ﬂrl)am—n)’ R(éﬂ)amxn and R(5+l)amx((5+l)am—n)
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matrices. The matrix X, =~ is a diagonal matrix containing the significant

singular values of the system. Indeed:

EA,n = diag(GAyllGAyzw-'lo-A‘n) (3.153)

Even in this case, because of measurement noise the block correlation
Hankel matrix H, (0) is typically of full rank which generally is not equal to

the true order of the system. Therefore to get a realization which closely
represents the underlying linear dynamics of the system, the block correlation

Hankel matrix H, (0) can be approximated as:
H,(0)=R,.Z, .Sk, (3.154)

Similarly to the previous method, one interpretation of this factorization is
that the block correlation observability matrix Py is related to the left singular

vector matrix R,  and the block correlation controllability-observability matrix

AN
Q, is related to the right singular vector matrix S, . Indeed, it can be proved
[5]. [6] that these matrices can be computed as:

P = RA]nzlA”zn (3.155)

r

Q, =Xi?s!, (3.156)

Once that the block correlation observability matrix I57 and the block
correlation mixed controllability-observability matrix Q s have been identified,
the observability matrix Isa and the mixed controllability-observability matrix

QC can be identified from the first am rows of the block correlation
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observability matrix |57 and from the first aam columns of the block correlation

mixed controllability-observability matrix Q s - Indeed:

I/:\) = ET I/:\) =
.o (3.157)
= E(y+l)amRA,nEA,n
Q =QE Dam —
Lo e (3.158)
=ZA,nSA,nE(y+1)am
Where E .., is a RV*P“™™ Boolean matrix defined as:
T
E(y+l)am:|:|am,am Oam,am Oam,am] (3159)

In addition, once that observability matrix P, has been identified, the

controllability matrix Qﬁ can be computed from the factorization of Hankel

matrix H(0) using least-squares method. Indeed:

Q,=P/H(0) =

s . (3.160)
-(E R,.Z%) H(0)

(y+1)am

Analogously to Eigensystem Realization Algorithm (ERA), the output
influence matrix C and the state influence matrix B can be identified

respectively from the first m rows of the observability matrix Isa and from the

first r columns of the controllability matrix Qﬂ. Indeed:
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C=ElnP. = (3.161)
=E' E' R, .Zas

am—(y+l)am
B=Q,E, =

( (3.162)
=(ET

(y+)am

R,,Z\:) HOE,

On the other hand, using the factorization of block correlation Hankel
matrix H, (1) and the identified observability and controllability matrices |5a

and Qﬂ, it can be proved [5] [6] that the identified state matrix A can be

computed as:
A=X"R] H, DS, I (3.163)

In brief, the Eigensystem Realization Algorithm with Data Correlations
(ERA/DC) leads to the following identified state-space model:

A=X"’R] H, (1S, X
B= (ET

(y+)am

R. ¥¥2) H(O)E
ElrunR ) () " (3,160
C= EamE RA,nZA,n

(y+)am

D=Y,=Y,

Finally, consider the Eigensystem Realization Algorithm with Data
Correlation (ERA/DC) using Observer/Kalman Filter ldentification Method
(OKID). Basically, this method is an extension of the two previous algorithms.
Indeed, this algorithm utilizes simultaneously the combined set of system and

observer gain Markov parameters Y, and Y? , which are obtained directly from

input-output measurements by using Observer/Kalman Filter Identification
Method (OKID), to identify at the same time a state-space model and an



SYSTEM IDENTIFICATION 217

observer matrix of the system under test. As starting point, define the matrix of
combined system and observer gain Markov parameters as follows:

ro=Y, Y] (3.165)

Where I', isa R™ ™ plock matrix containing the combined system and

observer gain Markov parameters. This matrix can be used to construct a
generalized block Hankel matrix defined as:

l—‘k rk+l l—‘kJr/i—l
r r r

Hk-)= ™ 0 Y (3.166)
l—‘kJraz—l Fk+a rk+a+ﬂ—2

Where H(k—1) is a R“™#0*™ plock data matrix containing the set of

combined Markov parameters and «, £ are two integer assumed larger than
system order n. Analogously to Eigensystem Realization Algorithm (ERA), for
a datarecord of length |, « issetequalto p and S is setequalto | —p. The

combined Hankel matrix H(k —1) can be factorized as:
H(k-1)=P,A"Q, (3.167)

Where P, and Q, are respectively R“™ and R”"*™ matrices
representing the observability matrix and the combined controllability matrix.
Indeed, the matrix Qﬂ is defined as follows:

Q,=[B AB AB .. AMB] (3.168)
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Where B is a R™™™ matrix representing the combined state influence
matrix B and the observer matrix G . Indeed, this matrix is define as follows:

B=[B G] (3.169)

In addition, for k =1 and for k =2 the combined Hankel matrix H(k —1)
becomes:

r, T, r,

o] o e (3.170)
Fa le Fa+ﬁ4
r, T, |

HQ) = Ff r:4 . rf*z (3.171)
ra+1 ra+2 ra+ﬁ_

These matrices can be factorized by using the observability matrix and the
combined controllability matrix as:

H(0)=P,Q, (3.172)
H®)=P,AQ, (3.173)

Now consider a correlation matrix constructed using the combined Hankel
matrices to yield:
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Ay (k) = H(H' (0) =

_rk+1 1_‘k+2 1_‘k+ﬂ 1_‘1 I—‘2 rﬂ
_ I, Lo o rk+ﬁ+l r, I, .. F,B+l _
_Fk+a 1_‘k+oz+1 te rk+a+ﬁ—1 ra I—‘om—l ra+ﬁ—1
s . s . s . |
j_l(rk+jrj) ;(Fkﬂrhl) j_l(rk+jra+j—l)
p s s
— ;(Fkﬂﬂlﬂj— ) ;(Fkﬂﬂr-lj—ﬂ) ;(Fkﬂﬂrlﬂl)
B B B
jz_;(rk+a+j—lr-jl'— ) J__l(kac-f-j—ll—;lj—+l) ;(Fk+a+j—lrl+j—l)

(3.174)

Where A, (k) is a R“™“™ square matrix obtained from the correlation

between the combined Hankel matrix evaluated at the generic time step k and
the combined Hankel matrix at the initial time step. The block data correlation

matrix A,,, (k) can be factorized by using the factorization of Hankel matrices

H(0) and H(k) in terms of the observability matrix P, and of the combined

controllability matrix Q , as follows:

Ay (K)=H(K)H"(0) =
=P,A*Q,Q}P. = (3.175)
=P A*Q,

Where QC is a R™™ matrix representing a mixed controllability-

observability matrix obtained from combined Markov parameters and it is
defined as:
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Q.=0 ﬁQ;P; (3.176)

Similarly to Eigensystem Realization Algorithm with Data Correlations
(ERA/DC), the next step is the definition of the block correlation Hankel matrix

H, (k) obtained from combined system and observer gain Markov parameters

whose block elements are the data correlation matrices A, (k) shifted in time

with multiple of time lag 7 . Indeed:

Ay (K) Ay (kK+7) Ay (K+37)
AL (k) = Ay (:k+z') Ay (k:+27) A (K +:(5+l)r)
Ay k+y7) Ay (k+(+D7) ... Ay K+ (7 +8)1)
(3.177)

Where H, (k) is a ROD*™EDe™ matrix. The integers y and & define
how many correlation lags are included in the analysis. Using the factorization
of correlation matrix A, (k) the block correlation Hankel matrix H, (k)

obtained from combined Markov parameter can be decomposed as:

H,(k)=P A“Q, (3.178)

Where P and Q, are respectively R”P“™ and R™*D“™ matrices

representing the block correlation observability matrix and the block correlation
mixed controllability-observability matrix obtained from combined Markov

parameters. The matrix Q, is defined in terms of mixed controllability-

observability matrix QC obtained from combined Markov parameters as

follows:

Q;=[Q AQ A"Q, .. A"Q,] (3.179)
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For k=0 and for k=1 the block correlation Hankel matrix H, (k)

obtained from combined Markov parameters becomes:

A,y (0) Ay (7) o AL (ST)
F'A(O)= AHl-i(T) AHH:(ZT) AHH((é:‘"i']-)T) (3.180)
A7) Ay (7 +D2) .. Ay (7 +6)7)
Ay ) Ay, (L+7) o Ay @+57)
AL - Ay (+7) Ay @+27) o Ay @+ (5 +D)7)

ZHH @Q+y7) ZHH @+@+Do) ... ZHH @+ (y+0)7r)
(3.181)

These matrices can be respectively decomposed using the block correlation
observability matrix Py and the block correlation mixed controllability-

observability matrix obtained from combined Markov parameters (55 as
follows:

H,(0)=PQ; (3.182)
H.W=PAQ, (3.183)
Similarly to the Eigensystem Realization Algorithm with Data Correlations

(ERA/DC), the next step is the factorization of the block correlation Hankel
matrix H ,(0) obtained from combined Markov parameters by using the

Singular Value Decomposition method (SVD) [15] to yield:

H,(0)=R,XZ,S} (3.184)
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Where X, is a RUem(@Dem dgiagonal matrix containing the singular

A

values of matrix H , (0) whereas R, and S, are respectively RU*Dem(z+am

and REDem@Dem qrthonormal matrices containing the left singular vectors
and the right singular vectors of matrix H,(0). These matrices can be

respectively partitioned as follows:

EA{ES” g} (3.185)

Ry=[Ryn Rugipenn ] (3.186)

Ss=[5s0 Saenn] (3.187)

Where X, ., R,.. Ry oiiumn: San A S, 50,mq are respectively

Rnxn R(yﬂ)amxn R(y+l)amx((y+l)am—n) R(5+1)amxn and R(5+l)amx((5+1)am—n)

matrices. The matrix EM is a diagonal matrix containing the significant

singular values of the system. Indeed:

X, ,=0iag(5,,,5,,,-.-,54,) (3.188)

Even in this case, the block correlation Hankel matrix H, (0) obtained

from combined Markov parameters is typically of full rank which generally is
not equal to the true order of the system. Therefore this matrix can be
approximated as:

H,(0)=R,,Z,.Sk, (3.189)

Similarly to Eigensystem Realization Algorithm with Data Correlations
(ERA/DC), the block correlation observability matrix Py can be related to the
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left singular vector matrix R,  and the block correlation controllability-
observability matrix Q s obtained from combined Markov parameters can be
related to the right singular vector matrix §A1n. Indeed, it can be proved [5]

[6] that these matrices can be computed as:

P =R,V (3.190)
Q, =XVS], (3.191)

Once that the block correlation observability matrix |5y and the block
correlation mixed controllability-observability matrix Q s oObtained from
combined Markov parameters have been identified, the observability matrix |5a

and the mixed controllability-observability matrix QC obtained from combined
Markov parameters can be identified from the first am rows of the block

correlation observability matrix I57 and from the first am columns of the block

correlation mixed controllability-observability matrix Q, obtained from
combined Markov parameters. Indeed:

~ T ~
Pa = E(y+l)amPy = (3 192)
. R Yv2 '
— =(+)am YA n“An

Qc :Q5E(y+l)am =
N2 gT
=X, .S, E

An(y+)am

(3.193)
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In addition, once that observability matrix Isa has been identified, the

combined controllability matrix Qﬂ can be computed from the factorization of

generalized Hankel matrix H(0) obtained from combined Markov parameters
using least-squares method. Indeed:

~

Q/} = |5;|:|(0) =
:(ET

(y+L)am

L (3.194)
R..Zi%) H(O)

Analogously to Eigensystem Realization Algorithm with Data Correlations

(ERA/DC), the output influence matrix C and the combined state influence

matrix B can be identified from the first m rows of the observability matrix

P, and from the first r+m columns of the combined controllability matrix

Q,. Indeed:

C=E. P, =
_ET R V2 (3.195)
— Fam™—(y+l)am’ *A,n“A,n

B=Q,E, =
: rem o (3.196)
=(E(y+l)amRA,nZA,n) H(O)Eﬁ(r+m)
Where E ., is a R7"™"™ Boolean matrix defined as:

E-l/—3(r+m)=[|r+m,r+m Or+m,r+m Or+m,r+m:| (3197)
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Moreover, the state influence matrix B and the observer matrix G can be
obtained respectively as the first r columns and as the last m columns of the

combined state influence matrix B . Indeed:

B=BE, =
T = =\t = (3.198)
:(E(Hl)amRA,nEA,n) H(O)Eﬂ(r+m)Er
G=BF, -
(3.199)

= (E ﬁAYnilA/’Zn )+ ﬁ(O)Eﬂ(r+m)Fm

T
(y+)am

Were E, and F,, are respectively R™*™*" and R"*™™ Boolean matrices

defined as:
E e ] 3.200
o, 20
_Orm_
F = L (3.201)

On the other hand, using the factorization of block correlation Hankel
matrix H +(1) obtained from combined Markov parameters and by using the

identified observability matrix P, and the identified combined controllability

matrices Q ,, it can be proved [5], [6] that the identified state matrix A can

be computed as:

A=Z°R] H,S,, 2 (3.202)
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Consequently, the Eigensystem Realization Algorithm with Data
Correlations (ERA/DC) using Observer/Kalman Filter ldentification Method
(OKID) can be summarized as follows:

A=ZVR] H, (S, 5"
(El ponRunz) H(OE

(y+1)am (r+m) r

B=
G= R,,Zi) H(O)E (3.203)

ﬁ'(r+m) m

( (y+1)am
T T
C E E(;/+l)am

DY

1/2
e

R,
=Y,

At this stage, regardless of the method which has been used, the system
modal parameters can be extracted from the identified state-space realization A,

B and C. Indeed, the spectral decomposition of identified state matrix A
yields:

AW = WA (3.204)

Where A is a R™ diagonal matrix containing the identified system
eigenvalues and ¥ ois a R™ matrix containing the identified eigenvectors

stacked by column. The identified modal state matrix Am , the identified modal

state influence matrix B_ and the identified modal output influence matrix C,_
can be computed using the spectral decomposition of the identified state matrix

A as follows:

A =A (3.205)

B. =¥'B (3.206)
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C =C¥ (3.207)

The identified modal state matrix A contains the information of system
natural frequencies and damping ratios whereas the identified modal state
influence matrix B define the identified initiall mode amplitudes and the

identified modal output influence matrix C_ represent the identified mode
shapes at the sensor points. Therefore, all the identified modal parameters of a
dynamic system are represented by the triplet of matrices Am, I:%m and ém. In

conclusion, supposing that all the identified modes are underdamped, in many
practical applications the hypothesis of proportional damping can be assumed as
satisfied, especially in the case of structural systems in which damping is small
and no a priori information about its nature are available. The proportional

damping assumption implies that the modal damping ratios &; are related to the
natural frequencies , ; according to the following equations:
(04 ﬂwn i

L= 4+ — s -:1,2,...,n 3208
5] an’j 2 J 2 ( )

Where « and [ are the proportional damping coefficients. This
coefficient can be estimated in a simple and effective way leveraging on the

A

identified natural frequencies cZ)n’ ; and on the identified damping ratios &;

[12], [13]. Indeed, reformulating the previous equations in according to a

matrix notation yields:
Ax=Db (3.209)

Where A is a R™ rectangular matrix assembled using the identified
natural frequencies @, ; whereas X is a R* vector containing the unknown
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proportional coefficients ¢ , ﬁ and b is a R™ vector containing the identified

damping ratios §J These elements are respectively defined as:

1 é)n,l
20, 2
1 Oy
A=|2a,, 2 (3.210)
1 a,\)n,nz
2d,, 2
{a} (3.211)
X=| . .
B
&
b= 5? (3.212)
£

Y

Therefore, the proportional damping coefficients &, £ can be
approximately computed by using the least-squares method to yield:

x=A"b (3.213)
Where A' is a R*"™ matrix which represents the Moore-Penrose

pseudoinverse of matrix A . This method represent an useful mathematical tool
to deal with realistic experimental data.
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3.7. METHOD FOR CONSTRUCTING PHYSICAL
MODELS FROM IDENTIFIED STATE SPACE
REPRESENTATIONS (MKR)

In this section it is showed a method to derive a second-order physical
model of a mechanical system starting from an identified first-order state-space

representation of the same system (MKR) [8], [9], [10]. This method
represents a solution for the general problem known as linear inverse vibration
problem [8], [9]. [10]. Indeed, it is well-known that a physical model of a

linear mechanical system is completely described by the triplet of mass matrix
M, stiffness matrix K and damping matrix R . This second-order physical
model can be easily converted into a first-order state-space model represented by

the triplet of state matrix A_, state influence matrix B, and output influence

matrix C. This problem is sometimes referred as the forward problem. On the
other hand, the inverse problem is more complex. Indeed, there are several
algorithms which allows to experimentally determine from input and output
measurements a first-order state-space model represented by the triplet of the

identified state matrix AC, the identified state influence matrix B_ and the

identified output influence matrix C . The transformation of the identified state-

space model into a triplet of identified mass matrix M, identified stiffness

matrix K and identified damping matrix R is not trivial and it can performed
using different methods according to the state-space coordinates chosen to
represent the system and according to the location of sensors and actuators on
each system degree of freedom. Using the method showed here (MKR) the basic
requirement is that all system degrees of freedom must be instrumented with a
sensor or an actuator, with at least one co-located sensor-actuator pair. In
addition, the state-space representation of the system is formulated in a
symmetric fashion to yield:

V., z(t) =S z(t) + N u(t) (3.214)
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Where V, and S_ are R™" symmetric matrices and N_ is a R™" matrix

respectively defined as:

o
V, = (3.215)
M O
o )
S, = (3.216)
O M
N = B, (3.217)
c O '

The peculiarity of this formulation is that the associated eigenvalue problem
results to be symmetric and it can be written in a matrix form as:

S,¥ = VYA, (3.218)

Where A, is a R™ diagonal matrix containing the system eigenvalues

and ¥ isa R™" matrix containing the system eigenvectors stacked by column.
In particular, even in this case the eigenvector matrix ¥ can be partitioned as:

Y= (3.219)
WA,

Where W is a R™" eigenvector matrix representing the physical
coordinate eigenvector matrix. Assume that all modes of the underlying
dynamical systems are underdamped and therefore the eigenvalues are supposed
to appear in complex conjugate pairs. Since the eigenvectors scaling is arbitrary,
assume that the eigenvector matrix ¥ is scaled such that:

Y'VWY=1 (3.220)
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YSW=A, (3.221)

This assumption can be explicitly restated as follows:

{ W HR M}{ W }
=1 (3.222)
WA, | |[M O] WA,

{ W I[—K o}{ W }
= A, (3.223)
WA, | | O M| WA,

This assumption is a key-step whose consequences are twofold. The first
immediate consequence is that the modal state-space model assumes the
following particular form:

p(t) =A_.p{)+B,u(t) (3.224)
y(t) =C,p(t) + Du(t) (3.225)
Where A ., B., and C are respectively R™, R™ and R™"

matrices representing the modal state matrix, the modal state influence matrix
and the modal output influence matrix. It can be easily proved that these
matrices can be computed as:

A=A (3.226)
B..,=W'B, (3.227)

C,=C WA’ (3.228)
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Where C_ isa R™" matrix and b is a scalar which characterize the type
of sensing. Indeed, for displacement sensing one has C, =C, and b=0, for
velocity sensing one has C, =C, and b =1 whereas for acceleration sensing
one has C,=C, and b=2. Moreover, note that the modal state influence
matrix B is computed by using the transpose of the eigenvector matrix W

instead of using the inverse of the eigenvector matrix ¥. The second
consequence of the selected eigenvector scaling is that the triplet of mass matrix
M, stiffness matrix K and damping matrix R can be directly computed from
the eigenvalue matrix A_ and from the eigenvector matrix W . Indeed, it can

be proved [8], [9], [10] that these matrices can be computed as:

-1

M =(WA W) (3.229)
K=—(WA W) (3.230)
R=-MWA’W'™M (3.231)

Therefore, the problem that arises at this point is how to extract the
eigenvector matrix W from an identified state-space representation. Since the
system modal parameters must be the same regardless the type of state-space
formulation used, the problem is to find a transformation T which convert the

identified modal parameters, characterized by the triplet of matrices [\c, ‘i"lﬁc

and CW, into the symmetric representation modal parameters, characterized by
the triplet of matrices A,, W'B, and CWA? . This problem can be
mathematically stated as:

TPAT=A, (3.232)
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T'¥'B,=W'B, (3.233)

CY¥T =C,WA® (3.234)

Since the eigenvalues are equal in both the representation, it is
straightforward to understand that the transformation matrix T is a diagonal
matrix composed of complex conjugate elements. Moreover, the transformation
matrix T has two effects: it transforms the eigenvectors from those of an
asymmetric eigenvalue problem into those of a symmetric problem and it
properly scales such eigenvectors. The basic observation necessary to compute
the transformation matrix T is that for a co-located sensor-actuator pair the
following matrix equation holds:

C.(i,)W=(W'B, (D)) (3.235)

Where C_(i,:) indicates the row i of matrix C_ and B, (:,i) indicates the
column i of matrix B,. Note that the previous matrix equation holds because
the matrices C, and B, are simply Boolean matrices. Indeed, it can be proved

[8]. [9]. [10] that leveraging on this observation the matrix transformation T

can be computed by using the identified realization and the identified modal
parameters as follows:

CE(i,)WA,"T? = (¥ BEC.)) (3.236)

Where BCE and CF are R™ matrices denoting respectively the expanded

version of identified state influence matrix BC and output influence matrix C

which include rows and columns of zeros in order to match the dimension n.
Once that the transformation matrix T has been computed, the rows of the

eigenvector matrix W can be identified from each degree of freedom which is
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instrumented with a sensor or with an actuator. Indeed, it can be proved [8] ,
[9]. [10] that:
~ . A A AT
W(j,)=(T ¥ BEC, ) (3.237)
W(k,) = CE(k,:)WA'T (3.238)

Where j is a generic degree of freedom instrumented with an actuator and
k is a generic degree of freedom instrumented with a sensor. Finally, using the

identified eigenvector matrix W a second-order model of the mechanical
system can be identified as:

A A A AT -1

M = (WA, W ) (3.239)
A A~ G AT -1
K = —(WA; W ) (3.240)
R =-MWA’W'M (3.241)

Where M, K and R are matrices denoting respectively the identified
mass, stiffness and damping matrices. These matrices can be used to design a
controller directly from the system second-order mechanical model. In

particular, for lightly damped system it can be proved [12], [13] experimentally

that a better estimation of damping matrix R can be obtained from identified

mass and stiffness matrices M and K by using an identified set of proportional
damping coefficients as follows:

A A

R=aM+ K (3.242)
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Where the coefficients ¢ and B can be computed from identified natural

frequencies and damping ratios via least-squares method [12], [13].
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4. CONTROL THEORY

4.1 INTRODUCTION

The raison d’etre of a control system is to influence the dynamic of a
mechanical system in order to make it behave in a desirable manner [1], [2].

Indeed, the two typical objectives of a control system are regulation and
tracking. In a regulation problem, the system is controlled so that its output is

maintained at a certain set point [3], [4]. In tracking problem, the system is

controlled so that its output follows a particular desired trajectory [5], [6]. A

special case of the regulation problem is the stabilization problem in which a
control system is designed to bring the system to rest from any nonzero initial
conditions and therefore the desirable set point is zero. For a flexible structure
that may be subjected to unwanted vibrations, this is usually the most important

goal of a control system [7], [8]. Stabilization is the focus of the following

sections where a special class of control system is considered, namely the state-
feedback controller in which the control input is a function of the system state.
In particular, the Linear Quadratic Regulator algorithm (LQR) [9], [10] is
derived for both continuous-time and discrete-time systems. In addition, if the

state of the system cannot be measured directly, then a state observer is needed
to estimate the system state from the measurements. In particular, the Kalman

Filter algorithm (KF) [11], [12] is derived for both continuous-time and

discrete-time systems. Finally, the system state is used in a state-feedback
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controller according to the Linear Quadratic Gaussian control method (LQG)
[13]. [14].
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4.2. REGULATION PROBLEM

Consider a linear-dynamic time-invariant mechanical system. From a
physical point of view, the regulation problem consists in finding a control
action such that the system does not deviate from a given set point, which can be
supposed to be in the origin of the configuration space without loss of generality

[9]. [10]. From a mathematical viewpoint, this problem can be formulated for

the continuous-time state-space representation of the mechanical system as well
as for its discrete-time state space representation. As starting point, consider the
system continuous-time state-space formulation:

{z(t) =A.z(t)+B.u(t) (4.1)

z(0) =z,

Where z, is the vector of initial conditions. Assume that there are enough

sensors to completely measure the state vector z(t). Therefore, the output
equations is simply:

y(t) =z(t) (4.2)

One method to solve the regulation problem is to construct the control
vector u(t) as a linear combination of the state vector z(t) . Indeed:

u(t) =F.z(t) (4.3)

Where F, is a R™" matrix which represent the controller gain matrix.

Consequently, the regulation problem reduces to properly compute the feedback
matrix F, in order to control the system. The question which spontaneously

arises is if the introduction of the controller destabilizes the system or not. To
answer this question, substitute the feedback control in the state equation:
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z(t)y=Az(t)+B.u(t) =
=A.z(t)+ B F.z(t) =
=(A,+B.F,)z(t) =
=Ac z(t)

(4.4)

Where A is a R™ matrix which represents the closed-loop state

matrix. This matrix is defined as:

A=A, +B.F (4.5)

In order to obtain an asymptotically stable system the feedback matrix F,
must be chosen such that the eigenvalues of the closed-loop state matrix A

have negative real parts. Therefore, a physically intuitive method to find the
controller gain matrix F, is to force the eigenvalues of the closed-loop state

matrix A . toassume a prescribed set of values. The basic requirement to place

the closed-loop poles of matrix A . in a specific location of the complex plane

is that the system must be controllable. A linear time-invariant dynamical system
of order n is controllable if and only if its controllability matrix Q. . has rank

n. The controllability matrix Q. . is a R™™ matrix defined as:
QF,C = I:BC ACBC A(ZEBC et Az_lBC] (4'6)

Consider now the eigenvalue problem of the closed-loop state matrix
A

"

AF,C‘I’F,C =j’F,c\VF,c (47)
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Where A . is a generic eigenvalue of matrix A.  and y_  isa R"
vector representing the eigenvector of the closed-loop state matrix A

corresponding to the eigenvalue A. .. The basic assumption of this method is

that the system is nondefective, namely that exist a full set of eigenvectors
corresponding to the eigenvalues to be assigned [3] . The eigenvalue problem of

matrix A . can be explicitly expressed as:

(Ac+Bch)‘|’F,c :/1F,c‘|’F,c (4.8)

This eigenvalue problem can be restated as follows:
[AC_Z’F cl BC:I Ve :FFC Ve =
’ FC\I’F,C ’ FC\I’F,C (49)
=0

Where T is a R™™" matrix defined as:

re.=[A -4 B ] (4.10)

Therefore, the matrix I'c . can be actually computed once that the
eigenvalue A, . has been assigned for the system represented by the state matrix
A, and the state influence matrix B_. This matrix can be factorized by using

the Singular Value Decomposition method (SVD) [15] to yield:

e =Ue Ze Vi (4.11)
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Where X__  is a R™™"  diagonal matrix containing the complex

conjugate singular values of matrix I'- . whereas U._  and V.  are

respectively R™" and R*<" orthonormal matrices containing the left

singular vectors and the right singular vectors of matrix I'. .. These matrices

can be respectively partitioned as follows:

5. = o © (4.12)
F*lo o '
U =[U:, U2 | (4.13)
Veo=[ Ve VR (4.14)

Where S__, U2_, U9, V& and V2 _ are respectively R% <%

R R Reaee gng RG] atrices. The matrix
S . is a diagonal matrix containing the significant singular values of the matrix

I'. .. Indeed:
S¢. =diag(ot ;. 0% ....,00¢) (4.15)
Consequently, multiplying the matrix I'c . times V. yields:

FF,cVF,c = UF,CZF,CV;,CVF,C =

4,16
= UF,CZF,C ( )

This equation can be explicitly restated as:
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Sc. O
rF,c [VFS,C VFO,C:|=UF,C|: (F) O}: (4.17)
= I:UF,CSF,C O]
The second matrix equality yields:
.. VP, =0 (4.18)

Therefore the matrix V. represents a set of orthogonal basis vectors

spanning the null space of the matrix I'. . so that:

0 — —
FF,CVF,CCF,C - FF,C(I)F,C -

4.19
0 (4.19)

(n+r)

Where ¢, is an R"™""%< arbitrary nonzero vector and ¢ . is a R™"

vector defined as:
(PF,c = Vlgch,c (420)

This vector can be partitioned as follows:

Pp = P”} (4.21)
Or

Where @ . and (T)F,c are respectively R" and R" vectors. Observing the
matrix reformulation of the eigenvalue problem of matrix A. ., the following

matrix equations can be deduced:

Ve =0c, (4.22)
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FWe, =0c, (4.23)

Note that from the first matrix equation is straightforward to deduce that the
vector @, . coincides with the eigenvector of the closed-loop state matrix A,

corresponding to the assigned eigenvalue A, .. Consequently:
Fdrc=0c, (4.24)

This procedure can be repeated for each prescribed eigenvalue /12’0 to yield

the following generic matrix equations:
For.=or. , h=12..n (4.25)

Where @i . and @ are respectively R" and R generic vectors

corresponding to the assigned eigenvalue AE,C . These equations can be restated

in a compact matrix form as follows:

Sl

FD, . = (4.26)

F.c

Where ®_ . and E)F’C are respectively R™" and R"" matrices defined

as:
(T)Fc :I:_%:c (T)lzzc (T’E (T)rllc]:
—1 —1x* —n-1 —n-1= (427)
=|:(pF,c Pee - Prc Pr, }
(i)F,c = (T)}:c (T)lz:c (T)r;i (T)?:c =
(4.28)

—1x —n-1 —n-1x

=|:(T)1F,c L (T (pF,C}
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Note that complex conjugate eigenvalue pairs /’tﬁfcl and /1210 corresponds to

complex conjugate vector pairs @', @, and @p., @ .. Finally, the

feedback matrix F, can be computed as:

=l

F =

C

e D (4.29)

This method to compute the controller gain matrix is sometimes referred as
null-space technique for poles placement [3] . This method can be extended to
system discrete-time state-space representation in a straightforward manner
replacing the continuous-time state matrix A_ and the continuous-time state
influence matrix B, respectively with the discrete-time state matrix A and the
discrete-time state influence matrix B to yield a discrete-time feedback matrix
F instead of the continuous-time controller gain F,. Another important method

to solve the regulation problem for both continuous-time and discrete-time linear
state-space systems comes from the optimal control theory and is the Linear

Quadratic Regulator algorithm (LQR) [9], [10]. Indeed, consider a
continuous-time state-space system:

{Z(t) = A z(t)+B.u(t) (4.30)

2(0) =z,

Where z, is a R" vector corresponding to the initial conditions. This

method is able to compute the feedback matrix in such a way to minimize a
quadratic cost index. The cost index is a performance index which accounts for
the actuator power available and at the same time with the deviation of the state
from the reference configuration. In the continuous-time case and without
considering constraints on the terminal state, for a finite-horizon of time
0<t<T the quadratic cost index can be defined as:
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) =57 MRz +2 [ 2 Q. .20)+07 Q. (0t (43)

Where Q. and Q_, are R™ matrices which represent the terminal cost

matrix and the weight of the state vector whereas Q. , is a R™ matrix
representing the weight of the input vector. Note that the matrix Q , is a
positive semidefinite matrix which penalizes the deviation of the final state from
the desired set point whereas the matrices Q_, and Q_ are respectively a

positive semidefinite matrix and a positive definite matrix which penalize
respectively the instantaneous deviation of the state form the reference
configuration and the instantaneous control effort. Note that since an initial
values problem is considered, the state vector at the final time T is unknown
and therefore the terminal cost in the performance index J_ is expressed in

terms of unknown quantities. On the other hand, the terminal cost can be
expressed in terms of the initial conditions as:

22 MQu2(1) = 22" NQu 2 -7 0Qr2(0)+7 (0Q,;2(0) =
4
o dt
[z (t)chTz(t)dH%ngchzo
(4.32)

1, 1ig ,
(Ez (t)chTz(t)jdt + 5 2,Q.12y =

Consequently, the performance index can be reformulated as:
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J. = %ZT (MQ,;z(T) +%IOT 2" (1)Q,,z(t) +u’ ()Q, u(t)dt =
= IOT 2" (1)Q,; (t)dt +%ZEQC]TZO +% jOT 2" (1)Q,,z(t) +u’ ()Q, u(t)dt =

= %ZSQC,TZO + joT 2" (1)Q, ;- (t) +%zT 1)Q.,z(t) +%uT (t)Q,  u(t)dt
(4.33)

In order to find the controlinput u(t) as a linear function of the state z(t),
the cost index J, must be minimized but simultaneously the system state

equation must be satisfied. Therefore, the state equation represents a constraint
equation for the minimization problem. One way to solve this problem is the
method of Lagrange multipliers which consists in adjoining the state equation to

the performance index and subsequently minimize this adjoint cost index J;

using variational calculus technique [9], [10]. Indeed:

J: =30+ [ AT (O (Az(t) + Bou(t) ~ i(t) ) dt =
= %z;QC’Tzo + IOT 2" (1)Q,;2(t) + % 2" (1)Q,,z(t)+ % u' (t)Q, u(t)dt +
+[0 07 (©(Az() + Bou(t) - (1)) ot

(4.34)

Where A(t) isa R" vector containing the Lagrange multipliers. Since the
optimal control input minimizes the adjoint performance index J_, it is

necessary to compute the first variation of this functional and set it equal to zero.
Indeed, taking the first variation of the augmented cost function J_ yields:
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5. = 5( 2,Q, 12 0j+5ﬂ z' (t)QC’TZ(t)+%ZT (t)Qc’Zz(t)+%uT (t)Q. u(t)dt +
+5 jOT 2T (t) (A z(t) + Bou(t) - z(t)) dt =
- Ta‘[zT (0Q.r2(0)+27" (t)QC,zz(t)+1uT(t)Qc,uu(t)jdt+
j & (1T (1) (A.z(t) + Bu(t) - 2(t)) ) dt =
= jo 57" (1)Q,-2(t) + 2" (1)Q, 52(t) +2" (1)Q,,5z(t) +u' ()Q, ,Ju(t)dt +
+ IOT +OMT (1) (A z(t) +Bou(t) —z(t)) + A" (t) (A Sz(t) + B Su(t) — 5z(t) ) dt =
= j Y 1)Q.5z(t) +2" (1)Q.0z(t) +2" (1)Q, ,0z(t) +u" ()Q, Su(t)dt +
j (Az(t)+B u(t)—z(t))T SME) + AT () A Sz(t) + 1T (1)B Su(t) — A" (t)oz(t)dt =

[, (27 OQur =27(0)02()+ (2 (OQu; +2" Q. +27 (DA, ) 52(D)dt +

+

joT(uT (OQ,, +1 ()B, ) Su(t) +(Az(t) + B.u(t) - (1)) Su(t)dt =
J
J
= (Qurz-10) 520 | +

[ (~Qurz)+i(t) + Qur2(t) + Q, 2(t) + ALA (D)) Sz(t)dlt+

[ (Quuu)+BIA®) su(t) +(Az(H) +B.u(t) - 2(t)' sr(t)dt =

CYTz(t)—k(t)) 52(t)+(QC’TZ(t)+chzz(t)+AIk(t)) Sz(t)dt +

(Q
(Q.u()+ BIx(t))T Su(t) + (A z(t) + B.u(t) —z(t) ) Sr(t)dt =

+

+

+

- [(QCYTz(t) ~(t)’ 5z(t)T + [0 (M0 +Q, z(t) + AT(Y)) Sz(t)dt +

+ jOT (Q u()+ BIX(t))T Su(t) + (A z(t) + Bou(t) —z(t) ) Sr(t)dt =
=0 , Véz(t) . VML) , Vdu(t)
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(4.35)

Observing that the variation of the state vector 5z(t), the variation of the

co-state vector SA(t) and the variation of the input vector Su(t) are all
independent, each quantity in the time integral can be independently taken equal
to zero:

0z(0)=0
Qc,TZ(T) _;"(T) =0
M) +Q,z(t) +AIL() =0 (4.36)

Qc,uu(t) + BI)\'(t) = 0
A z(t)+B_u(t)-z(t) =0

Note that the variation of the initial state is set equal to zero because it is
assumed to be known whereas a condition which links the state vector to the
adjoint vector at the final state T arises from the minimization procedure.

Therefore, the minimization of the adjoint cost index J. yields a set of two

differential equations and one algebraic equation:

2(t) = Az(t) + Bu(t)
{ 2(0) =2, (4.37)
{x(t) =-Q..7(t) - A1) .38
MT)=Q.r2(T) |
u(t) =—Q,,BIA(t) (4.39)

Where the first differential equation is the state equation with its the initial
conditions, the second differential equation is the adjoint equation with its
boundary conditions and the last algebraic equation is the stationarity equation.
There is a method originated from the optimal control theory to obtain these sets
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of equations directly defining a so-called Hamiltonian function which depends
on the state vector z(t), the co-state vector A(t) and the control vector u(t)

[9]. [10]. Indeed:

H. (20U, 10) = 52" Q20 +u" (Q, u() +

+07 () (Az(t) + B.u(t))

(4.40)

The state equation, the co-state equation and the stationarity equation can
be obtained from the Hamiltonian function as follows:

za)z[chaaxuaxxa»jT

o) (4.41)
z(0) =z,
i ) = - [ H=2@.u®.2() '
= 22(0) (4.42)
;\,(T) = QC‘TZ(T)
OH, (z(D),u(t), A (D) | ~0 (4.43)
ou(t) |

It is noteworthy to realize that the adjoint equation is a linear differential
equation coupled with the state equation which has a boundary condition at the
final instant of time T . On the other hand, the stationarity equation relates the
optimal control vector with the vector of Lagrange multipliers which derives
from the adjoint equation. Moreover, the state equation depends on the optimal
input vector. Consequently, the whole problem is coupled and it is sometimes

referred as two-point boundary value problem [9], [10]. This problem can be

numerically solved by using iterative minimization techniques combined with
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methods to integrate ordinary differential equations. This method derives from
Computational Fluid Dynamics and it is referred to as adjoint method [16],

[17]. [18]. [19]. [20]. In practice, the serious drawback of this solution

procedure is that the optimal input vector is computed as an explicit function of
time instead of a linear function of the state vector making the solution found
extremely sensitive to some external disturbances and unfeasible for real-time
application. Nevertheless, this algorithm represents and useful method to

perform motion planning [21]. On the other hand, the classical method to solve

this problem consist in reducing it to the solution of a continuous-time
differential Riccati equation which allows to express the same optimal control as

a linear function of the state [9], [10]. Indeed, observing that at the final time

T the adjoint vector is a linear function of the state vector, assume that this
relation holds for each instant of time:

{k(t) =S(t)z(t) (4.44)

S(r) = Qc,‘r

Where S(t) is a R™" symmetric matrix to be computed. Note that this

solution method is referred as Sweep Method [13] . Therefore, the input vector

can be computed as follows:

u(t) =-Q.,BeMt) =
=—-Q'B!S(t)z(t) = (4.45)

cu—c

=F.0z()

Where the continuous-time feedback matrix F,(t) is a R™™ matrix
function of time defined as:

F.(t) =—Q_.BIS(t) (4.46)
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Taking the time derivative of the adjoint vector yields:

A(t) =S(b)z(t) +S(t)z(t) =
=S(t)z(t) + S(t)A z(t) + S(t)B_u(t) =
=S(t)z(t) + S(t)A.z(t) - S(t)B.Q;.BIS(t)z(t) =
= (S +SMA, -S(HB.Q..BIS®H))z(t)

(4.47)

Where the state equation has been used. On the other hand, from the adjoint
equation the time derivative of the adjoint vector can be computed as:

A(t) =—AIM() - Q,,2(t) =
=-AIS(h)z(t)-Q, z(t) = (4.48)

=—(AIS()+Q.,)z(t)
Equating the two previous equations yields:
(S +SMA, -SOB.QLBISM) +AlS() +Q,, )z(t) =0  (4.49)

Setting the terms between the brackets equal to zero gives:

(4.50)

f(t) +S(t)A, +AlS(t)-S(t)B.Q.BIS(t) +Q,, =O
S(T) = Qc,T

This is a first-order matrix differential equation named continuous-time
differential Riccati equation. The solution of this differential equation can be
found numerically with the standard methods and it provides the evolution in

time of the symmetric matrix S(t) necessary to compute the optimal control

input. 1t can be proved [9], [10] that this equation reaches quickly an
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asymptotic solution S_ = which can be used to compute a steady-state
continuous-time feedback matrix F_ as:

F.=-Q.B:S (4.51)

cu—cYo

In practice the steady-state feedback matrix is preferred especially for real-
time applications. This is equivalent to minimize an infinite-horizon continuous-
time quadratic cost index defined as:

J., = % [ 77 (0Q..2() +u" ©)Q, u(t)dt (4.52)

Consequently, the control input can be computed as a linear combination of
the state as follows:

u(t) =F,_z(t) (4.53)

Consider now a discrete-time state-state space system:

{z(k +1) = Az(k) + Bu(k) s

2(0)=z,

Where z, is a R" vector representing the initial conditions. The Linear
Quadratic Regulator method (LQR) can be applied even in this case with some
slight modifications [9], [10]. Indeed, assuming no constraints on the terminal
state, consider a discrete-time quadratic cost index J defined as:

N-1

J=%zT(N)QTz(N)%Z(zT(k)sz(k>+uT(k)Quu(k)) (4.55)

k=0
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Where Q, and Q, are R™" matrices which represent the terminal cost
matrix and the weight of the state vector whereas Q, is a R"™" matrix

representing the weight of the input vector. Note that the matrix Q; is a positive
semidefinite matrix which penalizes the deviation of the final state from the
desired set point whereas the matrices Q, and Q, are respectively a positive
semidefinite matrix and a positive definite matrix which penalize respectively

the instantaneous deviation of the state form the reference configuration and the
instantaneous control effort. Even in this case, in order to find the control input

u(k) as a linear function of the state z(k), the cost index J mustbe minimized

but simultaneously the system state equation must be satisfied. Therefore, the
state equation represents a constraint equation for the minimization problem.
One method to solve this problem is the Lagrange multipliers technique which
consists in adjoining the state equation to the performance index and

subsequently minimize this adjoint cost index J* using variational calculus
methodology [9], [10]. Indeed:

J =] +§)f (k +1)(Az(k) +Bu(k) —z(k +1)) =

N-1

= %ZT (N)QTz(N)+%Z(zT (k)Q,z(k)+u’ (k)QuU(k))+ (4.56)

k=0

+fo (k+1)(Az(k) +Bu(k) —z(k +1))

Where A(k) is a R" vector containing the Lagrange multipliers. Since the

optimal control input minimizes the adjoint performance index J°, it is
necessary to compuite the first variation of this functional and set it equal to zero.

Indeed, taking the first variation of the augmented cost function J* yields:
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53" _5( z (N)QTZ(N)j+52[ 2" (K)Q, z(k)+ u" (K)Q, u(k)]

+5Nf(w (k +1) (Az(k) + Bu(k) ~z(k +1))) =

N)Q;5z(N) +

ZN
IR

+
M

2" (K)Q,52(K) +u" (K)Q,8u(K) + 51" (k +1) (Az(K) + Bu(k) ~ z(k +1))) +

+
2 =~
L&

1 (k+1) (Adz(k) + BSu(k) - 5z(k +1))) =

+

Il
MZ N fM
AR - o

2" (K)Q,5z(K) + U (k)Q,du(k) +(Az(k) +Bu(k) —z(k +1))' 5x(k+1))+

z =
Il
Lo

K
(7
)
" (N)Q2(N) +
(

+

AT (k +1)ASz(K)+ 1T (k +DBSu(k) ~ 1" (k +1)5z(k +1)) =

k=

O

N -

=2"(N)Q;6z(N) + Z((z K)Q, +4" (k +1)A)§z(k))+
+NZ_1((uT (K)Q, +17 (k+1)B)su(k) +(Az(k) +Bu(k) - z(k +1))' si(k +1))+

2T (N)Sz(N) + AT (0)5z(0)—§(xT (k)oz(k)) =
=27(0)52(0) +(Q,z(N) —A(N))" 5z(N) +
+§((sz(k) + ATk +D) (k) ) 5z(k))+

+NZf((Quu(k)+ B'A(k+1) Su(k) +(Az(k)+Bu(k) - z(k +1))" Sh(k +1)) -

0 | voz(k) , Vormk) , Vou(k)
(4.57)
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Observing that the variation of the state vector 6z(K), the variation of the

co-state vector oA(k) and the variation of the input vector ou(k) are all

independent, each quantity in the time integral can be independently taken equal
to zero yielding to the following equations:

5z(0)=0
Q;z(N)-A(N)=0
Q,z(k)+ATA(k+1)—A(k) =0 (4.58)

Q,u(k)+B"A(k+1)=0
Az(K)+Bu(k)—z(k +1) =0

Even in this dual case, the variation of the initial state is set equal to zero
because it is assumed to be known whereas a condition which links the state
vector to the adjoint vector at the final state N arises from the minimization

procedure. Therefore, the minimization of the adjoint cost index J* vyields a set
of two difference equations and one algebraic equation:

z(k +1) = Az(k) + Bu(k)
{ 2(0) = . (4.59)
{x(k) =Q,z(k) +ATA(k +1) (4:60)
AMN)=Q;z(N)
u(k) =-Q;'B" Mk +1) (4.61)

Where the first difference equation is the state equation with its the initial
conditions whereas the second difference equation is the adjoint equation with
its boundary conditions and the last algebraic equation is the stationarity
equation which relates the optimal control vector with the vector of Lagrange
multipliers. There is a method originated from the optimal control theory to
obtain these sets of equations directly defining a so-called Hamiltonian function
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which depends on the state vector z(k), the co-state vector A(k) and the
control vector u(k) [9], [10]:

H (z(K), u(k), A(K)) =%ZT(k)QzZ(k)+%UT(k)Quu(k)+
+ 17 (k+1) (Az(k) + Bu(k))

(4.62)

The state equation, the co-state equation and the stationarity equation can
be obtained from the Hamiltonian function as follows:

2(k+) z(aH (z(k),u(k),x(k»j

on(k+1) (4.63)
z(0) =z,
_(HEK).uk),AK) Y
A(k) = —[ 2z2(k) J (4.64)
A(N) = QTZ(N )
OH (z(k), u(k), (k) Y 0 (4.65)
ou(k) |

Note that even in this case the whole problem is coupled and it is
sometimes referred as two-point boundary value problem [9], [10]. The

classical method to solve this problem consist in reducing it to the solution of a
discrete-time difference Riccati equation which allows to express the optimal

control vector as a linear function of the state [9], [10]. Indeed, observing that

at the final time N the adjoint vector is a linear function of the state vector,
assume that this relation holds for each instant of time:
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{k(k) =S(k)z(k) (4.66)

S(N)=Q,

Where S(k) is a R™" symmetric matrix to be computed. Note that this

solution method is referred as Sweep Method [13]. Consequently, the input

vector can be computed as follows:

u(k) =—Q;'B"A(k +1) =
=-Q.'B"S(k +1)z(k +1) =

(4.67)
=-Q.'B'S(k +l)(Az(k) + Bu(k)) =
=-Q,'B"S(k +1)Az(k) - Q,'B"S(k +1)Bu(k)
Rearranging the common factors yields:
u(k) =—(Q, +B'S(k+1)B) "B'S(k +1)Az(k) = (4.68)

= F(K)z(k)

Where the discrete-time feedback matrix F(k) isa R™" matrix function of
time defined as:

F(k)=—(Q, +B'S(k+DB) B'S(k+)A (4.69)

On the other hand, substituting the assumed functional form for the adjoint
vector in the adjoint difference equation yields:

S(k)z(k) = Q,z(k) + ATS(k +1)z(k +1) =
= Q,z(K)+ATS(k +1) (Az(K) +Bu(k)) =
=Q,z(k) + ATS(k +1)Az(k) + ATS(k +1)Bu(k) =
=Q,z(k) + ATS(k +1)Az(k) - ATS(k +1)BF (k)z(k)

(4.70)
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Rearranging the common factors leads to:
(S(k)-Q, -ATS(k+D)A-ATS(k +1)BF(K))z(k)=0  (4.71)

Setting the terms between the brackets equal to zero gives:

{S(k) =ATS(k+1)BF(k) + ATS(k +1))A+Q, (4.72)

S(N) :QT

This is a first-order matrix difference equation named discrete-time
difference Riccati equation. The solution of this difference equation can be
found with a marching backward in time. Substituting the definition of the

discrete-time feedback matrix yields a more explicit form of this matrix
equation:

S(k)=-A"S(k+1)B(Q, +B'S(k +1)B)‘1 B'S(k+1)A+ATS(k+1)A+Q, =

—AT (S(k +1)-S(k+DB(Q, +B'S(k+1)B) "B'S(k +1))A+QZ -

AT (S(k +1)-S(k +1)|3(Q;1 ~Q,'8" (S(k+)*+BQ,B")" BQj)BTS(k +1))A+

+Q
A

"(S(k+1)-S(k+1)BQ,'B'S(k +1)) A+

+

AT (S(k +1)BQ,'B" (S(k+1) ' +BQ,'B") " BQ,'B'S(k +1))A +Q, =
_AT (S(k +1)—S(k+1)+(S(k+1)* +BQ,'B" )_l)A+QZ _

= A" (S(k+1) ' +BQ,B") A+Q, =

=A'S'(k+1)A+Q,
(4.73)

Where S'(k+1) is R™" a symmetric matrix defined as:
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S'(k+1) =(S(k+)* +BQ,B")" (4.74)

Consequently, the unknown matrix S(k) can be computed by the following
set of matrix difference equation:

{S(k) =A'S'(k+DA+Q, (4.75)

S(N) :QT

By using the definition of matrix S'(k+1) the discrete-time feedback
matrix F(K) can be expressed as:

F(k)=-Q;'B'S'(k +D)A =

. 4.76
=—(Q,+B'S(k+1)B) B'S(k+1)A (470

It can be proved [9], [10] that the discrete-time difference Riccati equation
reaches quickly an asymptotic solution S_ which can be used to compute a

steady-state discrete-time feedback matrix F_ as:

F,=-Q;B'S.A=

=—(Q,+B'S,B) B'S A @70

This is equivalent to minimize an infinite-horizon discrete-time quadratic
cost index defined as:

3, :%i(zT ()Q,2(K)+u" ()Q,u(k)) (4.78)

Consequently, the control input can be computed as a linear combination of
the state as follows:
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u(k) = F.z(k) (4.79)

In practice, this simple form of the control input is widely used for real-time
applications.
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4.3. STATE ESTIMATION PROBLEM

Consider a linear-dynamic time-invariant mechanical system:

{Z(t) = Az(t)+B.u(t) (4.80)

2(0) =z,

In practical application, it is common that there are not enough sensors to
completely measure the state vector z(t) and even the system initial state z is

unknown. Therefore, the output equations is:
y(t) =Cz(t) + Du(t) (4.81)

The state estimation problem consists in finding an estimation of the
evolution of system state Z2(t) using the available input and output

measurements represented by the vectors u(t) and y(t) [9], [10]. Clearly,

since the estimated state Z(t) is a function of time, to compute it a differential

equation is required. The mathematical device that allows to compute an
estimation of the state from input and output measurements is known as an

observer [11], [12]. The simplest state estimator device is represented by a

linear differential equation similar to the state equation which have an additional
driving input proportional to the difference from the actual measurement vector
y(t) and the reconstructed output vector Y(t) in order to ensure that the

estimated state does not deviate too much from the actual state. Indeed:
2(t) = A2(t)+B.ut) -G, (y(t) -y (t)) (4.82)
y(t) = Cz(t) + Du(t) (4.83)

Where G, is a R™™ matrix which represent the observer gain matrix.

Consequently, the state estimation problem reduces to properly compute the
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observer matrix G in order to obtain a satisfying estimation of system state.

Using the definition of the estimated measurement vector y(t), the observer
equation can be expressed in a compact form as:

2(t) = (A, +G,C)2(t) +(B, +G D) u(t) - G,y(t) (4.84)

This equation shows that the evolution of the estimated state vector Z(t) is

driven from both the input vector u(t) and the output vector y(t) . The question

which spontaneously arises is if the estimated state computed by the observer
converges to the actual state or not. To answer this question, define the state
estimation error as:

e(t) =z(t) - 2(t) (4.85)

The evolution in time of the state estimation error can be obtained from the
following differential equation:

e(t) = 2(t) - 2(t) =
=Az(t)+B.u(t)- (A, +G.,C)2(t)- (B, +G.D)u(t) + G y(t) =
=A_z(t)+B_u(t) - A_2(t) -G C2(t) - B u(t) -G Du(t) +
+G, (Cz(t)+Du(t)) =
=(A, +G.C)z(t)- (A, +G.C)2(t) =
=(A,+G.C)(z(t)-2(t)) =
=(A,+G.Ce(t) =
= A e(t)
(4.86)

Where A;. is a R™ matrix which represents the closed-loop state

estimation error matrix. This matrix is defined as:
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A,.=A +G.C (4.87)

In order to obtain a state estimation error which converges to zero the
observer matrix G, must be constructed such that the eigenvalues of the closed-

loop state estimation error matrix Aj . have negative real parts. Therefore,

similarly to the regulation problem, a physically intuitive method to find the
controller gain matrix G is to force the eigenvalues of the closed-loop state

estimation error matrix A . to assume a prescribed set of values [3]. The basic
requirement to place the closed-loop poles of matrix A . in a specific location

of the complex plane is that the system must be observable. A linear time-
invariant dynamical system of order n is observable if and only if its

observability matrix Qg . has rank n. The observability matrix Qg is a

R"™ " matrix defined as:

Q. : (4.88)

I
O
P

[CAC™ ]

Consider now the left eigenvalue problem of the closed-loop state
estimation error matrix Ag :

AE,C\VG,C = ﬂG,c\VG,c (489)

Where A, . is a generic eigenvalue of matrix Ay, and g, is a R"

vector representing the left eigenvector of the closed-loop state estimation error
matrix Ag . corresponding to the eigenvalue A; .. The formulation of the left
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eigenvalue problem of matrix A, obviously leads to the same right
eigenvalues but is necessary in order to use the null space technigue in a form
similar to the case of the pole placement of closed-loop state matrix A . [3] :

The left eigenvalue problem of matrix A . can be explicitly expressed as:

(A, +G.C) e, =4 We, (4.90)

This eigenvalue problem can be restated as follows:

Ve Yo
Al-1 1 C' ’ =T ‘ =
(A~ }{GIWGJ {GE%J (4.91)

=0

Where T'. _ is a R™™™ matrix defined as:

G,c
To.=[Al -4 1 C'] (4.92)

Therefore, even in this case the matrix I'; . can be actually computed once
that the eigenvalue A; . has been assigned for the system represented by the
state matrix A, and the output influence matrix C. This matrix can be

factorized by using the Singular Value Decomposition method (SVD) [15] to
yield:

l—‘G,c = UG,CZG,cVé,c (493)

Where X, is a R™™™ diagonal matrix containing the complex

conjugate singular values of matrix I';, whereas U, . and V.  are

respectively R™™ and R™™<™M orthonormal matrices containing the left



266 CONTROL THEORY

singular vectors and the right singular vectors of matrix I'y .. These matrices

can be respectively partitioned as follows:

S (@)
r. =| o 4.94
UG,c :[Ué,c Ugc] (495)
Voo=[Ve, Vo] (4.96)

Where S;., Ug., U2., V5. and VJ_ are respectively R%< %,

R™ e R ) g mites gng RIVMAMM ) marices. The matrix
Sg ¢ is a diagonal matrix containing the significant singular values of the matrix

I'; .. Indeed:
Ss. =diag(og ;. 0acr--- 00) (4.97)

Consequently, multiplying the matrix I'g . times V. yields:

rG,CVG,C = UG,CZG,CVS,CVG,C =

4.98
= UG,CZG,C ( )
This equation can be explicitly restated as:
S @)
1_‘G,c ':VGSC Vg,c:leG,c{ o :|:
O O (4.99)

= I:UG,CSG,C O]
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The second matrix equality yields:

I, Vo, =0 (4.100)

Therefore the matrix Vg represents a set of orthogonal basis vectors

spanning the null space of the matrix I'g . so that:

0 _ _
FG,CVG,CCG,C - I_‘G,c(pG,c -

4.101
0 (4.101)

n+m)

Where ¢ is an R"™ %« arbitrary nonzero vector and ¢y , is a R™"

vector defined as:
@ = Ve cCoc (4.102)

This vector can be partitioned as follows:

9o, =| 20 (4.103)
' P c

Where @ . and @ . are respectively R" and R™ vectors. Observing the
matrix reformulation of the left eigenvalue problem of matrix A, ., the

following matrix equations can be deduced:

Vee = (T)G,c (4.104)

GiVWe, =P, (4.105)
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Note that from the first matrix equation is straightforward to deduce that the
vector @, coincides with the left eigenvector of the closed-loop state

estimation error matrix A . corresponding to the assigned eigenvalue A . .

Consequently:

GT(T)G,C =(T)G,c (4106)

This procedure can be repeated for each prescribed eigenvalue /12’0 to yield

the following generic matrix equations:
Gipa.=0s, , h=12...n (4.107)

Where §¢ . and g . are respectively R" and R™ generic vectors

corresponding to the assigned eigenvalue /12’0. These equations can be restated

in a compact matrix form as follows:

Gld, =D, (4.108)
Where @, and E)G’C are respectively R™ and R™" matrices defined
as:

(T)G,c :I:(T)le,c (T)(ZSC (T)gi (T)g,c]:

—1 —1% —n-1  —n-1* (4.109)
=[(PG,C (pG,c (PG,C (pG,c }

&)G,c = (T)ch (T)éc (T)gg (T)gc =

(4.110)

=1 =1x =n-1 —=n-1x

:[(Pe,c Pee - Do, (pG,c}
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Note that complex conjugate eigenvalue pairs /’LGh‘cl and /1(2'0 corresponds to

h-1 h-1

complex conjugate vector pairs ¢ ;, @¢ . and @7, @g . . Finally, the observer

matrix G, can be computed as:

G, = (5, D3, )T = (4.111)

=0 c(I)G,c
This method to compute the observer gain matrix is sometimes referred as
null-space technique for poles placement [3] . Since the output influence matrix

C is the same for both discrete-time and continuous-time state-space
representations, this method can be extended to system discrete-time state-space
representation in a straightforward manner replacing the continuous-time state
matrix A, with the discrete-time state matrix A to yield a discrete-time
observer matrix G instead of the continuous-time observer gain G_. Now

consider the more realistic case in which the system analytical model exhibits
some inaccuracies and the output measurements are corrupted by noise. In this
situation, an important method to solve the state estimation problem for both
continuous-time and discrete-time linear state-space systems comes from the

optimal estimation theory and is the Kalman Filter algorithm (KF) [11], [12].

Similarly to the pole placement technique, the basic requirement to apply the

Kalman Filter algorithm (KF) is that the system must be observable. Indeed,
consider a continuous-time state-space system affected by disturbances:

2(t) = A.z(t) + B u(t) +w(t) (4.112)

y(t) =Cz(t) + Du(t) + v(t) (4.113)

Where w(t) is a R" vector representing the process noise and V(t) is a

R™ vector representing the measurement noise. The random disturbances w(t)
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and Vv(t) are not measurable and are assumed zero mean Gaussian white noises
whose stochastic characteristics are:

Elw(®)]=0 , Vvt>0 (4.114)
E[v(t)]=0 , vt>0 (4.115)
Efwt)w' (0)]=R,,0(t-7) , Vtzr=0 (4.116)
E[v(t)v' ()]=R,,8(t-7) , Vtzr=0 (4.117)

Where R, is a R™ symmetric positive definite matrix defining the

isa R™™ symmetric positive definite

v

process noise covariance matrix and R

matrix defining the measurement noise covariance matrix. In addition, the
process noise and the measurement noise are assumed mutually uncorrelated:

E[w(t)v' (r)]=O , Vt,z>0 (4.118)

On the other hand, even the initial state z, is assumed unknown and it is

modelled as a Gaussian distributed random vector whose stochastic
characteristics are:

Elz,]=2, (4.119)
(20-2,) 1=Rq, (4.120)

Where Z, is a R" vector representing the expected value of initial state

and R , is a R™ symmetric positive definite matrix representing the

covariance matrix of the initial state. The initial state vector is modelled as a
random process uncorrelated to the stochastic disturbances:
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E[zw' (1)]=O , Vvt>0 (4.121)
E[z,v'()]=O , Vvt>0 (4.122)

The Continuous Kalman Filter algorithm (CKF) is capable to derive a
continuous-time observer matrix which minimizes a quadratic performance
index. The cost index is a quadratic functional which depends on process noise,

measurement noise and on the error of the initial state estimation [11] , [12] . In

the continuous-time case, for a finite-horizon of time 0 <t <T the quadratic
cost index can be defined as:

1 (4.123)
*ELT w' (DR, W) + VT (R, V()

Where the weighting matrices used in the cost function for the process
noise and the measurement noise are the inverse of their respective covariance
matrices whereas the weighting matrix used for the estimation error of the initial
state is the inverse of the covariance matrix of the initial state. Note that the
performance index can be seen as an energy index of the disturbances or as an

error index [12]. This cost index can be reformulated replacing the

measurement noise by using the output equation to yield:
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J. =_(Zo_zo)T Roo(Z0-7)+

+% [T W OR:LW)+V QR V(Dd =

éﬂ W' (ORLW() +(y(t) - Cz(t) - Du(®))' R;} (y(t) — Cz(t) - Du(t) ) dt
(4.124)

In order to find the Kalman state estimator, the cost index J_, must be

minimized and simultaneously the state equation must be satisfied. Therefore,
the state equation represents a constraint equation for the minimization problem.

To solve this problem the method of Lagrange multipliers can be used [11],
[12]. This method consists in adjoining the state equation to the performance

index and subsequently minimize this adjoint cost index J_ using variational
calculus technique. Indeed:

3 =0+ jOT 2T (1) (2(t) - A, 2(t) - B.u(t) - w(t)) dt =
==(z, —ZO)T R.y(Z,-7,)+
+% LT w' (HR:LwW(t) +(y(t)—Cz(t) - Du(t))T R, (y(t)—Cz(t)—Du(t))dt +

+[007 (0)(2() - Acz(t) - Bau(t) - w(t)) ot
(4.125)

Where A(t) isa R" vector containing the Lagrange multipliers. Since the
optimal estimator minimizes the adjoint performance index J_, it is necessary to

compute the first variation of this functional and set it equal to zero. Indeed,
taking the first variation of the augmented cost function J_ yields:
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5J;:5(%(ZO—ZO)TR;§)(zO j+5j ~w' ()R w(t)dt +

+5I (y(t)-Cz(t)- Du(t)) oy (Y(t)—Cz(t)—Du(t))dt +
+5j AT () (2(t) - Az(t) — B.u(t) —w(t))dt =
=(2,-7,) R15(z j(s( w' ()R, w(t)jdt+
+j ( (y(t)—Cz(t)- Du(t)) Cv(y(t)—Cz(t)—Du(t))jdH
j (27 (@) (2(t) - A z(t) - Bou(t) - w(t)) ) dt =
=(2,-2,) R (62, —67,)+ jow (OR,Sw(t)dt +
+jOT (y(t)—Cz(t)- Du(t))T R0 (y(t)—Cz(t) - Du(t))dt +
4 jOT 83T () (2(t) - A z(t) - B,u(t) - w(t)) dt +
+) 47 O35 (2() - A,z(t) - B.u(t) - w(t))dt =
=(z, —ZO)T R.06Z, +
+jT w' ()R:L6w(t) +(y(t) ~Cz(t) - Du(t)) R::Sy(t)dt +
j (y(t)=Cz(t) - Du(t))' R;LCSz(t)dt +
—j0+ y(t) - Cz(t) - Du(t))" R;iDsu(t)dt +
+ jOT (2(t) - A.z(t) - B.u(t) —w(t))" S1() +AT (1)Sz(t)dt +
+j0T A" (1) A Sz(t) - AT ()B Su(t) - A" (t)ow(t)dt =0
(4.126)

This formula can be further simplified yielding to:
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(2,-7,) R56z, +
+ jOT w' ()R:Lw(t) +(y(t) —Cz(t) —Du(t)) R;.Sy(t)dt +
+[ ~(y(®)-Caz(t) - Du(®) RACsZ(t)dt +
- [0 +(y() - Cz(t) - Du(t))" RADSu(t)dt +
+j0T (z(t)—-A.z(t)-Bu(t) —w(t))T SA(E) + AT (t)oz(t)dt + w127
+j0T AT () A 5z(t) - AT (1)B Su(t) - A" (t)ow(t)dt =
=(2,-2,) RA62, +
+ jOT w (DR Sw(t) - (y(t) - Cz(t) - Du(t))' R;LCSz(t)dt+
+ jOT (2(t) - A.z() - B.u(t) —w(t)) SA(t)+AT (1)SZ(t)dt +

+LT -1 (A Sz(t) - AT (t)Sw(t)dt =0

This expression can be further simplified to yield:
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(2,-7,) R562Z, +
+ jOT w' ()R w(t) - (y(t) —Cz(t) - Du(t))' R;LCSz(t)dt +
+ IOT (z(t)-A.z(t)-B.u(t) - w(t))T Sh() + A" (t)oz(t)dt +
+ jOT AT (O)ASZ(t) — AT () Sw(t)dt =
=(2,-7,) R4z, +
+], AT 520 +(~(y() - C2(t) - Du(®) RAC-1T (DA, | szt +
+ jOT (=27 @)+ wT (DR, ) Sw(t) +(2(t) — A z(t) - Bu(t) - w(t)) Sh(t)dt=
=(20-2,) R0z, +[ 2T ()52(t) | +
j ( i (1) - (y(t) - Cz(t) - Du(t))' R;}Vc—xT(t)Ac)csZ(t)du
+ jo (=27 @)+ wT (DR, ) Sw(t) +(2(t) — A.z(t) - Bu(t) - w(t)) S(t)dt =
=((z ~7,) R -2 (0))5z0+xT(r)5z(T)+
j ( i (1) - (y(t) - Cz(t) - Du(t))' R;}VC—xT(t)AC)5z(t)dt+
+j0 —)J ) +w' (t)R;}W)5w(t)+(i(t)—Acz(t)—Bcu(t)—w(t))T Sh(t)dt =
=(R(z,-2 )—;V(O))T 5z, + 4 (T)52(T) +
j ( A1) -C'R (y(t) - Cz(t) - Du(t)) - Azx(t))T Sz(t)dt +

+j0 —x(t)+Rc}Ww(t)) 5w(t)+(Z(t)—Acz(t)—BCu(t)—w(t))T Sh(t)dt =
=0 , Véz(t) , VOmMt) , Vow(t)
(4.128)

Observing that the variation of the state vector 6z(t), the variation of the
co-state vector oA(t) and the variation of the process noise vector ow(t) are
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all independent, each quantity in the time integral can be independently taken
equal to zero:

R:o(Z,—2Z,)-M0)=0
5z(T)=0
—A(t)-C'R} (y(t)—Cz(t)-Du(t))-AlA(t) =0  (4.129)
M) +RALw(t) =0
2(t)— A z(t)-Bu(t)-E.w(t) =0

Therefore, the minimization of the adjoint cost index J_ yields a set of two

differential equations and one algebraic equation:

{Z(t) = Az(t)+B.u(t) + w(t) (4.130)
2(0) =z,
{X(t) =-C'R., (y(O) - Cz(t) ~Du(h)) - A:2() (4.131)
A(0) = Rc,lo (Zo - Zo)
w(t) = Rc,w;"(t) (4.132)

Where the first differential equation is the state equation, the second
differential equation is the adjoint equation and the last algebraic equation is the
stationarity equation. There is a method derived from the optimal estimation
theory to obtain these sets of equations directly defining the Hamiltonian

function which depends on the state vector z(t), the co-state vector A(t) and
the process noise vector W(t) [11], [12]. Indeed:
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H, (z(t), w(t), A(t)) = w' ()R, w(t) +

+(y(t) —Cz(t)-Du(t)) R (y(t) - Cz(t) - Du(t) )+
AT (t) (A z(t) +B.u(t) + w(t))
(4.133)

The state equation, the co-state equation and the stationarity equation can
be obtained from the Hamiltonian function as follows:

)= _(8HC (2(), W(t), A1) JT

Y0 (4.134)
z(0) =z,
()= oH, (z(t), w(t), M) Y
= o2 (4.135)
A(0) = R;,lo (Zo _zo)
oH, (z(t), w(), (1) ) _0 (4.136)
w(t) |

The classical method to solve this problem consist in reducing it to the
solution of a continuous-time differential Riccati equation which can be used to

compute an observer matrix [11], [12]. Indeed, since the initial state vector z,
is a random Gaussian process with mean vector Z; and covariance matrix R,
the system state vector z(t) turnsout to be a Gaussian stochastic process which

can be expressed as the sum of a mean value function Z(t) and a zero mean

Gaussian stochastic process whose covariance matrix P(t) must be determined.
Indeed:
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2(t) = 2(t) + P)A(1)
2(0) =2, (4.137)
P(0)=R,,

Where 2(t) is a R" vector representing the mean value function of the

state vector Gaussian stochastic process and P(t) is a R™" symmetric matrix
representing the covariance matrix of a zero mean Gaussian stochastic process.
Since the mean state vector Z(t) and the covariance matrix P(t) are unknown

function of time, to compute them two matrix differential equations are required.
Taking the time derivative of the state vector and using the adjoint equation
yields to:

2(t) = 2(t) + P(t)A(t) + P(t)A(t) =

=2(t)+ P)A(1) + P(t) (—CTR} (y(t) - Cz(t) - Du(t)) - AJA(t) ) =
=2(t)+ P(Mt) +

+ P(t)(—cT R.L (Y1) -C(2(t) + P(t)A(t))— Du(t) ) - AI}.(t)) =
=2(t)+ P(M(t) +

+P(t)(~C'R.} (y(t) ~C2(t) - CP(t)A(t) - Du(t)) - AlA(t)) =
=2(t) + P(O)A(L) +

+ P(t)(—CT R:, (Y()—C2(t) - Du(t))+ C'R;,CP(t)A(t) - Alx(t)) =
= 2(t) + P()M(t) - P()CTR;Y (y(t) — C2(t) — Du(t)) +

+P(t)C"R_,CP(t)A(t) - P(t) A A(t)
(4.138)

On the other hand, using the state equation the time derivative of the state
vector can be computed as follows:
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z(t)=A_z(t)+B.u(t) +w(t) =
=A,(2(t) + P(t)A(t))+Bou(t) + R, A(t) = (4.139)
=A2(t) + APOA(L) + Bou(t) + R, A(t)

Equating the two previous equations yields:

2(t) - A.2(t) - B.u(t) - P(t)C'R_} (y(t) - C2(t) - Du(t) ) +

. (4.140)
+(P(t)-AP(t)-P®A] +P{)C'RLCP(H) - R, )A(t) =0

Setting the terms between the brackets and the remaining terms
independently equal to zero gives:

2(t) = A2(t) + B.u(t) + K. () (y(t) - 9(t)) (4.141)

2(0)=Z, '
¥(t) = C2(t) + Du(t) (4.142)
P(t)-AP(t)-P(t)A! +P(t)C'R;,CP(t)-R,,, =0 4143
PO) =R, (4149

Where y(t) is a R™ vector defining the estimated output measurement
vector and K _(t) isa R™™ matrix representing a continuous-time Kalman gain

matrix which is defined as:
K.(t)=P(t)C'R;, (4.144)

The continuous-time Kalman gain K_(t) can be computed once that the

covariance matrix P(t) has been determined from the first-order matrix
differential equation which is a continuous-time differential Riccati equation.
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Indeed, the Kalman gain matrix K _(t) works like a continuous-time observer in

the differential equation that describe the evolution of the mean state vector
2(t) which can be assumed as an estimation of the state vector z(t) . Moreover,

it can be proved [11], [12] that the continuous-time differential Riccati
equation reaches quickly an asymptotic solution P, which can be used to

compute a steady-state continuous-time Kalman gain matrix K as:
TpH-1
K..=P,C R, (4.145)
In practice the steady-state Kalman estimator is preferred especially for

real-time applications. This is equivalent to minimize an infinite-horizon
continuous-time quadratic cost index defined as:

Jo = % j: wh(tR,W(t) + V' (DR v(t)dt (4.146)

Consider now a discrete-time state-space system affected by disturbances:
z(k +1) = Az(k) + Bu(k) + w(k) (4.147)

y(k) =Cz(k) + Du(k) + v(k) (4.148)

Where w(k) is a R" vector representing the process noise and v(K) is a

R™ vector representing the measurement noise. Similarly to the continuous-time
case, the random disturbances wW(k) and v(k) are not measurable and are
assumed zero mean Gaussian white noises whose stochastic characteristics can
be expressed as:

E[w(k)]=0 , vk>0 (4.149)

E[v(k)]=0 , vk>0 (4.150)



CONTROL THEORY 281

Efw(hw' (k)]=R,5,, , Vhk>0 (4.151)
E[v(hv' (K)]=R,8,, . Vvhk=0 (4.152)

Where R, is a R™ symmetric positive definite matrix defining the

process noise covariance matrix and R is a R™" symmetric positive definite

matrix defining the measurement noise covariance matrix. The process noise and
the measurement noise are assumed mutually uncorrelated:

E[w(h)v' (k)]=O , Vvhk=>0 (4.153)

On the other hand, even the initial state z, is assumed unknown and it is

modelled as a Gaussian distributed random vector whose stochastic
characteristics can be expressed as:

Elz,]=Z, (4.154)
El(z, -7 )(2,-2) 1= R, (4.155)

Where Z, is a R" vector representing the expected value of initial state

and R, is a R™ symmetric positive definite matrix representing the

covariance matrix of the initial state. The initial state vector is modelled as a
random process uncorrelated to the stochastic disturbances:

E[z,w' (kK)]=O , Vk>0 (4.156)
E[z,v' (K)]=O , Vk=>0 (4.157)

The Discrete Kalman Filter algorithm (DKF) is capable to derive a discrete-
time observer matrix which minimizes a quadratic performance index [11],
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[12]. The cost index is a quadratic functional which depends on process noise,

measurement noise and on the estimation error of the initial state [12]. In the

discrete-time case, for a finite-horizon of time 0 <t <T the quadratic cost index
can be defined as:

(ZO )T R61(20—70)+

NlH

(4.158)

%N (W' (R W)+ V" (KR V(K))

k=0

._\

Where the weighting matrices used in the cost function for the process
noise and the measurement noise are the inverse of their respective covariance
matrices whereas the weighting matrix used for the estimation error of the initial
state is the inverse of the covariance matrix of the initial state. Note that the
performance index can be seen as an energy index of the disturbances or as an
error index. This cost index can be reformulated replacing the measurement
noise by using the output equation to yield:

J =%(Z Z )T R (2o -Z,)+
+%N 1(W (Ryw(K)+V' (k)R V(K)) =
:%(Zo _70)T Ry (z,-7,)+
l N-1 .
"3 W IR0+
+%N1((y(k) Cz(k)-Du(k))" R;*(y(k)—Cz(k) - Du(k)))
(4.159)

In order to find the Kalman state estimator, the cost index J must be
minimized and simultaneously the system state equation must be satisfied.
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Therefore, the state equation represents a constraint equation for the
minimization problem. To solve this problem the method of Lagrange

multipliers can be used [11], [12]. This method consists in adjoining the state

equation to the performance index and subsequently minimize this adjoint cost
index J* using variational calculus technique. Indeed:

= NZ(;J(kH) z(k+1)— Az(k) - Bu(k) — w(k)))

k=0

N-1

+% 2, (WT (k)R w(k)+(y(k)—Cz(k)— Du(k))T R, (y(k)-Cz(k) - Du(k))) n

+Nfl(xT (k +1) (z(k +1) - Az(k) - Bu(k) - w(k)))

k=

o

(4.160)

Where A(K) is a R" vector containing the Lagrange multipliers. Since the

optimal estimator minimizes the adjoint performance index J”*, it is necessary to
compute the first variation of this functional and set it equal to zero. Indeed,

taking the first variation of the augmented cost function J* vyields:
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1

5’ 25(5(20 -7,) Ri*(z, —zo)j+

+5Z; w' (KRW(K) + = (y(k) Cz(k) - Du(k)) (y(k)—(:z(k)_[)u(k))}r

P ()J(k+1)(z(k+l) Az(k)-Bu(k) - w(K))) =

(Zo 7,) Ry'5(2,- )+

+sz5( w (KR w (k) += (y(k) Cz(k)-Du(k))' ‘1(y(k)—Cz(k)—Du(k))j+
n l5(xT (k +1) (z(k +1) - Az(k) - Bu(k) - w(k))) =
=(z, - ) R, (62,-67,)+

+ (w ()R 8W(K) + (y(K) ~Cz(k) ~Du(k))' Ry (y(k) - Cz(k) - Du(k)) ) +

Z
+z(5mk+1)(z(k+1> Az(k) - Bu(k) - w(k)))+

n ()J(k+l)§(2(k+1) Az(K) - Bu(k) -w(K))) =

N-1

=(2,-7,) Rz, + Z(w (K)R2sw(K) +(y (k) —Cz(k) - Du(k))' R;15y(k))+

=0

=~

(y(k)—Cz(k)~Du(k))' R;lcaz(k))+

-

+Z( (y(k) —Cz(k) - Du(k))' R;1D5U(k))+
X
(o
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(4.161)

This expression can be further simplified yielding to:
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N-1

(2,-2,) Ry'6z, + Z(WT (R, 8w (k) + (y(k) ~Cz(k) - Du(k))' R;'y(K) )+

£ (~(y00~C200 - Du(k))' Ry'Coz()) +
3 (~(y00-C29~Duio)’ R;Dau(0)
+:Z;((z(k+1) Az(k)-Bu(k)-w(k))' 5%(k+1))
+rz‘;(w(k+1)5z(k+1) M (k+D)Asz(K))
+::( wY (k+1)B5u(k)—7»T(k+1)5W(k))

2 (k)oz(k) ) =

=( 2,-7,) gl—xT(O))5zo+xT(N)5z(N)+

3 ( (y(k)—Cz(k) - Du(k))" R;*C—2 (k +1)A+kT(k))5z(k))+
(w (KR - ;J(k+1))5w(k))

(z(k+1) Az (k) -Bu(k) —w(k))' 5x(k+1))

(4.162)
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This formula can be simplified to yield:

((z0 ~7,) R =2 (0))510 +4T(N)Sz(N)+

Z

o

z =
LN

+ 1( y(k) - Cz(k) - Du(k))' R;lc—;f(k+1)A+M(k))5z(k))+
ol

(W' ()R 4T (k +1))5w(k))

M

o

k=
N,

s > ((2(0k+1) ~ Az (k) ~Bu() ~w(k))' h(k 1)) =

LN

O

(Rgl(z0 Z,)- x(O)) 5z, +1" (N)sz(N)+

Z
,_\

+ (y(k)-Cz(k)-Du(k)) - ATk(k+l)+k(k))Téz(k))+

o

z =
LN

+

M

2 =~
L)

+
k=0

0 voz(k) , Vormk) , Vow(k)
(4.163)

( (Ryw(k) (K +1))5w(k))
(

z(k +1) - Az(k) - Bu(k) —w(k))' 5k(k+1)):

Observing that the variation of the state vector 0z(K), the variation of the
co-state vector oA(K) and the variation of the process noise vector ow(k) are

all independent, each quantity in the time integral can be independently taken
equal to zero:

Ry (2,-7Z,)-M0)=0
0z(N)=0
—C'R;'(y(k)-Cz(k) - Du(k)) - ATA(k +1) + A(k) =0 (4.164)
R 'w(k)-rk+1)=0
z(k +1) — Az(k) —Bu(k) —w(k) =0
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Therefore, the minimization of the adjoint cost index J* vyields a set of two
differential equations and one algebraic equation:

{z(k +1) = Az(k) + Bu(k) +w(k) (4.165)
z(0)=z,
{x(k) =C'R,"(y(k) - Cli(k) - D‘_‘(k)) +AMK+D) (4.166)
M0)=R; (2,-7)
w(k) = R, (K +1) (4.167)

Where the first difference equation is the state equation, the second
difference equation is the adjoint equation and the last algebraic equation is the
stationarity equation. Even in this case, there is a method deriving from optimal
estimation theory to obtain these set of equations directly defining the

Hamiltonian function which depends on the state vector z(k), the co-state

vector A(k) and the process noise vector w(k) [11], [12]. Indeed:

H (z(k), w(k), A(k)) = %WT (KR, w(k) +

+ %(y(k) —Cz(k)— Du(k))T R,!(y(k)—Cz(k)—Du(k))+

— AT (k+1) (Az(K) + Bu(k) + w(k))
(4.168)

The state equation, the co-state equation and the stationarity equation can
be obtained from the Hamiltonian function as follows:

ks D :_(aH (z(k),vv(k),x(k»] o

an(k +1)
z(0) = Z,
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2 (K) :_(aH (z(k),w(k),x(k»jT

22(k) (4.170)
M0) =R, (2, 7,)
oH (z(k), w(k), (k) ) _0 (4.171)
ow(k) |

The classical method to solve this problem consist in reducing it to the
solution of a discrete-time differential Riccati equation which can be used to

compute an observer matrix. Indeed, since the initial state vector z is a random
Gaussian process with mean vector Z;, and covariance matrix R, the system

state vector z(k) turns out to be a Gaussian stochastic process which can be
expressed as the sum of a mean value function Z(k) and a zero mean Gaussian
stochastic process whose covariance matrix P(k) must be determined. Indeed:

z(K) = 2(K) + P(k)A (k)
2(0) =7, (4.172)
P(0) =R,

Where 2(k) is a R" vector representing the mean value function of the

state vector Gaussian stochastic process and P(k) is a R™" symmetric matrix
representing the covariance matrix of a zero mean Gaussian stochastic process.
Since the mean state vector 2(k) and the covariance matrix P(k) are unknown
function of time, to compute them are necessary two matrix difference
equations. To derive a discrete-time differential Riccati equation to compute the
covariance matrix P(K), substitute the formulation of the state vector z(k) in
the adjoint equation:
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M(K) = C"R;* (y(K) —Cz(K) — Du(k)) + ATA(k +1) =

=C'R;}(y(k) ~C(2(k) + P(k)A(k))~ Du(k) )+ ATA(k +1) =

—C"R;*(y(k) —C2(k) — Du(k)) —C"R;*CP(k)A(K) + ATA(k +1)
(4.173)

Rearranging the common factors yields:

(P (k)+C'R,'C)P(K)i(k) = C'R}! (y(k) —~Ci(k) - Du(k))+ ATA(k +1)
(4.174)

Consequently, the product P(k)A(k) can be computed as:

P(K)A(k) = (P‘l(k) +C' R;1C)_1 C'R,'(y(k) - Cz(k) - Du(k))
+(PHK)+C'R,'C) " ATA(k+D) =
=P'(k)C'R,*(y(k)—C2(k) - Du(k) )+ P'(K)ATA(k +1)
(4.175)

Where P’(k) is a R™" symmetric matrix defined as:
P'(k)=(P (k) +C'R;C) (4.176)

On the other hand, the state equation can be reformulated by using the
previous equation to yield:
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z(k+1) = Az(k) + Bu(k) +w(k) =
= A(i(k) + P(k)X(k)) +Bu(k) + R A(k+1) =
= A(i(k) +P'(k)C'R} (y(k) -Cz(k)- Du(k)) +P'(K)ATA(K +1))
+Bu(k)+R Ak +1) =
=A2(k)+AP'(K)C'R;" (y(k) -Cz(k)- Du(k)) +AP'(K)ATA(K +1) +
+Bu(k) + R, Mk +1)
(4.177)
The state vector can be also expressed as the sum of the following terms:
z(k+1) =2(k+1)+P(k+D)n(k +2) (4.178)

Equating the last two equations yields:

2(k +1) - A2(k) —Bu(k) — AP'(k)C'R;* (y(k) —C2(k) — Du(k)) +
+(P(k+1) - AP'(K)AT —R, )A(k +1) =0
(4.179)

Setting the terms between the brackets and the remaining terms
independently equal to zero gives:

{2(k +D) = A2()+Bul)+ Ky -5() o
2(0) =7,

§(k) = C2(k) + Du(k) (4.181)

{P(k +1) = AP'(k)AT +R,, (4.182)
P(0)=R,
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Where y(k) is a R™ vector defining the estimated output measurement

vector and K(k) is a R™™ matrix representing a discrete-time Kalman gain
matrix which is defined as:

K(k) = AP'(K)C'R " =

. (4.183)
=AP(K)C' (R, +CP(k)C")

The discrete-time Kalman gain K(k) can be computed once that the

covariance matrix P(k) has been determined from the first-order matrix
difference equation which is a discrete-time difference Riccati equation. Indeed,
the Kalman gain matrix K(k) works like a discrete-time observer in the

difference equation that describe the evolution of the mean state vector Z(K)
which can be assumed as an estimation of the state vector z(k). Moreover, it

can be proved [11], [12] that the discrete-time difference Riccati equation
reaches quickly an asymptotic solution P, which can be used to compute a

steady-state discrete-time Kalman gain matrix K _ as follows:

K, =AP.C'R;' =

=APC(R,+CP,CT)" (4189

This is equivalent to minimize an infinite-horizon discrete-time quadratic
cost index defined as:

3, = %i(wT (R W(K) +v' ()R V(K)) (4.185)

In practice the steady-state Kalman estimator is preferred especially for
real-time applications.



CONTROL THEORY 293

4.4, LINEAR QUADRATIC GAUSSIAN
CONTROLLER (LQG)

Consider the regulation problem for a linear dynamical system disturbed by
white Gaussian noise in the presence of incomplete state measurements. This
problem can be solved using the Linear Quadratic Gaussian controller algorithm

(LQG) for both continuous-time and discrete-time state-space systems [9]
[10]. This method combines the two logical structures of the optimal
deterministic state regulator with the optimal stochastic state estimator [11],

[12]. Indeed, it can be proved that a Linear Quadratic Regulator (LQR) and a
Kalman Filter (KF) can be designed independently and then combined together
to derive a Linear Quadratic Gaussinan controller (LQG) [13], [14]. This

important result is known as separation theorem or certainty-equivalence
principle. Hence, consider a continuous-time state-space system affected by
disturbances:

z(t) = A z(t) +B.u(t) + w(t) (4.186)

y(t) =Cz(t) +Du(t) + v(t) (4.187)

Where w(t) is a R" vector representing the process noise and V(t) is a
R™ vector representing the measurement noise. The random disturbances w(t)

and Vv(t) are not measurable and are assumed zero mean Gaussian white noises
whose stochastic characteristics are:

E[w(t)]=0 , vt>0 (4.188)

E[v(t)]=0 , Vvt>0 (4.189)

Efwt)w' ()]=R,,6(t-7) , Vvt =0 (4.190)
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E[vt)V' (1)]=R.,6(t—-7) , Vtr=0 (4.191)

Where R, is a R™ symmetric positive definite matrix defining the

process noise covariance matrixand R isa R™™ symmetric positive definite

c\Vv
matrix defining the measurement noise covariance matrix. In addition, the
process noise and the measurement noise are assumed mutually uncorrelated:

E[wt)V' (r)]=O , Vt,z>0 (4.192)

On the other hand, even the initial state z, is assumed unknown and it is

modelled as a Gaussian distributed random vector whose stochastic
characteristics are:

Elz,]1=2, (4.193)
(z0-2,) 1=Rq, (4.194)

Where Z, is a R" vector representing the expected value of initial state

and R , is a R™™ symmetric positive definite matrix representing the

covariance matrix of the initial state. The initial state vector is modelled as a
random process uncorrelated to the stochastic disturbances:

E[zw' (t)]=O , Vvt>0 (4.195)
E[z,v' ()]=O , Vvt>0 (4.196)
For the continuous-time representation, the Linear Quadratic Gaussian

regulator method (LQG) is able to compute a feedback matrix in such a way to
minimize a quadratic cost index [13], [14]. In the continuous-time case and



CONTROL THEORY 295

without considering constraints on the terminal state, for a finite-horizon of time
0<t<T the quadratic cost index can be defined as:

.= B2 (NQur2(M)+5 ] 2 (0Q,,200)+" (9Q,,u(0et]
(4.197)

Where Q. ; and Q. , are R™ matrices which represent the terminal cost

matrix and the weight of the state vector whereas Q. is a R™" matrix
representing the weight of the input vector. Note that the matrix Q. is a

positive semidefinite matrix which penalizes the deviation of the final state from
the desired set point whereas the matrices Q_, and Q. are respectively a

positive semidefinite matrix and a positive definite matrix which penalize
respectively the instantaneous deviation of the state form the reference
configuration and the instantaneous control effort. Therefore, performing the
minimization procedure the control input can be expressed as:

u(t) = F.()2(t) (4.198)

Where F_(t) is a R™ feedback matrix function which derive from the

computation of a deterministic state regulator and Z(t) is an R" observed

vector which derive from the computation of a stochastic state estimator [13] ,

[14]. Indeed, the feedback matrix F_(t) can be computed minimizing the

following deterministic continuous-time cost function:
1 1
3 =52 (NQur2(1)+3 [; 2 Q.20 +u" Q. u(®)dt (4.199)

The minimization of the cost function yields to the following continuous-
time differential Riccati equation:
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cu—c

4.200
s(M)=Q,, (4.200)

{S(t) +S(t)A, +ATS(t)-S()B.Q:ABIS(t) +Q,, =O

Where S(t) is a R™" symmetric matrix function which is necessary to
compute the continuous-time feedback matrix function F,(t) as:

F.(t) =—Q_.B.S(t) (4.201)

cu-c

It can be proved [9], [10] that this continuous-time differential Riccati
equation reaches quickly an asymptotic solution S_ which can be used to
compute a steady-state continuous-time feedback matrix F_ as:

F.=-Q.B:S (4.202)

cu=cYwo

On the other hand, the estimated state Z(t) can be computed from the
following observer equations:

2(t) = A2(t) + But) + K (1) (y() - y(®)) (4.203)
2(0) =12, '
¥(t) = C2(t) + Du(t) (4.204)

Where the Kalman filter K_(t) can be computed minimizing the following

stochastic continuous-time error function:
1 —\T -1 =
J, :E(ZO — zo) R (z0 - zo)+

L (4.205)
+ E.[o w (R, W(t)+ V' (DR, V(t)dt
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The minimization of the error function yields to the following continuous-
time differential Riccati equation:

{P(t) “APO-POA +POCR,CPO-R., =0 ) o6

P(0)=R.,

Where P(t) is a R™ symmetric matrix function which is necessary to

compute the continuous-time Kalman matrix function K_(t) as:
K.(t)=P(t)C'R;, (4.207)

It can be proved [11], [12] that this continuous-time differential Riccati
equation reaches quickly an asymptotic solution P, which can be used to

compute a steady-state continuous-time Kalman gain matrix K as:
K..=P.C'R;, (4.208)

Consequently, the overall model of the controlled system combined with
the state observer can be expressed as follows:

Z(t) = A_(1)Z(t) (4.209)

Where Z(t) isa R*" vector representing the global state vector and A_(t)

is a R*™" matrix representing the global state matrix which are respectively
defined as:

Z(t) = ﬁm (4.210)
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~ |: Ac Bch (t)
A, (1) = (4.211)
Kc (t)C Ac - Kc (t)C+ BCFC (t)

The separation theorem or certainty-equivalence principle states that the
eigenvalue set of the global state matrix AC (t) is the union of the eigenvalue set

of the closed-loop control state matrix A_+B_F_(t) and the eigenvalue set of

the closed-loop observer state matrix A, —K_(t)C [13], [14]. Therefore, the

state controller and the state observer can be designed independently making
stable the closed-loop control state matrix A, +B_F,(t) and the closed-loop

observer state matrix A, —K_(t)C and consequently the global state matrix
AC (t) is stable. This result can be developed in a straightforward manner

considering a slightly different global state vector defined as [3] ;

7(t) = {28} (4.212)

Where e(t) is the error between the system state vector z(t) and the
estimated state vector 2(t) . Indeed, in terms of this global state vector Z(t) the

global state matrix AC (t) becomes:

(4.213)

AC (t) _ |:Ac + Bch (t) _Bch (t) j|

0 A, -K_(t)C

Indeed, the eigenvalues of the block triangular state matrix AC (t) areunion
of the eigenvalues of its diagonal block matrices A_ +B_F.(t) and
A, —K_ (t)C. On the other hand, Consider now a discrete-time state-space

system affected by disturbances:



CONTROL THEORY 299

z(k +1) = Az(k) + Bu(k) +w(k) (4.214)
y(k) =Cz(k) + Du(k) + v(k) (4.215)

Where w(k) is a R" vector representing the process noise and v(k) is a

R™ vector representing the measurement noise. Similarly to the continuous-time
case, the random disturbances w(k) and v(k) are not measurable and are
assumed zero mean Gaussian white noises whose stochastic characteristics can
be expressed as:

Efw(k)]=0 , vk>0 (4.216)

E[v(k)]=0 , Wk=0 (4.217)
Efw(hw' (K)]=R,5,, . Vhk>0 (4.218)
Elv(h)v' K)]=R,5,, ., Vhk=0 (4.219)

Where R, is a R™" symmetric positive definite matrix defining the

rocess noise covariance matrix and R is a R™™ symmetric positive definite
\

matrix defining the measurement noise covariance matrix. The process noise and
the measurement noise are assumed mutually uncorrelated:

E[w(h)v' (K)]=O , ¥hk>0 (4.220)

On the other hand, even the initial state z, is assumed unknown and it is

modelled as a Gaussian distributed random vector whose stochastic
characteristics can be expressed as:

Elz,]1=2, (4.221)
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El(z,-2,)(2,-2,) 1=R, (4.222)

Where Z, is a R" vector representing the expected value of initial state

and R, is a R™" symmetric positive definite matrix representing the

covariance matrix of the initial state. The initial state vector is modelled as a
random process uncorrelated to the stochastic disturbances:

E[z,w' (K)]=O , Vvk=>0 (4.223)

E[z,v' (k)]=O , Vvk=>0 (4.224)

For the continuous-time representation, the Linear Quadratic Gaussian
regulator method (LQG) is able to compute a feedback matrix in such a way to

minimize a quadratic cost index [13], [14]. In the discrete-time case and

without considering constraints on the terminal state, for a finite-horizon of time
0<t<T the quadratic cost index can be defined as:

N-1

I =B 7 (N)Qe2(N)+2 X2 (0Q2(0) +" (Qu(K))]

k=0
(4.225)

Where Q; and Q, are R™" matrices which represent the terminal cost
matrix and the weight of the state vector whereas Q, is a R"™" matrix

representing the weight of the input vector. Note that the matrix Q; is a positive

semidefinite matrix which penalizes the deviation of the final state from the
desired set point whereas the matrices Q, and Q, are respectively a positive

semidefinite matrix and a positive definite matrix which penalize respectively
the instantaneous deviation of the state form the reference configuration and the
instantaneous control effort. Therefore, performing the minimization procedure
the control input can be expressed as:
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u(k) = F(k)2(k) (4.226)

Where F(k) is a R™" feedback matrix function which derive from the

computation of a deterministic state regulator and Z(k) is an R" observed
vector which derive from the computation of a stochastic state estimator. Indeed,
the feedback matrix F(k) can be computed minimizing the following
deterministic discrete-time cost function:

3= 22T (NIQ2(N) +5 3 (27 (KQ,200) +u” ()QuK)) (4227)

The minimization of the cost function yields to the following discete-time
difference Riccati equation:

{S(k) =A'S'k+)A+Q, (4.228)

S(N) :QT

Where S(k) is a R™ symmetric matrix function which is necessary to
compute the discrete-time feedback matrix function F(k) as:

F(k) =-Q,'B'S'(k +1)A =

. 4.229
=—(Q,+B'S(k+1)B) B'S(k+1)A (229

It can be proved [9], [10] that this discrete-time difference Riccati
equation reaches quickly an asymptotic solution S which can be used to

compute a steady-state discrete-time feedback matrix F,_ as:

F, =-Q,'B'S,A=

=—(Q,+B'S,B) B'S A (250
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On the other hand, the estimated state Z(k) can be computed from the
following observer equations:

2(k+1) = A2(K) +Bu(k) + K(K) (y(K) -9 (K)) w280
2(0) =2, '
§(k) = C2(k) + Du(k) (4.232)

Where the Kalman filter K(k) can be computed minimizing the following
stochastic discrete-time error function:

(4.233)

+%N 1(WT (R, w (k) + VT (KR, 'v(K))

k=0
The minimization of the error function yields to the following discrete-time
difference Riccati equation:

{P(k +1) =AP'(K)A" +R,, (4.234)

P(0) =R,

Where P(K) is a R™" symmetric matrix function which is necessary to
compute the discrete-time Kalman matrix function K(k) as:

K(k) = AP'(K)CTR;* =

a1 4.235
=AP(k)C' (R, +CP(k)C") (4239
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It can be proved [11], [12] that this discrete-time difference Riccati
equation reaches quickly an asymptotic solution P_ which can be used to

compute a steady-state discrete-time Kalman gain matrix K as:

K, =AP'C'R=
) (4.236)
=APC"(R,+CP,C")"

Consequently, the overall model of the controlled system combined with
the state observer can be expressed as follows:

Z(k+1) = AK)Z(K) (4.237)

Where Z(k) isa R?" vector representing the global state vector and A(K)

is a R®™®" matrix representing the global state matrix which are respectively
defined as:

k
2(k) = Ekﬂ (4.238)
AK) { BF(k) } (4.239)
K(k)C A-K(k)C+BF(k)

The separation theorem or certainty-equivalence principle states that the
eigenvalue set of the global state matrix A(K) is the union of the eigenvalue set
of the closed-loop control state matrix A+ BF(k) and the eigenvalue set of the
closed-loop observer state matrix A—K(k)C [13], [14]. Therefore, the state

controller and the state observer can be designed independently making stable
the closed-loop control state matrix A+ BF(k) and the closed-loop observer

state matrix A—K(K)C and consequently the global state matrix A(K) is
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stable. This result can be developed in a straightforward manner considering a
slightly different global state vector defined as [3]:

(4.240)

2(k) :{Z(k)}

e(k)

Where e(k) is the error between the system state vector z(k) and the
estimated state vector Z(k). Indeed, in terms of this global state vector Z(k) the

global state matrix A(k) becomes:

(4.241)

Ao - {A+ BF(k) —BF(k) }

o) A-K(K)C

Indeed, the eigenvalues of the block triangular state matrix A(k) are union
of the eigenvalues of its diagonal block matrices A+ BF(k) and A—K(k)C.



CASE STUDY: ACTIVE CONTROL OF ATHREE-STORY
BUILDING MODEL 305

5. CASE STUDY: ACTIVE CONTROL OFA
THREE-STORY BUILDING MODEL

5.1. INTRODUCTION

In this chapter the analysis of a case study is presented. The case study
examined is a three-story building model with a pendulum hinged on the third
floor. The motivations of this choice can be summarized in two points. First, the
three-story frame, in spite of its simplicity, is a mechanical system whose
dynamical behaviour is qualitatively similar to complex flexible structures.
Therefore, all methods able to derive the equations of motion of multibody

systems [1], [2], [3]. all algorithms capable to identify the modal parameters
of structural systems [4], [5]. [6]. [7]. [8]. [9]. [10]. [11]. [12]. [13] and
all strategies adequate to perform active vibration control of mechanical systems
[14], [15]. [16], [17]. [18]. [19]. [20], [21] can be identically used in order
to obtain qualitatively similar results. Second, the three-story building model, by

virtue of its simplicity, is a mechanical system which can be quite simply
assembled in laboratory making relatively little effort in order to perform a quick

and easy-to-test experimental analysis [22], [23]. The following sections
contain an accurate description of the three-story frame, of the control system
and of all the tools which compose the test rig [24], [25]. Then, the

developments of a lumped parameter model and of a finite element model of the
three-story frame are presented. Indeed, the system equations of motion has been
derived using the finite element formulation of flexible multibody Dynamics
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[1]. Subsequently, the development of a data-driven model relative to the

system under test is described in the experimental identification section [5] In
particular, the Eigensystem Realization Algorithm with Data Correlation using
Observer/Kalman Filter Identification method (ERA/DC OKID) [4] and the

Numerical Algorithm for Subspace Identification (N4SID) [6] have been used

to determine two different state-space models of the structural system using
experimental input and output measurements. In addition, the algorithm to
determine a physical model from the identified sate-space representation (MKR)

[7]. [8]. [9] has been used to obtain two different second-order mechanical
models of the three-story frame. Subsequently, the design of a Linear Quadratic
Gaussian regulator (LQG) [14], [15] has been performed using the previously

identified physical model of the system under test. The effectiveness of this
controller has been tested in the worst-case scenario in which the system is
excited by an external force whose harmonic content is close to the first three
system natural frequencies. Finally, a new control algorithm for nonlinear
underactuated mechanical systems affected by uncertainties (EUK-EKF) is
proposed. The control problem of nonlinear underactuated mechanical system
forced with nonholonomic constraints is the main object of many recent

researches [26], [27], [28]. In analogy with the Linear Quadratic Gaussian
regulation method (LQG), the proposed algorithm represents the extension of the
Udwadia-Kalaba control method (UK) [29] to underactuated mechanical
systems disturbed by noise. This extension is performed combining the extended
Udwadia-Kalaba control method (EUK) [30], [31] which is the extension of

the Udwadia-Kalaba control method (UK) [29] to underactuated mechanical
systems, with the well-known extended Kalman filter estimation method (EKF)
[15]. Even in this case, the effectiveness of the combined algorithms (EUK-

EKF) has been tested in the worst-case scenario in which the system is excited
by an external force whose harmonic content is close to the first three system
natural frequencies.



CASE STUDY: ACTIVE CONTROL OF A THREE-STORY
BUILDING MODEL 307

5.2. TEST RIG DESCRIPTION

The experimental apparatus is a flexible structure composed of six vertical
harmonic steel beams and three aluminium Bosch profiles, which serves as
horizontal connecting rods.

The frequency range of interest encompasses all the frequencies below
15 [Hz]. In the frequency range of interest, the steel beams behave like flexible
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elements whereas the aluminium rods behave like rigid elements. Since the

structure is developed in a plane, its transversal stiffness and its torsional
stiffness are much larger than the structure stiffness along the plane. Therefore,
in the frequency range of interest, the structure behaves like a plane system. The
structural elements are assembled to form a three-story frame which represents a
simplified model for a three-story building. The flexible frame is excited in
correspondence of the first floor by a Bruel & Kjaer shaker. The shaker is
suspended through a steel cable which is fixed on an external support structure.
The shaker is connected with the three-story frame by a stinger and a PCB load
cell is interposed between the structure and the stinger in order to measure the
force transferred to the frame by the shaker. The shaker is fed by a Bruel &
Kjaer power amplifiers which is controlled by a Textronics arbitrary function
generator. On the other hand, on each floor of the structure there is a Bruel &
Kjaer piezoelectric transducer which sense the structure acceleration. In
addition, on the third floor there is the control system.

The control actuator is realized by a simple pendulum which can oscillate
along the plane of the structure. The pendulum is driven by a Kollmorgen AKM
brushless motor, equipped with an encoder, which provides the control torque.
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The control torque follows a feedback control law which has been implemented

using a National Instruments PAC system, namely the CompactRIO system. The
interface between the motor servodrive and the PAC system is achieved by a
drive interface module lodged in the chassis of the CompactRIO system, which
enables an efficient integration of the two systems. Indeed, the CompactRIO
system can read the output signals of the transducers by using the input module
and, at the same time, it can accomplish the feedback control for the motor
torque by using the drive interface module.

— & —
Controller 12 ?*‘Y
]

| Amplifier

- . ¢
@ sss M

On the other hand, in order to perform the experimental modal analysis of
the structure, the structure has been excited by a Bruel & Kjaer impact hammer
instrumented with a load cell connected to a Bruel & Kjaer spectrum analyzer
whereas, at the same time, the acceleration signals of the system response were
recorded by using the spectrum analyzer. Consider now the following data.
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The length of the structural elements are equal respectively to
L, =23-107[m], L, =28-107 [m] and L, =23-10"* [m] whereas the half-
length of the pendulum is equal to L, =8.25-107 [m] The dimensions of the

cross sections relative to the structural elements are b, =b, =b, =3.5-107% [m]
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and h =h, =h, =1.10°[m]. The areas of the cross sections are equal to

A=A =A=bh =35.10"° [mz]. The second moments of area

corresponding to each beam cross section can be computed as

3
J,=J,=J,= % =2917-10" [m“] . The system structural components
are made of harmonic steel. The mass densities of the harmonic steel elements
kg

are equal to  p, = p, = p, =7860 [—3} whereas the elastic moduli are equal
m

to E,=E,=E; = 207-10° {lz} The masses of the floors are respectively
m

equal to m, =1.281[kg], m, =0.814[kg] and m, =1.380[kg] whereas the
mass of the pendulum is equal to m, =0.083[kg]. The mass moment of inertia
relative to the centre of mass of the pendulum is equal to
I, 4 =8.32-10" [kg m2]. The structural damping is assumed proportional

with coefficients o =0.9751[s] and B =-2.8815-10"" F} whereas the
S

pendulum angular damping is assumed equal to r, =2.432-10°° {N -m-s}

rad

These data will be used in the following sections to derive different types of
models and different types of controller for the three-story frame.
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5.3. LUMPED PARAMETER MODEL

Consider the following schematization of the test rig:

X3
M3 —>

k3
X2
M2 —>

k2
X1
M, —

kl

/

According to the lumped parameter description, the systemis modelled as a
set of three rigid bodies representing the floors of the building connected by
three linear springs corresponding to the system structural elements. In addition,
a pendulum hinged on the third floor is considered. Therefore, the number of

system degrees of freedom is n, =4 and the vector of system lagrangian
coordinates is selected as follows:

X, (t)
X,(t)
X;(t)
o(t)

q(t) = (5.1)
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Where x (), X,(t) and x,(t) are the horizontal displacements of the three

floors whereas O(t) is the pendulum angle. The position vectors relative to each

floor centre of mass can be expressed in terms of system configuration
coordinates as:

X (1)
R'(t)=| L (5.2)
0

X, (t)
R*(M)=| L +L, (5.3)
0

X3(t)
Rit)=| L +L,+L, (5.4)
0

Where L, L, and L, are the dimensions of the structural elements. On the

other hand, the position vector of the pendulum centre of mass can be expressed
in terms of lagrangian coordinates as follows:

X;(t) + L, cos(a(t))
R(t)=| L +L,+L,+L,sin(@(t)) (5.5)
0

Where L, is equal to half length of the pendulum. Indeed, the position

vector of a generic point P* on the pendulum can be computed as:

r*(P*,t) =R*(t) + A*(t)u* (P (5.6)
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Where A’(t) is a rotation matrix defined as:

cos(A(t)) -sin(A(t)) O
A'(t) =| sin(d(t)) cos(d(t)) O (5.7)
0 0 1

And T*(P*) is the position of the point P* referred to the pendulum frame
of reference defined as:

74
a'(PH=| 0 (5.8)
0

Consequently, the time derivative of each centre of mass position vector can
be computed as:

%, (t)
R'(t)=| 0 |=

0

1000 ),Zi(t)
X, (t)

=0 0 0 0f 27 |= (5.9)

X3 (t)

000 Of°
o(t)

= J(t)q(t)



CASE STUDY: ACTIVE CONTROL OF ATHREE-STORY

BUILDING MODEL 315
%, (1)
R%(t)=| 0 |=
|0
01 0 o] %(1)
X, (t)
=0 0 0 0l 27 |= (5.10)
X, (t)
000 0"
- o(t)
=J(H)a(t)

X3 (t)
Rt)=| 0 |=
0

:{

=Jz(Dq(t)

etk (5.11)

0 % (1)
] RO|
o(t)

o O O

o O O

o O -
o

RYt)=| L, cos(Ot)d(t)
0

%) -L, sin(e(t»e'(t)}

- , % (t)
0 0 1 -L,sin(e(t)) % (1
=|0 0 0 L,cos(A(t) ,Zt = (5.12)
00 0 X, (t)

o(t)

=Je (DA
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Where the jacobian transformation matrices Ji(t), JA(t), J3(t) and

J%(t) are respectively defined as follows:

JL@®)=(0

Ja(t) =

Ja(t) =

Ja(t) =

o O O
o O O

o O

—L, sin(6(t))
L, cos(O(t))
0

(5.13)

(5.14)

(5.15)

(5.16)

On the other hand, the angular velocity of the pendulum can be expressed in
terms of the independent coordinates as follows:
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0
o'()=| 0 |=
6(t)
0O 00O Xi(t)
X, (t)
—lo 0 0 ol 2| (5.17)
X, (t)
0 0 0 1] :
o)
=J, (®a()

Where the jacobian transformation matrix J? (t) is defined as:

0 00O
J't)=|/0 0 0 O (5.18)
0 001

Using these expressions, the kinetic energy relative to each system element
can be computed as:

T = mRTOR') -

:% G (OIT 0T (OG(E) = (5.19)

:%qwomwomn
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T2(t) =§m2F'22T (tR*(t) =
- % m,q" (1J27 (133 (0a(1) = (5.20)

—~ 4 OM ()0)

T = MR OR'() -

_ % mg" ()38 ()IE B)(t) = (5.21)

:%qT OM 4

T = ZMRTOR O+ 1,07 00’0 -
=%m4qT t)J3 (t)J‘;(t)q(t)+% ,..d" ()3J2T ()2 (0g(t) =
2 O(m I OIO 1,35 O 0)a0 -

—— 4 OM* a0
(5.22)

Where m;, m,, m, and m, are respectively the masses of each floor and
the pendulum mass whereas |, , is the mass moment of inertia relative to the
centre of mass of the pendulum. The mass matrices M*(t), M?(t), M*(t) and

M*(t) can be respectively computed as:
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M*(t) = mJy (1) 3 (1) =

100 0]t 00O
=m|/0 0 0 0/|0 0 0 Of= (5.23)
000O0||0O0OTO
m 0 0 0
|o o000
1o 000
0 00O
M?(t) = m,J5" (1)JR (1) =
010 0][0o1 00
=m,0 0 0 0[]0 0 0 0}= (5.24)
000O0/[00O0O
0 0 00
0m 00
1o 0 0 0
0 0 00
ME(t) = m 35T ()3 () =
001 0[[0010
=m0 0 0 0 00 0= (5.25)
00O0O0||0O0OTO
00 0 O
00 0 O
loom 0
00 0 O
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MA(t) =m,J5" (DI (O + 1,35 (), (0) =
0 0 1 -Lsin(@®)][0 0 1 -L,sin(a(t)
=m,/0 0 0 L, cos(H(t)) 0 0 0 L,cos(6(t))
000 000 0
0

{ 00
zz4
0 0

0

0

0 m, —-m, L, sin(&(t))
0 -m,L,sin(ot)) m,L5+1,,
(5.26)

o O o
o O o
o O o

0]
0
1

o
o
o O O

o
o
o k O O
Il

o O O O

Hence, the kinetic energy corresponding to the whole system can be
computed as:

TR =T'®)+T?@®)+T3t)+T*(t) =
— 4 OMOA0 +5 6 OM Q40+ 4" OM* 04O +
+28 OM* 040 -
=20 O (M) + M2+ M0+ M*(0)4(0) -

— 24 OM®AQ
(5.27)

Therefore, the mass matrix of the whole system can be obtained summing
each element mass matrix yielding:
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M(t) = M*(t) + M?(t) + M*(t) + M*(t) =
m O 0 0
0 m, 0 0 (5.28)
o o m, +m, -m,L, sin(6(t))
0 0 -mlL,sin(@t) mLi+1,,

Once that the mass matrix and the Kkinetic energy of the whole system have
been determined, the two terms which form the quadratic velocity vector can be
computed as:

m 0 0 0 % (t)
- |0 m, 0 0 ()
-M®a®) =~ dt|o o0 m, +m, —m,L,sin@®) | || %,(t) |
0 0 -mbLsin(et) mlLi+l,, o(t)
0 0 0 0 % (t)
00 0 0 %, (t)
“lo o 0 m,L, cos(0())0(t) || %,(t) |
0 0 m,L,cos(A()o(t) 0 o(t)
I 0
0
T m,L, cos(a(t)d2 (t)
| m, L, cos(O(t))O(t) % (t)

(5.29)
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awm
aq(t)

|

q 0=~

~q ©%

—Q()

]T:

o]
ox, (t)
oT ()
(1)
aT()
(1)
oT()

Lo6(1) |

AM(t) ()‘

ox, (t)
M(1) .
X, (1)
M (1)
0%y (t)
M ()
00(t)
0

0

0

q(t)

q(t)

L.—m, L4 COS(G(t))é(t) X4 (t)
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1

(5.30)

Consequently, the quadratic velocity vector can be computed as follows:

Q. () =-M(a(t) +£

0
0

aT (t)
aq(t)

J-

(5.31)

m, L, cos(8(t))6%(t)

0
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On the other hand, suppose that the elastic springs have zero length in the

undeformed state. The deformation vectors of each spring can be expressed as
follows:

X (t)
I‘t)=| 0 |=
0
1 0 o o] %W
X, (t)
=0 0 0O = (5.32)
X, (t)
0000
o(t)
= Ji(H)a(t)
X(t) ><1(t)
1%(t) =
-1 1 0 0 %)
X, (t)
=0 0 0 O = (5.33)
X, (t)
0 000
o(t)

=J7(t)q(t)
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13(t) =

[ %3 (1) — X, (t)
0
0

-1

o O O

1
0
0

o O O

0
0

=J7(t)a(t)

X (1)
X, (1)
X ()|
o(t)

(5.34)

Where the jacobian transformation matrices J7(t), J?(t) and J’(t) can be

respectively expressed as:

10
Jt)=|0 0
00
-1 1
J:t)=| 0
0 -1
B@t)=/0 0
0 0

o O o

(5.35)

o O O

0 (5.36)

0 (5.37)

Consequently, the strain potential energy relative to each spring of the

system can be computed as:
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Ui =Sk O -
:%1¢apfamxomw=

:%qT (HK )a)

UE®) =kl OF ) -

%kqu (OJIFT OIFOa(t) =

_ %qT (K2 ()at)

Us(t) = %ksl” OF@) =

Z%&¢apfamﬂom0=

_ %qT (HK (Da(t)

(5.38)

(5.39)

(5.40)

Where k;, k, and k; are the elastic constants relative to each spring. These
constants can be computed modelling the structural elements as fixed end

beams:
k, = 24El—‘3Jl

E,J,

k,=24 E

(5.41)

(5.42)
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E3J3

3

k,=24 (5.43)

Where E,, E, and E; are respectively the Young elastic moduli relative to
each beam whereas J,, J, and J, are the second moments of area
corresponding to each beam cross section. The spring stiffness matrices K*(t),

KZ(t) and K*(t) can be respectively computed as:

Ki(t) =k J7 (1) 37 (1) =

0 T

0

0
KI(t) =k, JF ()JF () =

11 0 0][-1
=k,/] 0 0 0 0
0 00O

kz _kz
_kz kz
1o o
0 0

=k, (5.44)

o O B+
o O o
o O o

1
0
0

o O O

o O O

o O O
I

o o o &~
o O O o
o O O o
o O o O

1
0 (5.45)
0

o O O
o O O
I

0
0

0
0
0
0

O O o o
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K () =k, J7 (037 (1) =

0 -1 1 0][0 -1 1 0

=k,|0 0 o] 0 0 0 0l= (5.46)
0 0 00[|[0 O 0O
0 0 0 O
0 k, —k, O

1ok, kO
0 0 0 O

Hence, the strain potential energy corresponding to the whole system can be
computed as:

U, (1) =U/ (1) +U7 () + U (1) =
1

—~d OKi Va0 +§qT K2 +§qT OK3(B(t) =

=%¢axKﬂo+Kﬂo+mw»qm=

— 4" OK, 090

(5.47)

Therefore, the spring stiffness matrix of the whole system can be obtained
summing each spring stiffness matrix to yield:

K, (1) = Ki(®) +KF () + K (1) =

k+k, -k, 0 0

&k, ko +k, -k, O (5.48)
o0k k0

0 0 0 0
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Moreover, the pendulum potential energy relative to gravitational force can
be simply computed as:

U g = _m4gT R4 (t)=

X,(t) + L, cos(E(t))
=-m,[0 -g O0]|L+L,+L+L,sin(@t) (= (549
0
=m,g (L, +L, +L,+L,sin((t)))

Consequently, the total potential energy of the system can be computed

summing the strain potential energy of the springs and the gravitational potential
energy of the pendulum yielding to:

UM =U,t)+U, 0 =

1

_ (5.50)
= EqT (K, (0a®) +m,g (L +L, + L +L,sin(6(t)))

Therefore, the lagrangian component of the conservative external forces
acting on the system can be determined as follows:
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au))
@05 -
o (1 . !
:{M(Eq (t)K.(t)q(t)+m4g(L1+L2+L3+L4sm(e(t>))jj -
0
0
—KOa0+| |
~m,gL, cos((t))
k+k, —k 0 0]x() 0
Kk, k+k, -k, 0| %@ 0
0 k& ko 0|lx@ 0 B
0 0 0 0} 6(@) —m, gL, cos(4(t))
— (K, Ky ) %, (8) + K, X, (1)

| ox (0 = (K, k3 )% (1) + Koo (1)
B k3X2 (t) - k3X3 (t)
~m, gL, cos(6(t))
(5.51)

In addition, the effect of the nonconservative external force acting on the
first floors can be accounted for computing its virtual work. Indeed:

é\Ne,nc (t) = FT (t)é‘Rl(t) =
=F' ()3 ()sq(t) = (5.52)
= Qz,nc (t)5q (t)

Thence, the lagrangian component of the nonconservative external forces
can be determined as:
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Q. (1) =I5 (OF(t) =

1 0 0 O] [F(t)

=0 0 00|/ 0 |= (5.53)
000 0O0f|O

[F(1)

|

|l o

0

Consequently, the total lagrangian component of all forces acting on the
system can be determined as follows:

Q) =Q,(1) +Q, (1) +Q, .. () =
—(ky + Kk, ) %, (£) + K, X, (1) + F ()
k%, (1) = (K, + Ky ) X, (£) + Ky X, (1) (5.54)
| L, cos(O(1)02 (1) + Ky, (1) — ks, (1)
—m, gL, cos(6(t))

On the other hand, the electric motor exerts a control torque on the
pendulum whose virtual work is:

SW_(t) = C(t)50(t) =
=C' ()3, (Hsa(t) = (5.55)
=Q; ()sa(t)

Hence, the lagrangian component of the control torque can be determined
as:
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Q. (t) =3, (HC(t) =

0 0 0 O O
=l0 0 0 0|]|] 0 |[= (5.56)
0 0 0 1]|C(t)
0
o
| o
C(t)

Finally, the system equations of motion can be expressed in matrix notation
using Lagrange equations as:

m O 0 0 X, (t)
0 m, 0 0 %) |
0 0 m, +m, —m,L, sin(@()) || %,(t) |
0 0 -mlLsin(@t) mLi+l,, | 4@
(5.57)
—(k1+k2)xl(t)+k2x2(t)+ F(t) 0
| kM= (kr) %0 +kxs) | | O
m,L, cos(0(t))0(t) + KX, (t) — Ky X, (1) 0
—m, gL, cos(6(t)) C(t)
The compact form of these equations is the following:
M()d(t) = Q(t) + Q. (t) (5.58)

This set of motion equations represents the system lumped parameter
model. Linearizing the lumped parameter model of the system around the stable

I .. 3 .
equilibrium position where 6, =E7Z' yields:
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m O 0 0 X (1)
0 m, 0 0 X, (t) .
0 0 my+m, m,L, X, (1)
0 0 mL, mLi+l,, | @)
k,+k, -k, 0 0 X, (t)
{ -k, k,+k; -k, 0 X )|
0 -k, Kk 0 X;(t)
0 0 0 moL]l @

F(t)+| [C(t)

O O O

Where the following change of variables has been performed:
o) = p(t) +6, =
—p)+>7
The compact form of these equations is the following:

M(t) + KxX(t) = B, U, (1) + B, U, (1

(5.59)

(5.60)

(5.61)

Where X(t) is the vector containing the independent coordinates, M is the
linearized mass matrix and K is the linearized stiffness matrix whereas B,

and B, are the Boolean matrices characterizing the location of the external

uncontrolled and controlled inputs u, (t) and u_(t) acting on the system which

correspond to the external uncontrolled force F(t) and to the controlled torque

C(t). These quantities are defined as:



CASE STUDY: ACTIVE CONTROL OF ATHREE-STORY

BUILDING MODEL 333
X, (t)
X, (t
X(t) = (1 (5.62)
X3 (1)
o(t)
m O 0 0
M 0 m, 0 0 (5.63)
|0 0 my+m, m,L, '
0 0 mL mLi+l,,
k +k, —k, 0 0
-k k, +k k 0
K| e etK 7K (5.64)
-k, K, 0
0 0 myoL,
o
B, = 0 (5.65)
2e 0 '
_O_
o
B, | (5.66)
2,¢c 0 '
_1_

This set of motion equations represents the system linearized lumped
parameter model. Finally, using the data reported in the test rig description, the
system modal parameters can be determined yielding the system natural

frequencies f, ; and mode shapes @, =ei(°"pj for j=12,...,n, =4. Indeed:

i
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1
2.712
3.572

237.095

f,=1099 , p,= . @, =diag(0,0,0,0) (5.67)

1
2.502
3.069

21.782

f,=1985 , p,= , @, =diag(0,0,0,-3.142) (5.68)

1
0.237
0.401
2.041

f.,=5790 , p,= . ©,=diag(0,0,-3.142,0) (5.69)

1
3.162
1.176
5.857

(5.70)

f,=8825 , p,= . @, =diag(0,-3.142,0,-3.142)

The system mode shapes can be represented graphically as follows:
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fn5.7902[Hz] Eigenvector
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Magnitude
T

05r k= Phase 0 : H .

b%se -8.3754e-005
0 :

VPhase 3.1418

05 1 I i i 1 1 1 i i
0 0.5 1 1.5 2 2.5 3 35 4 45 5

Degrees of Freedom

fn8.8248 [Hz] Eigenvector
2 T T T T T T T

k-\Phase 0 Phase -0.00021909

- Phase -3.1416

Magnitude
N
T
1

31 k- Phasefr3.1418. |

6 1 I i i 1 1 1 i
0 0.5 1 1.5 2 2.5 3 35 4 45 5

Degrees of Freedom




CASE STUDY: ACTIVE CONTROL OF ATHREE-STORY
BUILDING MODEL 337

These graphics represent the system mode shapes obtained from the
linearized lumped parameter model.
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5.4 FINITE ELEMENT MODEL

Consider the following schematization of the test rig:

According to the finite element discretization, the system is modelled as a
set of three rigid bodies representing the floors of the building connected by six
fixed end beams representing the system structural elements. For the sake of
simplicity, each beam is foremost discretized in three elements of equal lengths.
Subsequently, a more complex finite element model composed of an arbitrary
number of elements can be derived from this preliminary model in a systematic
fashion. In addition, a pendulum hinged on the third floor is considered. The

preliminary finite element model consider a set of N, =6 elastic bodies which

are all discretized in N!=3 elements for i=12,...,N,. The elastic

deformation of each element is modelled assuming a beam shape function
SY(P"Y) for i=12,...,N, and j=1,2,...,N!. Indeed:
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s""(Pi'j)z{z:lijEE::;ﬂ (5.71)

Where SH(P') and SL1(P"1) are:

SP(PY)=[1-&7 0 0 &7 0 0] (5.72)
ST (P) =
_ . -
1-3£M2 42000
L (£ =281 4 £9) (5.73)
- 0
Sgi,j2_2§i,j3
Li,j(_égi,jZ_'_é;i,jS)

Where &1 is a dimensionless spatial coordinate defined as:
gi==_ (5.74)

Where L1 is the length relative to the element j of body i . Therefore, the
element displacement field T} (P"),t) is represented using a set of n!J =6

nodal coordinates for i=1,2,...,N, and j=1,2,...,N!. Indeed:

uy (P, 1) =S, (P")gy! (1) (5.75)
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Where Sig;j(Pi'j) is a matrix function representing the global shape
function. The global shape function S;!(P"J) can be computed by using the

local shape function S"/(P") as:
S11(P1) = CMISH (PH1)CY (5.76)

Where C"1 and C"J are rotation matrices relative to the local element
frame of reference which can be computed as:

[cos(a) —sin(a") 0
C' =|sin(a"’) cos(a") 0=
0 0 1
- (5.77)
0 -1 0
=1 0 O
0 0 1
L Ci,jT O
CY = >3 (5.78)
0,, C"

Where a”:% for i=12,...,N, and j=12,...,N! is the rotation

angle between the local reference frame of element j of body i and the inertial

reference system. In addition, g’ (t) for i=12,...,N, and j=1,2,...,N is

a R™ =R® vector function expressed in the inertial reference frame
corresponding to the vector of nodal coordinates. This vector is defined as:
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UGl
Vi (t)
0,1 (1)
Uy, ()
Vg (1)
0]

g’ (1) = (5.79)

The total number of nodal coordinates relative to each elastic body is
N, _

ny=>n!=18 for i=12...,N, and j=12...,N/. Since the internal
j=1

constraints of each elastic body are niic =6 for i=12,...,N,, the global

number of body nodal coordinates is ng=n;—nj =18-6=12 for

i1=12,...,N,. These nodal coordinates can be groped in a R"ig =RR" vector

qig (t) for i=12,...,N, corresponding to each beam as follows:

U, ()
Vg, (D)
0y (1)
Ug., ()

Oy (t) = vy, (1) (5.80)

0;,()

Ug 5(t)

Vg 5(t)
0y5(t)

The vector of element coordinates q.'(t) for i=12,...,N, and

1=12,..., Nei can be expressed in terms of the vector of body coordinates
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q, (t) for each body i=1,2,...,N, by using a set of R™% —R%42 Boolean

matrices B!J for i=12,...,N, and j=12,...,N! relative to internal

constraints. These matrices are defined as:

10000000
01000000
g1_|00 100000
“ 100010000
00001000
00000100
00010000
00001000
gz (000000100
“ 100000010
000000O0O01
000000 O00O
00000010
000000O0O01
g (000000000
“ 1000000 O00O
000000O0O0HO
000000D0O00O

Indeed:

gy’ (t) =B}, (1)

R O O O O O O O O O o o

o O O —» O O

o O O O O o O O O O o o

o O r»r O O O

o O O O O o O O O O o o

O b O O O O

(5.81)

(5.82)

(5.83)

(5.84)
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On the other hand, the first two bodies have a number of external

constraints equal to n;, =n? =7 whereas the external constraints of the last
four bodies are n¥ =n} =n> =n> =6. Hence, the free nodal coordinates

relative to the first two beams are equal to n; =n; —n,, =12—7=5=n;
whereas the free nodal coordinates relative to the last four beams are
n{ =n; —n, =12—-6=6=n{ =n? =n. These free nodal coordinates can be

grouped in a set of R" vector functions q\ (t) for i=12,...,N, defined as:

uf, () ]
6; ,(D)
q; (1) =| uj (1) (5.85)
0; ,(t)
Ut (1)

u, )]
ZA0)
q7 (1) =| u? (1) (5.86)
07 ,(t)
ut ()

ug, )]
ut,(t)
0; ,(t)
u? 5(t)
0; ,(t)
ut ()

q;(t) = (5.87)
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U, ()]
Ui, ()
6; (1)
Uy 5(t)
07 ,(t)
Uy 4(0)

q; ()= (5.88)

U3, () ]
uz , (0
6; (1)
Uz 5(t)
0; , (1)
uz 4(0)

q; (1) = (5.89)

ug, ()]
uf , ()
67 ,(1)
uf 5(t)
07 ,(t)
uf 4(0)

q5 (t) = (5.90)

The global vector of body coordinates qig(t) for i=12,...,N, can be

expressed in terms of the vector of body free coordinates q‘f (t) for

i=12,...,N, by using aset of R™™ Boolean matrices B! fori=12,...,N,
relative to the external constraints. These matrices are defined as:
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(5.91)

0 00O0O
0 00O0O
0 00O0O
10000
0 00O0O
01000
0 0100
0 00O0O
00010
0 00001
0 00O0O
0 00O0O

(5.92)

1 000O0O

0 000O0O

0 000O0O

01 000O0O0

0 000O0O

001000

0001060

0 00 0OO

0 00O0O1O0

0 00 0O01

0 00 O0OGO

0 00 0OO

6
e

5
e

4
e

3
e

B

Indeed:

e

L(t)

i
g9

(5.93)

i (0

=B

q
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Finally, subtracting the number of mutual constraints between the bodies

Ny,
n, =7 from the global number of bodies degrees of freedom n, = Zn'f =34
i=1

the system elastic degrees of freedom n; =n,—n =34-7=27 can be

computed. These elastic degrees of freedom can be grouped in a R" =R%
vector function g, (t) defined as:
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u () ]
U, (t)
Uy (t)
u,(t)
0,(t)
Us (t)
05 (t)
Us (1)
(1)
U, (t)
&, (t)
Ug (t)
Gy (t)

o (t) =| Ug (t)

Gy (1)

u10 (t)

(1)

Uy, (t)

6;,(t)

Uy, (1)

(1) (5.94)

Uy (t)

913 (t)

u14 (t)

614 (t)

ulS (t)

| Os(1) |
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The vector of body free coordinates g (t) for i=12,...,N, can be

expressed in terms of the total vector of free coordinates ¢, (t) by using a set of

R™™  Boolean matrices B\ for i=12,..,N, relative to the mutual

constraints. These matrices are defined as:

Indeed:

B

B

B -

B! =

0, O4,2 |4,4 O4,20

04 04,6 |4,4 C)4,16

1 0 O, 0 O
0, 0, 04,13 I 4,4 04,8
0 1 0, 0 0

0 0y O

0 1
Bsf: o, 0, O, 04,16 I4,4

0 0 1 o0 O]

(1 0 0, 0y |

10 0 0|

0 0y 0 0|
0, 0, O4,9 |4,4 04,12
0 1 0y o0 0|

0,
04,4
0

(5.95)

(5.96)

(5.97)

(5.98)

(5.99)

(5.100)



CASE STUDY: ACTIVE CONTROL OF ATHREE-STORY
BUILDING MODEL 349

q. (t)=B'q, (t) (5.101)

Consequently, the displacement vector of the generic point P"! on element
J of body i can be expressed as follows:

Uy (P, 1) =8, (P")a,’ (1) =
=S, (P")B.'q, (1) =
=S,1(P")B'B.q (t) = (5.102)
=S;'(PV)B.'BB'q; (1) =
=N"(P")B,B'q, (1)

Using the expression of the kinetic energy of the element j of body i the
corresponding mass matrix can be computed as:

MY, =B{'B."J},B.B} (5.103)
Where J%’; is a symmetric matrix defined as:
34, =BUTCHTSY, Chigl (5.104)
Where Sif*ff is a symmetric matrix defined as follows:
Sy =51 4S5} (5.105)

Where the symmetric matrices Sy} and S}, come from the integration of
the shape function and are defined as:
St =, PSP sy (PM)dV (5.106)

Q'



350 CASE STUDY: ACTIVE CONTROL OF A THREE-STORY
BUILDING MODEL

Sih=[, PMISHT (P8, (PH)av (5.107)

Where p"! is the mass density relative to the element j of body i. The

spatial integration can be performed using the beam shape function yielding to
the following matrix:

oo o I o0 0
3 6
o B w9 13
3 210 70 420
O S T S
Sii =i 1 210 105 1 420 140 | (5 108)
=0 o = 0 0
6 3
o 2 w13
70 420 35 210
B S K S
420 140 210 105

Where m™ = p"T AL is the mass relative to the element j of body i

and A"l is the cross section area of the element j of body i. On the other
hand, using the expression of the elastic strain energy of the element j of body
i the corresponding stiffness matrix can be computed as:

Kii, =BBI' 3} BIB;, (5.109)

Where J%’; is a symmetric matrix defined as:

3y, =BUTC TS ClBy (5:110)
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Where S'J; is a symmetric matrix which in the case of beam structural

element can be computed as follows:

S, = [ EVAUSLT (PH)SLL(PH) + EIVISL (PH)SLL (PH)av*
(5.111)

Where E"J is the Young elastic modulus relative to the element j of body

i whereas J" is the second moments of area corresponding to the cross section
relative to element j of body i. The spatial integration can be performed using
the beam shape function yielding to the following matrix:

S L _
A.. 0 0 —L 0 0
3" 3t
12 6 12 6
0 ij2 i 0 T2 i
L L L L
6 6
ST ] B A
f.f |_|] Ai'j ij
- 0 0 —_— 0 0
J" J"
12 6 12 6
0 iz i 0 ij2 i
L L L L
o L2 0 5
(5.112)

Once that the mass matrix and the stiffness matrix relative to the element |
of body i have been computed, the respective matrices corresponding to the

whole structural system can be obtained by a summation over all elements of all
bodies. Indeed:
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N, N

M, =>> M, (5.113)

i=1 j=1

Ny N

K= > Ky (5.114)

i=1 j=1

To complete the derivation of the system structural model the effect of the
mass relative to each floor must be considered. First note that the displacement
relative to each floor can be recovered from the global vector of free elastic

coordinates g (t) using an appropriate set of Boolean matrices. Indeed:

u (t)=B,d; () (5.115)

u,(t) =B, a; (t) (5.116)

U, () =B, g (t) (5.117)

Where B, , B, and B, are R"™ =1RR* Boolean row vectors defined as:
B, =|1 0] (5.118)

B,, =[0 1 0] (5.119)

B, =[0 0 1 0] (5.120)

In is straightforward to deduce from the kinetic energy definition that the
expressions of the mass matrices relative to each floor are the following:

]
M,, =mB] B, (5.121)
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M, =mB B, (5.122)
M, =mB; B (5.123)

Where m;, m, and m, are the floors masses. Consider now the modelling

of the pendulum. The pendulum angle €(t) is an additional degree of freedom
of the whole system. Indeed, the total number of system degrees of freedom is
n=n; +1=27+1=28. Consequently, the overall vector of lagrangian

coordinates becomes:

(5.124)

T
90 {qf (t)}

Where q(t) is a R"=R?* vector. The pendulum angle &(t) and the
vector of elastic nodal coordinates g, (t) can be recovered from the global

vector of lagrangian coordinates q(t) as follows:
o(t) =B,q(t) (5.125)
q, () =B, q(t) (5.126)

Where B, and B, are two Boolean matrices respectively of dimensions

R"=R?%® and R"™ =R?*?% which are defined as:

B,=[1 0] (5.127)

B,, :[027 |27,27:| (5.128)
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Consequently, the mass and stiffness matrices relative to the structural

system referred to the vector of the overall lagrangian coordinates q(t)
becomes:

M? =B, M, (B, (5.129)
K$ =B KB, (5.130)

In addition, the mass matrices relative to the floors referred to the vector of
system degrees of freedom q(t) becomes:

M¢ =BTM_B_ =
my qu m1T a¢ (5131)
= mlBQf Bmlequf
M?T‘z - B;f MszQf -
o (5.132)
= mZBQf Bszmz BQf
Mﬁs - B;f Mm3BQf -
(5.133)

_ T T
- m3BQf Bms BmsBQf

The position vector relative to pendulum centre of mass can be expressed as
a function of system lagrangian coordinates to yield:

U, (t) + L, cos(6(t))
R'()=| L +H,+L,+H,+L,+H,+L,sin(d(t)) (5.134)
0

Where L, L, and L, are the length of the system structural elements, L,

is equal to half length of the pendulum whereas H,, H, and H, are the
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dimensions of the floors. The time derivative of the pendulum centre of mass

position vector can be computed as:

Uy (t) - L, sin(0(1)) 6(t)

R*(t) = L, cos(8(1))6(t) =
0
-L,sin(6(t)) 1|-.
=| L,cos(8(t)) O fg(t)}:
0 0 _uz(t)
[—L,sin(0(t)) 1] 5
=| L,cos(@(t)) O }q(t)z (5.135)
I 0 ojt ™™
[—L,sin(o(t)) 1]
=| L,cos(A(t)) 0 |Bq(t)=
0

| 0
=J(H)q(t)

Where B* is a R*" = R>?® Boolean matrix defined as:

4 BH
B" = B B (5.136)

Mg — Qg

The jacobian transformation matrix Jj(t) is defined as follows:

—-L,sin(o(t)) 1
Ji(t)=| L,cos(d(t)) 0|B* (5.137)
0 0
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On the other hand, the angular velocity of the pendulum can be expressed in

terms of the independent coordinates as follows:

0
o')=| 0 |=
o(t)

6(1)
| U,(1)

BH .
B, B, q(t) = (5.138)

I
o O b OO+ O O

O O O O O O o o

B*q(t) =
10

~ 2 ®)4()

Where the jacobian transformation matrix J? (t) is defined as:

00
J:t)=/0 0|B* (5.139)
10

Consequently, the mass matrix relative to the pendulum can be easily
derived from the pendulum kinetic energy as follows:
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M*(t) = m,J5" (IR (0) + 1,35 I (1) =
—L,sin(6(t)) 17 [-L,sin(o(t)) 1
=m,B*"| L,cos(8(t)) 0| | L,cos(@(t)) 0|B*+
0 0 0 0
0 0][0 O
B‘"|0 0| |0 0|B*=
1 0[]1 0 (5.140)
L —L, sin(O(t
:m4B” _4 4 ( ()) B4+
—L, sin(@(t)) 1

+1

72,4

_ B4T mALi + Izz,4 _m4|-4 sin(@(t)) B4
-m, L, sin(&(t)) m,

The mass matrix relative to the whole system can be derived again from the
expression of the kinetic energy thus obtaining the summation of all the
components mass matrices. Indeed:

TO) =T, (O+T, O+T, O+T, O)+T*(t)=
:%d%nM$4uo+%q%0wmpa)+§q%omaqar+
+%d%0Maqa>+§d%0M4ama)= (5.141)

—S T O(M + M, M, + M, + M ©)d) -

:quoMama)

Where the global mass matrix M(t) is defined as:
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M(t) =M{ [ +M3 + M7+ M7 +M*(t) (5.142)

Once that the mass matrix and the kinetic energy of the whole system have
been obtained, the two terms which form the quadratic velocity vector can be
computed as:

~M()qg(t) = -M*(t)q(t) =

_ gt { d { MLl oMl S‘”‘@(”)Dsétqa) _
dt| —m,L, sin(6(t)) m,
_ g 0 -m,L, cos()O®) |[ 6) | _
- —m, L, cos(A(t))(t) 0 uy(t) |
_ et | MeL COS(O()O1)U (1) | _
- m,L, cos(0(t))6(t) |
[ m, L, cos((t))A(t)u(t) |
0
= 0 =
m, L, cos(A(t))6%(t)
L 024 i
=B,m,L, cos(6(1))0(t)u, (t) + B By, m,L, cos(A(t))6”(t)
(5.143)
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5
(@JT _ o0(t)
aq(t) [aT(t)

aq; (t)

T =

OM() ... |
_ ()ae(t) a®) | _
027 i

LM O )]

=2 20(t)
027

_ _q (08 ae(t)[ m, L, sin(0(t)) m,

L 027
=2 | —m,L, cos(a(t)) 0
L O27

_1 : . __m4 L4 COS(H(’[))U3 (t)ﬂ

U (t)

_| 3190 50 1 oseman

027
[-m,L, cos(8®)d(t)u,®) |
_ 4 }
= _B; m,L, COS(G(t))é(t)Us (t)
(5.144)

i+l -ml, sin(e(t»} B4q(t)}

'E[é(t) i (t)] i 0 -m,L, cos(a(t))}[ 6(t) }]

Consequently, the system quadratic velocity vector can be computed as

follows:
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oo ar)
- M R L7 P
Q, () (tq() +[ p= (t)j

_ . _
0
= 0 = (5.145)
m, L, cos(A(t))6%(t)
024

=B, By, m,L, cos(O(t))6 (t)

Moreover, the pendulum potential energy relative to gravitational force can
be simply computed as:

u g (t) = _m4gT R4(t) =

U, (t) + L, cos(6(t))
=-m,[0 -g O]|L+H,+L+H,+L+H,+L,sin(0()) |=
0
=m,g(L+H,+L+H,+L+H,+L, sin(@(t)))
(5.146)

Consequently, the total potential energy of the system can be computed
summing the strain potential energy of the beams and the gravitational potential
energy of the pendulum yielding to:

UM =U;®+U,[)=

=%qT K ,q®) +m,g (L +H, +L, + H, + L, + H, + L, sin(6(t)))
(5.147)

Therefore, the lagrangian component of the conservative external forces
acting on the system can be determined as follows:
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Qe,c (t) - (aq(t)J
o (1 1, - o
:_[M(Eq (t)Kf,fQ(t)+m4g(L1+H1+Lz+H2+L3+H3+L4sm(‘9(t)))j] -
K 0a()+ {—mzlgLﬁlocos(e(t))} _
=—K{ ; ®a(t) - B,m,gL, cos(A(1)
(5.148)

In addition, the effect of the non-conservative external force acting on the
first floors can be accounted for computing its virtual work. Indeed:

oW, .. (t) = F(t)ou, (t) =
=F(t)B,,B, 5q(t) = (5.149)

= Q1 (Hsq(t)

Thence, the lagrangian component of the non-conservative external forces
can be determined as:

Qenc(t)=Bg By, F(t) =
0
= F(©)
026

(5.150)

Consequently, the total lagrangian component of all forces acting on the
system can be determined as follows:
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QM) =Q,M)+Q, () +Q, . (t)=

- —m,gL, cos(6(t)) |
F(t)
=-Kia(t)+ 0 =
m, L, cos((t))6(t)
L 0, ]
=-K1 (q(t)-Bym,gL, cos(4(t)) + B} By, F(t)+B; Br m,L,cos(6(t))d°(t)

(5.151)

On the other hand, the electric motor exerts a control torque on the
pendulum whose virtual work is:

SW. (t) = C(t)30(t) =
= C(t)B,5q(t) = (5.152)

=Q; (t)sq(t)

Hence, the lagrangian component of the control torque can be determined
as:

Q.() =B,C(t) =
[cw (5.153)
Lo |

Finally, the system equations of motion can be expressed in matrix notation
using Lagrange equations as:
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-m,L, sin(&(t))
=—K1 (q(t)-B,m,gL, cos(A(t)) + B By, F(t)+B] B;, m,L, cos(A(t))6(t) +
+BC(t)

4

m,L% +1 —-m,L, sin(o(t
(M?1f+Mgh+Mg]2+qus+B4T|: 4 4+ 22,4 4 4SI ( ()):|84 Jq(t):

(5.154)

The compact form of these equations is the following:

M(t)q(t) = Q(t) + Q. (1) (5.155)

This set of motion equations represents the system flexible multibody
model obtained using the finite element method. Linearizing the flexible
multibody model of the system around the stable equilibrium position where

6, = gﬂ' yields:

m,L% + 1 m,L
(M‘;j +Mﬂh+M?n2+M?n3+B“[ ita T g My 4}84 Jxa)+
m,L, m,

+(K9  +m,gL,B}B, )x(t) =By BJ, F(t)+B,C(t)
(5.156)

Where the following change of variables has been performed:

o(t) = p(t) + 6, =

o)+ g i (5.157)

The compact form of these equations is the following:

MX(t) + KX(t) = B, .U, (t) + B, U (t) (5.158)
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Where X(t) is the vector containing the independent coordinates, M is the
linearized mass matrix and K is the linearized stiffness matrix whereas B,

and B, are the Boolean matrices characterizing the location of the external
uncontrolled and controlled inputs u, (t) and u_(t) acting on the system which

correspond to the external uncontrolled force F(t) and to the controlled torque
C(t). These quantities are defined as:

t
X(t) = Pl (5.159)
q; (t)
2
M=M?, +M? +M? 4 me et | Mebe Hlaa MLy s
h " " e m, L4 m,
(5.160)

K=K +m,gL,B;B, (5.161)

B,. =By, B, (5.162)

B,.=Bj (5.163)

This set of motion equations represents the system linearized flexible
multibody model obtained using the finite element method. Finally, using the
data reported in the test rig description and considering a discretization of
N, =40 for all the elastic bodies, the system modal parameters can be

determined yielding the system natural frequencies f, ; and mode shapes

9, :ei@ipj for j=1,2,...,n,, =4. Indeed, the first four modal parameters are

the following:
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1
2.823
3.667

2481.958

f,,=1.097 , p, = , ©,=diag(0,0,0,0) (5.164)

1
2.602
3.145

26.991

f,,=1945 | p,= , 0,=diag(3.142,0,0,0) (5.165)

1
0.204
0.413
2.147

f,=5727 , p,= , 0,=diag(0,0,0,-3.142) (5.166)

1
3.034

| 1.286
6.473
(5.167)

f..=8678 , p, , 0O, =diag(-3.142,0,-3.142,0)

The first three mode shapes relative only to the structural components of the
system can be represented graphically as follows:
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These graphics represent the system mode shapes derived from the
linearized flexible multibody model obtained using the finite element method.
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5.5. EXPERIMENTAL IDENTIFICATION

An experimental model of the three-story building system has been
obtained experimentally by the numerical technique named Eigensystem
Realization ~ Algorithm  with  Data  Correlations (ERA/DC) using
Observer/Kalman Filter Method (OKID). The test campaign included N, =4

test configurations and N, =10 experiments has been performed in each test

configuration. In all the test configurations the accelerations of the floors has
been recorded as output data by using three piezoelectric accelerometers placed
on each floor. Therefore, the test configurations differ for the type and for the
location of the input signal transferred to the system. In the first three test
configurations an impulsive input has been delivered to the system floors by
using an impact hammer instrumented with a load cell whereas in the last test
configuration the impulsive input has been provided by a shaker instrumented
with a load cell. Hence, in the first test configuration the input is located on the
first floor, in the second test configuration the input is located on the second
floor and in the third test configuration the input is located on the third floor
whereas in the fourth test configuration the input is located on the first floor. In

all test configuration the sampling frequency used is f, =32[Hz] which

corresponds to a sampling time equal to At =31.25-10"[s]. Note that the
Nyquist frequency corresponding to the sampling frequency used is equal to
fy :16[Hz]. The record length used for the measurements is composed of
| =2048 points and consequently the time span during which the input and
output measurements has been recorded is equal to T, = 64 [s] . Since the results

of all the four test configurations are comparable, here are presented only the
results of the first configuration. The input measurement of this test
configuration is the force signal transferred on the first floor and it can be
graphically represented as follows:
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Input Measurement 1
2 T T T T

05 : .

u N

05k ; 3 J

t [s]

On the other hand, the output measurements are the accelerations of the
system floors corresponding to the force transferred to the system. These
acceleration signals can be represented graphically as follows:
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Output Measurement 1
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Output Measurement 3

6 T T T T T T

0 10 20 30 40 50 60 70
t [s]

Note that the input and output measurements were filtered in both time
domain and frequency domain. In the frequency domain, a low-pass filter with a

cut-off frequency of f. =12.5 [Hz] has been used whereas in the time domain

the inconsistent parts of the input and output measurements were deleted. The
auto spectral density relative to the input signal can be computed by using the
Fast Fourier Transform algorithm (FFT) to yield:
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Input Auto-Spectral Density 1
10 T T T T T

Similarly, the auto spectral density relative to the output signals can be
computed yielding to the following plots:
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Output Auto-Spectral Density 1
10 prmmrmms sy

Output Auto-Spectral Density 2
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Output Auto-Spectral Density 3
10 T T T T T

It is worth noting that the first three system natural frequencies are already
recognizable from these plots. Once that the auto and cross spectral densities
have both been computed for the input and output measurements, the system
frequency response function can be derived. The magnitude of the frequency
response function referred to each input-output combination can be represented
as follows:
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Frequency Response Function Magnitude 3 1
T T T
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On the other hand, the angles relative to the frequency response function
can be represented as:
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Frequency Response Function Angle 1 1
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Frequency Response Function Angle 2 1
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Using this set of input and output data, the Eigensystem Realization
Algorithm with Data Correlations (ERA/DC) using Observer/Kalman Filter
Method (OKID) has been applied. Indeed, the system Markov parameters and
the observer gain Markov parameters have been computed from the identified
observer Markov parameters and the Hankel matrix composed of the combined
Markov parameters was constructed. The singular values of the system Hankel
matrix are showed graphically in the following plot:
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Hankel Matrix Singular Values
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Examining the singular values of the Hankel matrix it is possible to
determine the order of the identified system model. Indeed, it is clear from the
plot that there are only six singular values whose magnitude is not negligible and
therefore the order of the identified state-space model is equal to i=6. In fact,
the singular values successive to the sixth does not correspond to actual system
modes but represents noise modes induced by external disturbances which
affected the measurements. The discrete-time state-space realization resulting
from the identified Markov parameters is represented by the following set of
matrices:
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[0.4374 0.8852 -0.0220 -0.0415 -0.0017 -0.0002]

-0.9029 0.4310 -0.0875 0.0191 -0.0040 0.0010

0.0500 -0.0111 -0.1490 0.9742 -0.0041 -0.0021

0.0621 -0.0617 -0.9841 -0.1538 -0.0067 0.0009

-0.0146 -0.0241 -0.0015 -0.0312 0.9230 0.3530

-0.0148 -0.0340 0.0100 -0.0425 -0.3777 0.9070
(5.168)

[-0.0946]
-0.0203
-0.1133
0.0030
-0.0885

-0.1079

o>
I

(5.169)

-26.355 7.736 -5.170 -1.132 -0.677 0.162
C=|-4217 2626 14217 1220 -1.340 0.307| (5.170)
11.219 -4.228 -5732 -0.055 -1.549 0.470

-2.574
-0.208 (5.171)
0.003

(W)
Il

70.0103 0.0189  0.0016 |
-0.0234 0.0041 0.0039
-0.0156 -0.0257 -0.0001
0.0018 0.0141 -0.0059
0.0581 0.1584 0.0272
| 0.0165 0.0006 -0.0855

o
I

(5.172)
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Where A is the identified state matrix, B is the identified state influence

matrix, C is the identified output influence matrix, D is the identified direct

transmission matrix and G is the identified observer matrix. The system
discrete-time state-space realization can be transformed into its continuous-time
counterpart by using the zero-order hold assumption. Consequently, the system
modal parameters can be determined yielding the identified natural frequencies

A

fn] P
Indeed:

damping ratios fj and mode shapes @ :eiélﬁj for j=1,2,...,A, =3.

f.,=1934[Hz] , & =0.0395[\]

. R ] (5.173)
p,=[2503| , O,=diag(0,-0.0186,-0.1053)
2.851
f.,=5.690[Hz] , & =0.0030[\]
. . (5.174)
p,=10.1492| , @, =diag(0,-0.0365,-3.170)
0.4221
f.,=8.793[Hz] , & =0.0042[\]
! . (5.175)
p,=|3.443| , O, =diag(0,-3.144,-0.0296)
1.476

The identified mode shapes can be represented graphically as follows:
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Note that the identified modal damping is small and the identified mode
shapes are all roughly in phase or approximately completely out of phase.
Consequently, the system can be assumed proportionally damped and the
proportional damping coefficients & and ,3 can be approximately determined

from the identified natural frequencies and damping ratios by a least-squares
approach yielding to the following results:

d=0.9751{1} , [=-2.8815-10"[s] (5.176)
S

On the other hand, a physical model can be constructed from the identified
sate-space representation by using the algorithm showed in the previous chapters
(MKR). The result of the implementation of this method with the identified data

is the set of physical coordinates mass matrix M, stiffness matrix K and

damping matrix R . Indeed:
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0.3871 -0.0156 0.0011
M=|-0.0156 0.2621 -0.0323 (5.177)
0.0011 -0.0323 0.3790

534.061 -221.931 25.696
K=|-221.931 614.564 -432.792 (5.178)
25606 -432.792 422.005

9.960 -4.823 1.018
R=|-4.823 12.480 -8.366 (5.179)
1.018 -8.366 7.017

While the experimental results of the identification method for mass matrix
M and for the identified stiffness matrix K are physically acceptable, the
result for the identified damping matrix R appears to be incongruous. On the
other hand, a better result for the identified damping matrix R can be obtained
from the identified mass matrix M and from the identified stiffness matrix K
using the identified proportional damping coefficients & and ﬁ . Indeed:

R=aM+ K =
0.22356 0.0487 -0.0063
=| 0.0487 0.0785 0.0932
-0.0063 0.0932 0.2480

(5.180)

This model represents a second-order physical model of the system derived
from a set of experimental data. Consequently, this experimental model is the
most suitable model to design a real-time controller. Finally, using the same set
of input and output data, the Numerical Algorithm for State Space Subspace
System ldentification (N4SID), which is implemented in MATLAB, has been
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applied. Similarly, the singular values of the system Hankel matrix are showed

graphically in the following plot:

Select model order in Command Window.

= Red: Default Choice

Log of Singular values
o
T

0 5 10 15 20 25 30 35 40 45 50
Model order

Examining the singular values of the Hankel matrix it is possible to
determine the order of the identified system model. Indeed, it is clear from the
plot that there are only six singular values whose magnitude is not negligible and
therefore the order of the identified state-space model is equal to A=6. In fact,
the singular values successive to the sixth does not correspond to actual system
modes but represents noise modes induced by external disturbances which
affected the measurements. The discrete-time state-space realization resulting
from the identified Markov parameters is represented by the following set of
matrices:
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0.4184 0.8019 0.3995 0.1444 0.0153 -0.0073 |
-0.6853 0.2661 0.3680 -0.5466 -0.0164 0.0120
-0.5789 0.1414 0.0405 0.7964 0.0423 -0.0117
-0.1367 0.5145 -0.8260 -0.1599 0.0415 0.0040
0.0117 -0.0324 0.0257 -0.0387 0.9263 -0.3689

| -0.0001 -0.0059 0.0485 -0.0300 0.3585 0.8969 |
(5.181)

>
I

0.0176
0.0521
-0.0265
-0.0352
0.0867
-0.0552 |

o>
Il

(5.182)

56.6682 39.7860 6.4378 -6.8943 0.7703 -0.1882

C=| 12.0417 -4.2486 17.2738 20.3517 1.5212 -0.4419

-26.3375 -11.1040 -11.0976 -8.1824 3.1637 -0.1651
(5.183)

0
D=| 0 (5.184)
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0.0020 0.0005 0.0012 ]
-0.0002 -0.0011 0.0001
-0.0018 0.0034 -0.0008
0.0019 -0.0033 0.0020
0.0202 0.0218 0.0345
0.0115 -0.0188 0.0153 |

o
I

(5.185)

Where A is the identified state matrix, B is the identified state influence
matrix, C is the identified output influence matrix, D is the identified direct

transmission matrix and G is the identified observer matrix. The system
discrete-time state-space realization can be transformed into its continuous-time
counterpart by using the zero-order hold assumption. Consequently, the system
modal parameters can be determined yielding the identified natural frequencies

A

fn’j ,
Indeed:

damping ratios fj and mode shapes @ =eiélﬁj for j=12,...,A, =3.

f.,=1936[Hz] , & =0.0464]\]
1

. (5.186)
p,=|2519| , ©,=diag(0,0.1167,0.0777)
2.820
f,,=5697[Hz] , & =0.0028[\]
! (5.187)

p,=|0.1461| , @, =diag(0,-0.0392,-3.1710)
0.4241
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f.,=8793[Hz] , & =0.0042\]
1
p,=13436| , ©,=diag(0,3.1396,-0.0291)
1.472

(5.188)

The identified mode shapes can be represented graphically as follows:
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Note that the identified modal damping is small and the identified mode

shapes are all roughly in phase or approximately completely out of phase.
Consequently, the system can be assumed proportionally damped and the

A

proportional damping coefficients ¢ and B can be approximately determined

from the identified natural frequencies and damping ratios by a least-squares
approach yielding to the following results:

&:1.1494{1} . p=-3.6937-10"[s] (5.189)
S

On the other hand, a physical model can be constructed from the identified
sate-space representation by using the algorithm showed in the previous chapters
(MKR). The result of the implementation of this method with the identified data

is the set of physical coordinates mass matrix M, stiffness matrix K and

damping matrix R . Indeed:

0.4089 -0.0132 0.0191
M=| -0.0132 0.3110 -0.0004 (5.190)
0.0191 -0.0004 0.4664

569.1692 -266.3515 33.1538
K =| -266.3515 693.3727 -458.0419 (5.191)
33.1538 -458.0419 442.9695

13.3370 -6.0425 2.1404
R=| -6.0425 18.6675 -8.5170 (5.192)
2.1404 -8.5170 13.2783

While the experimental results of the identification method for mass matrix
M and for the identified stiffness matrix K are physically acceptable, the
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result for the identified damping matrix R appears to be incongruous. On the
other hand, a better result for the identified damping matrix R can be obtained
from the identified mass matrix M and from the identified stiffness matrix K
using the identified proportional damping coefficients ¢ and ﬁ . Indeed:

R=aM+pK =
0.2597 0.0832 0.0098
=| 0.0832 0.1013 0.1687
0.0098 0.1687 0.3724

(5.193)

This model represents a second-order physical model of the system derived
from a set of experimental data. It is worth to emphasize that the experimental
results obtained using the Eigensystem Realization Algorithm with Data
Correlations (ERA\DC) using Observer/Kalman Filter Method (OKID) are
comparable with the experimental results obtained from the same data set using
the Numerical Algorithm for Subspace Identification (N4SID) implemented in
MATLAB.
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5.6. LINEAR QUADRATIC GUAUSSIAN
REGULATOR (LQG) DESIGN

Once that an identified model of the mechanical system has been obtained,
a Linear Quadratic Gaussian regulator (LQG) can be designed. The purpose of
the regulator is to mitigate the structural vibrations of the system due to an
external excitation on the first floor by a control torque acting on a pendulum
hinged on the third floor. Thus, the model used to design the Linear Quadratic
Gaussian regulator (LQG) is a combination of the identified structural model
and of the lumped parameter model. Indeed, the vector of the lagrangian
coordinates used in the model is formed by the set of the displacement of the
floors and the pendulum angle:

X (1)
X(t) = );2 8 (5.194)

o(t)

The floors displacements and the pendulum angle can be recovered from
the vector of lagrangian coordinates X(t) by using the following Boolean

matrices:
1 00
B,=|0 0 0 (5.195)
0 10
B,=[0 0 0 1] (5.196)

In particular, the displacement of the third floor can be recovered from the
vector of lagrangian coordinates by using the following Boolean matrix:

B,=[0 0 1 0] (5.197)
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Similarly to the case of the lumped parameter model, the effect of the
pendulum on the global mass matrix of the system can be accounted for by using
the following Boolean matrix:

BX BX
B'=| ° (5.198)
B

4
The mathematical model of the system can be expressed as:

MIX(t) + RX(t) + Kx(t) = B, .u, (t) + B, U, () (5.199)

Where the system mass matrix M, stiffness matrix K and damping
matrix R can be expressed as follows:

M =B!MB, +B*"M*B* (5.200)
K =B'KB, +B*"K*B* (5.201)
R =B!RB, +B*"R*B* (5.202)

Where I\7I, K , and R are respectively the identified mass matrix, stiffness

matrix and damping matrix whereas the matrices M*, K* and R* are
respectively the pendulum mass matrix, stiffness matrix and damping matrix
which are defined as:

m m,L,
M“:[ |4_ L;‘ 4| } (5.203)
mL, mL,+1,,

K*=m,gL, (5.204)

R*=r, (5.205)
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Where m, is the pendulum mass, |,, is the mass moment of inertia

72,4
relative to the centre of mass of the pendulum, L, is equal to half the length of
the pendulum and r, is the pendulum angular damping. On the other hand, the
matrices B,, and B, define the locations of the inputs. In particular, on the

first floor there is an external force and on the pendulum there is the control
torque:

(5.206)

(5.207)

Considering a worst-case scenario, the external force is assumed as a
superposition of three harmonic force whose excitation frequencies are close to
the first three system natural frequencies. Indeed:

F(t)=F,,sin(2zf)+F,,sin(2zf,)+ F ;sin(2zf,)  (5.208)

Where the force amplitudes are assumed to be Fy, =F,, =F,, =0.1[N]
and the force excitation frequencies are assumed equal to f, =1.9[Hz],

f,=5.7[Hz] and f, =8.8[Hz]. Note that the excitation force F(t) acting on

the first floor can be measured using a load cell and therefore can be used in the
control algorithm. On the other hand, it has been assumed that only the
acceleration of each floor and the pendulum angle can be measured. Therefore,
the system output equations are the following:
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y(t) =C x(t) + C x(t) + C X(t) (5.209)

Where the sensing matrices C,, C, and C, can be computed as follows:

(5.210)

O O o o
o O O O
= O O O

(5.211)

o O o o
o O o o
O O o o

(5.212)

o O +— O
O O O
O O o o

Once that the system model in physical coordinates has been obtained, a
discrete-time state-space model can be easily derived using a sampling time

equal to At =31.25-10"°[s] and the zero order hold assumption. Indeed:
z(k+1) = Az(k) + B,u, (k) + B,u_ (k) (5.213)
y(k) = Cz(k) + D,u, (k) + D,u_ (k) (5.214)

In order to take in account the effects of the uncertainty relative to the
system model and relative to the data acquisition system, a process noise vector
and a measurement noise vector are considered:
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z(k+1) = Az(k)+B,u, (k) +B.u, (k) +w(k) (5.215)
y(k) =Cz(k)+D,u,(k)+D.u_ (k) + v(k) (5.216)

For the simulation purposes, consider a time span equal to T, =50 [s] .In

addition, consider the following initial conditions:

(0)=10"[m/]
¥, (0) =107 [m] & - A:
X,(0) =107 [m] % (0) =107 r% (5.217)
%0)=10"[m] |y () =10"[m/] |

¢(0)=10"[rad ]

50)-10* [rad

The initial state z; is modelled as Gaussian distributed random vector

whose mean value Z, and covariance matrix R, are assumed as:

z, =| 10°|m/ (5.218)

Z,=2,+2, (5.219)
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R, =diag(10® | m’ ],10°[m? |,10°[m* |,10°® | rad® ],

AN AL A,

(5.220)

The random disturbances w(k) and v(k) are assumed zero mean
Gaussian white noises whose covariance matrices are assumed equal to:

W, = diag(t0™ [ M/, 10[m/],10°[m/] 10 [rad/]
[ o[ o[ o9

V, = diag(10° [%2},103 [%4,103 [%4,103 [rad]) (5.222)

R, =W (5.223)

(5.221)

R, =V; (5.224)

Where W, is the amplitude vector relative to the process noise, V, is the
amplitude vector relative to the measurement noise, R, is the process noise
covariance matrix and R, is the measurement noise covariance matrix.

Assuming these stochastic characteristics relative to the process noise, the
measurement noise and to the initial state a discrete-time infinite-horizon
Kalman filter gain has been computed to yield:
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[ -0.0008 -0.0008 -0.0014 0.0023]
-0.0013 -0.0019 -0.0038 0.0069
-0.0013 -0.0022 -0.0043 0.0084
-0.0000 -0.0003 -0.0037 0.6372
K, = (5.225)
0.0246 0.0018 -0.0001 0.0444
0.0029 0.0210 0.0057 0.1229
-0.0001 0.0033 0.0257 0.1433

-0.0019 -0.0312 -0.2077 -0.6372

Indeed, an estimation of the system state Z(k) can be obtained from the
following difference equations:

2(k+1) = Az(k) +B,u, (k) +B.u (k) + K (y(k)-y(k)) (5.226)

The estimation equations are initialized setting the esteem of the initial state

2(0) equal to the expected value of the real initial state Z,. In addition, the

estimated output vector Y(k) can be computed from the following output
equations:

y(k) =Cz(k) +D.u, (k) +D.u,. (k) (5.227)
On the other hand, the control action is computed as an optimal feedback

control minimizing a discrete-time infinite-horizon quadratic performance index
defined as:

3, :%i(zT ()Q,2(K)+u" ()Q,u(k)) (5.228)

The weight matrices relative to the state vector Q, and to the input vector

Q, has been chosen as follows:
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T PR A e PR
AR A AR N

(5.229)

Qu=10“{ L } (5.230)

N?.m?

Consequently, an infinite-horizon optimal feedback gain has been computed
as:

-3.0331 |
-0.4309
7.4299
0.0584
-0.2140
-0.4318
1.3853
-0.0068

FT

(5.231)

Indeed, the control action u_(k) can be expressed using the feedback

matrix F_ and the estimated state Z(k) as follows:
u, (k) =F,2(k) (5.232)

The external input force acting on the first floor is the following:
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The controller has been designed to start after that half the time span has
elapsed. The time evolution of the system displacement and of the estimated
displacement relative to each floor are the following:
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angular displacement relative to the pendulum are the following:
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Since the pendulum serves as an actuator, when the controller starts
working the amplitude of the pendulum angular displacement increases. On the
other hand, the time evolution of the system velocity and of the estimated
velocity relative to each floor are the following:
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True Motion Estimated Motion Velocity Degree of Freedom 3
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The time evolution of the system angular velocity and of the estimated
angular velocity relative to the pendulum are the following:
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Since the pendulum serves as an actuator, when the controller starts
working the amplitude of the pendulum angular velocity increases. Finally, the
time evolution of the control torque is the following:



CASE STUDY: ACTIVE CONTROL OF A THREE-STORY
BUILDING MODEL 407

Control Input
0.8 T T T

06F = = fes : o e 4

0

uc[Nm]

041

-06 : i =

0.8 i I i I i i i
0 5 10 15 20 25 30 35 40 45 50
t[s]

The time evolution of the estimation error relative to the system
displacement corresponding to each floor is the following:
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The time evolution of the estimation error relative to the pendulum angular
displacement is the following:
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The time evolution of the estimation error relative to the system velocity
corresponding to each floor is the following:
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x10° Estimation Error Velocity Degree of Freedom 3
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The time evolution of the estimation error relative to the pendulum angular
velocity is the following:
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Note that the estimation error is bounded in a relatively small range for both
system generalized displacement and velocity. It is worth to emphasize that the
control action is confined in an acceptable working range. Finally, the
percentage decrease of the maximum amplitude of the system response at the
steady state due to the action of the controller is the following:

lea;f: leax —71.09 [%] %:7359 [%]
X~ X Xaax —Xaman
, " mx _ 74 95 [%] , : T T =80.49 [%]
2,max 2,max
X3,maxn: X3,max —56.94 [%] X3,ma>fnc_ Xs,max =70.48 [%]
X3,max X3,max
(5.233)

It is clear that the Linear Quadratic Gaussian controller (LQG) drastically

reduces the amplitude of displacement and velocity relative to each system floor
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even in the worst-case scenario of an external excitation which is close to the

first three system natural frequencies.
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5.7. EXTENDED UDWADIA-KALABA
CONTROLLER (EUK) DESIGN AND EXTENDED
KALMANFILTER (EKF) DESIGN

A new control algorithm for nonlinear underactuated mechanical systems
affected by uncertainties (EUK-EKF) has been developed. This algorithm is
based on the combination of the extended Udwadia-Kalaba control method
(EUK) and the extended Kalman filter estimation method (EKF). The extended
Udwadia-Kalaba control method (EUK) is the extension of the Udwadia-Kalaba
control algorithm (UK) to underactuated mechanical systems whereas the
extended Kalman filter estimation method (EUK) is the well-known extension of
Kalman filter estimation algorithm (KF) to nonlinear mechanical systems. The
basic idea of the Udwadia-Kalaba control method (UK) consists in setting a
virtual set of constraint equations, which represent the desired behaviour for the
system, and subsequently use the fundamental equations of constrained
Dynamics to derive the corresponding constraints action which satisfy the
constraint equations. The constraints action is then used as a feedback control
law. This control strategy can be extended to underactuated mechanical system
adding an extra set of constraint equations. This set of constraint equations
express the requirement that some of system degrees of freedom must be
unactuated, namely there must be no actuators on some specified system degrees
of freedom. The key idea to translate the underactuation requirement into a set of
analytical constraint equations is simply to use the unconstrained system
equations of motion as an additional set of constraint equations. Indeed, consider
the nonlinear lumped parameter model of the three-story building system:

M(®)4(t) = Q(Y) (5.234)

Where q(t) is the vector of system lagrangian coordinates, M(t) is the

system mass matrix and Q(t) is the vector lagrangian components relative to
the external forces acting on the system. Considering the presence of an
additional viscous damping on each degree of freedom, these quantities can be
expressed as:
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X, (t)
| %,(1)
q(t) = () (5.235)
a(t)
m O 0 0
0 m, 0 0
M(t) = 0 0 m, +m, -m, L4 sin(@(t)) (5.236)
0 0 -mlLsin(6t) mlLi+l1,,

_(kl + kz)x1(t) +k,%, (1) _(0'1 +O—2)X1(t) +0,%,(t) + F(t)
kzx1(t) - (kz + ks ) X, (t)+ k3X3 (t)+ 0'2)'(1('() - (02 + 0, ) X, (t)+ e (t)
m,L, cos((1))6” (1) + KX, (1) =Ky X; (1) + 0%, (t) — 0%, (1)
_m4g|-4 COS(Q(t)) - Gﬁ(t)

(5.237)

Q(t) =

Now consider the following virtual equation of constraint:
X(t)=c (5.238)

This virtual equation of constraint express the requirement of maintaining
the displacement of the third floor constantly equal to a constant c, that is to
block the movement of the third floor even in presence of an external exciting
force F(t) acting on the first floor. Deriving twice this equation respect to time,

it can be expressed in the standard form which is suitable to use the fundamental
equations of constrained Dynamics:

%,(t) =0 (5.239)

%,(t) =0 (5.240)
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The additional requirement is that the system is underactuated, namely there

is only a control torque acting on the pendulum. The underactuation requirement
can be accomplished using the system equations of motion relative to the floors
degrees of freedom as an additional set of constraint equations:

m % (1) == (K, +K, ) %, (1) + K, %, () = (0; + 0, ) %, (t) +
+0,% (1) + F(t)
m, X, (t) = kX (t) - (kz + ks) X, (1) +KyX5 () + o, %, (1) +
— (0, +03) %, (t) + o, % (t)
(m, +m, ) % (t) —m,L, sin(A(t))d(t) = m,L, cos(A(t)) 07 (t) + ks, (t) +
— KX, (1) + 03%, (1) — 3% (1)

(5.241)

As a consequence, grouping together the preceding equations, the standard
from of the equations of constrains can be written as follows:

A)G() =b(t) (5.242)

Where the constraint matrix A(t) and the constraint vector b(t) are
respectively defined as:

0 0 1 0
m O 0 0
A(t) = (5.243)
0 m, 0 0
0 0 my+m, -m,L,sin(O(t))
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0
b(t) = _(kl + k2 ) Xl(t) + kzxz (t) _(0-1 + O'z)x1(t) +0,X, t)+F()
k,, (t) _(kz + ks) X, () + KX, (1) + 0%, (1) _(02 + 03)X2 (t) + o3%, (1)
m,L, COS(@('[))@Z (1) + KX, (1) = Ky X5 (1) + 0%, (1) — 3%, ()
(5.244)

At this stage it turns to be crucial to check the rank of the generalized
controllability matrix which is defined as follows:

(5.245)

Mc(t){M(t)}

A(t)

Since the generalized controllability matrix M_(t) has full rank, the

solution of the fundamental problem of constrained Dynamics exists and it is
unique. In particular, since the constraint matrix A(t) is a square matrix which

has full rank, it can be simply proved that the constraint action which satisfy the
preceding prescribed constraint equations can be computed as:

Q. (t) = M)A (t)b(t) - Q(t) =
I 0
0
0
m,L5+1,,,
m,L, sin(A(t))
| +m,gL, cos(A(1)) + o,0(t)

(m4 L, 005(9('[))92 (1) +KoXy (1) — Ko Xg (1) + 0%, (1) — 03X, (t)) +

(5.246)

This lagrangian component of constraints action represents a control vector
field which forces the system to satisfy the constraint equations. In particular,
only the last component of this vector is different from zero as prescribed by the
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underactuation constraints. Indeed, it represents a nonlinear feedback control law

for the control torque acting on the pendulum which is able to maintain the
position of the third floor into a fixed value. For the simulation purposes,

consider a time span equal to T, :0.7[5] and a sampling time equal to

At=1.10"* [s] Considering a worst-case scenario, the external force is

assumed as a superposition of three harmonic force whose excitation frequencies
are close to the first three system natural frequencies. In addition, consider the
following initial conditions:

x(0)=10" [m] 4(0) =107 | ¢
X,(0)=10"[m] %,(0)=10"* [ M/
]
]

0)=10" : - (5.247)
%(0) [m %;(0)=10" f%

6(0) =10 [ra%]

The external input force acting on the first floor is the following:

0(0) = gn [rad
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External Input
0.3 T

ue[N]
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0.4 I i i i i i
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t[s]

The controller has been designed to start after that half the time span has
elapsed and when the velocity of the third floor is relatively small in order to
evidence the difference of the system response to the external input with and
without the controller. Note that to satisfy the constraint equations the controller
must start when, in theory, the velocity of the third floor is zero. The time
evolution of the displacement relative to each system floor are the following:
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x10° Constrained Motion Displacement Degree of Freedom 3
1.5 T T T T T

x[m]

t[s]

The time evolution of the angular displacement relative to the pendulum is
the following:
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Constrained Motion Displacement Degree of Freedom 4
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On the other hand, the time evolution of the velocity relative to each floor
are the following:
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Constrained Motion Velocity Degree of Freedom 1
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Constrained Motion Velocity Degree of Freedom 3
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The time evolution of the angular velocity of the pendulum is the following:
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Constrained Motion Velocity Degree of Freedom 4
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Finally, the time evolution of the control torque is the following:
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Constrained Motion Control Action
0 T T T T T T
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These plots show that when the controller start working the third floor stops
vibrating and its position is hold constant in time. On the other hand, to realize
the control action the pendulum must suddenly accelerate and the control torque
rapidly increases. The simulation shows the effectiveness of the controller
designed using the extended Udwadia-Kalaba control method (EUK).
Nevertheless, from the simulation can be deduced that the choice of placing the
actuator on the pendulum is not the best one. Indeed, when the pendulum
approaches the horizontal position the force transferred from the actuator to the
structure tends to zero and therefore the control system degenerates into a
singular configuration. In order to avoid this singular configuration for the
control system, the location of the actuator must be changed directly from the
pendulum to the third floor. Consequently, the underactuation requirement must
encompass the first two floors and the pendulum:
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m X (t) = _(kl + kz)x1(t) +k, X%, (t) _(0'1 +O—2)X1(t) +0,% () +F(t)
M, %, (1) = KX (8) = (K, + K ) X, (8) + Ko X () + 0, %, () — (0, + 03 ) %, (1) + 0%, (1)

—m,L, sin(0(©) %, (t) +(m, L5 +1,,., ) 8(t) = -m,gL, cos(6(t)) - 5, 4(t)
(5.248)

Therefore, the constraint matrix A(t) and the constraint vector b(t) must
be redefined respectively as follows:

0 0 1 0
m O 0 0
A(t) = 0 m, 0 0 (5.249)
0 0 -m,L,sin(@t) m,Li+1,,
0
(t) = _(kl + kz ) Xl(t) + kzxz (t) _(0-1 + O'z)x1(t) +0,X, t)+F()

kX (®) = (K, Ky ) %, (1) + Ko Xy (1) + 0% () = (0, + 03 ) %, (1) + 0%, (t)
—m,gL, cos(8(1) - 7,6(1)
(5.250)

Even in this case the generalized controllability matrix M_(t) has full rank.

Now using the fundamental equations of constrained Dynamics it can be simply
proved that the constraint action which satisfy the preceding prescribed
constraint equations is the following:
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0
0

_(m4 L, (:()S(‘g(t))‘g.2 (1) + Ko X, (1) =Ky X5 (1) + 03%, (1) — o3, (t)) +
m, gL, cos(A(t)) + &,0(t)
m4 Li + Izz,4

0
(5.251)

Q.(t) =
+m,L, sin(&(t))

Similarly to the preceding case, the lagrangian component of constraints
action represents a control vector field which forces the system to satisfy the
constraint equations. In particular, only the third component of this vector is
different from zero as prescribed by the underactuation constraints. Indeed, it
represents a nonlinear feedback control law for the control force acting on the
third floor which is able to maintain this floor into a fixed position. For the

simulation purposes, consider a time span equal to T, =50 [s] and a sampling
time equal to At=1-10"* [s] Considering a worst-case scenario, the external

force is assumed as a superposition of three harmonic force whose excitation
frequencies are close to the first three system natural frequencies. In addition,
consider the following initial conditions:

x,(0)=10" [m] %(0)=10" r%
X,(0) =10 [m] %,(0) =10 f%
]
]

0)=10" : S (5.252)
%(0) [m %;(0) =10"* r%

6(0)=10" [;a%_]

The external input force acting on the first floor is the following:

6(0) = gﬂ' [rad
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External Input
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The controller has been designed to start after that half the time span has
elapsed and when the velocity of the third floor is relatively small in order to
evidence the difference of the system response to the external input with and
without the controller. Note that to satisfy the constraint equations the controller
must start when, in theory, the velocity of the third floor is zero. The time
evolution of the displacement relative to each system floor are the following:
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The time evolution of the angular displacement relative to the pendulum is
the following:
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On the other hand, the time evolution of the velocity relative to each floor
are the following:
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The time evolution of the angular velocity relative to the pendulum is the
following:
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Finally, the time evolution of the control force is the following:
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Constrained Motion Control Action
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These plots show that when the controller start working the third floor stops
vibrating and its position is hold constant in time. In addition, even the
displacement and the velocity relative to the other degrees of freedom are
drastically reduced by the indirect action of the controller. It is worth to
emphasize that in this configuration the control action is confined in an
acceptable working range. Finally, consider the more realistic case in which the
system state cannot be measured completely. In this case, the extended Kalman
filter method (EKF) can be used to estimate the system state from the available
measurements and subsequently the estimated state can be used to evaluate the
feedback control law designed using the extended Udwadia-Kalaba control
method (EUK). This strategy yields to a robust control algorithm which, in
analogy with the Linear Quadratic Gaussian control method (LQG), represents
the natural extension of the extended Udwadia-Kalaba control technique (EUK)
to nonlinear underactuated mechanical systems affected by uncertainties.
According to this algorithm (EUK-EKF), the system state equation can be
written as follows:
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z(t) =f(z(t),u, (t),t) +f (2(t),u, (1), t) +w(t

O=TCO.UO0+HLEOUOD WO o
2(0) =z,

Where z(t) is the system state vector, Z(t) is the estimated state vector,

f(t) is the system state vector function, u,(t) is the vector of external input

acting on the system, f_(t) is the controller vector function and w(t) is the

process noise vector. The system state is defined as:

z(t) = Bgﬂ (5.254)

The state function f(t) is a nonlinear vector function defined as follows:

(5.255)

f(t){ 0 }

a(q().q(t).t)

Where a(t) is the generalized acceleration vector relative to the
unconstrained system which can be computed according to the fundamental
equations of constrained Dynamics. The controller function f,(t) is a nonlinear

vector function defined as:

f(t)= { (5.256)

00
a.(q(0).q(t).1)

Where a_(t) is the generalized acceleration vector corresponding to the

action of the constraints which can be computed according to the fundamental
equations of constrained Dynamics. Note that in the state equation the controller
vector function f_(t) is computed using the estimated state Z(t) . In addition to

the state equation there is the measurement equation which is a nonlinear
algebraic equation defined as:
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y(t) =h(z(t),u,(t),t)+C,a, (2(t),t) + v(t) (5.257)

Where Vv(t) is the measurements noise vector and h(t) is a nonlinear
measurement vector function defined in analogy to the linear systems:

h(t) = C,a(®) +C,a0 +C.a(q(t),q(t).t) (5.258)

Where C,, C, and C, identifies the output influence matrix referred

respectively to system generalized displacement, velocity and acceleration.
Indeed, the measurement vector function h(t) is a linear combination of system

generalized displacement q(t), velocity ¢(t) and free acceleration vector a(t) .
Note that in the measurement equation the generalized acceleration vector due to
constraints action a_(t) is computed using the estimated state Z(t). On the

other hand, the evolution of the estimated state Z(t) can be computed from the
following estimation equation:

2(t) =F(2(t),u, (1), 1) +F, (2(t), u, (1), ) + K (2(t), 1) (y(t) -9 (1))
2(0)=72,
(5.259)

Where K_(t) is the Kalman gain matrix and y(t) is the measurement
vector corresponding to the estimated state Z(t). Indeed, the measurement

vector Y(t) corresponding to the estimated state Z(t) can be computed from the
following nonlinear algebraic measurement equation:

9(t) =h(2(), u,(),1) + C,a, (2(t).1) (5.260)

The random disturbances w(t) and v(t) are not measurable and are

assumed zero mean Gaussian white noise whose stochastic characteristics are
the following:
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E[w(t)]=0 , ¥t>0 (5.261)

E[v(t)]=0 , Vt>0 (5.262)
Efwt)w' (0)]=R,,0(t-7) , Vtzr=0 (5.263)
E[v(t)v' ()]=R,,8(t-7) , Vtzr=0 (5.264)

is the symmetric positive definite matrix defining the process

W

Where R
noise covariance matrix and R_, is the symmetric positive definite matrix

defining the measurement noise covariance matrix. In addition, the process noise
and the measurement noise are assumed mutually uncorrelated:

E[w(t)V' (r)]=0 , Vt,z>0 (5.265)

On the other hand, even the initial state z, is assumed unknown and it is

modelled as a Gaussian distributed random vector whose stochastic
characteristics are:

Elz,]=2, (5.266)
El(z,-7)(2,-2) 1=R., (5.267)

Where Z, is the vector representing the expected value of initial state and
R.o is the symmetric positive definite matrix representing the covariance

matrix of the initial state. The initial state vector is modelled as a random
process uncorrelated to the stochastic disturbances:

E[zw' (t)]=O , Vvt>0 (5.268)
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E[z,v'()]=O , Vvt>0 (5.269)

In virtue of these assumptions on the stochastic part of the model, a
continuous-time Kalman filter can be developed linearizing the system model

around the estimated state Z(t). Consequently, the following linearized state
matrix and output influence matrix can be defined:

A2, =20 (5.270)
oz(t)
5 oh(t)
C(z(t),t) =—— (5.271)
oz(t) 20
Therefore, the Kalman gain matrix K_(t) can be computed as:
K. (2(1).) =POC" (2(1). DR, (5.272)

Where the covariance matrix P(t) can be determined from the following
continuous-time Riccati matrix differential equation:

P(t) = A, (2(t),)P(t) + P()A] (2(1),t) —P(t)C" (2(t),t)R,LC(2(t), t)P(t) + R,
P(0) =R,
(5.273)

It is worth noting that the state equation, the estimation equation and the
filter equation are coupled and therefore they must be solved at the same time in
order to find the evolution of the controlled system. Consider now the three-
story building system with the control actuator located on the third floor. Using
the fundamental equations of the constrained Dynamics, since the system mass
matrix M(t) is a square matrix which has full rank, the system free acceleration

vector a(t) can be symbolically computed as:
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a(t) =M ()Q(t) =

—(k1 + kz)xl(t) +K, X, (t) —(01 +az))'(1(t) +0,%,(t)+F(t)
ml

K, (t) _(kz + ks)xz (1) + KyX5 (1) + o, % (1) _(0'2 + 0'3)X2 (t) +o3%, (1)
m,

m, L, sin(6(t)) (m, gL, cos(a(t)) + o, 0(1))
(m, +m4)(m4Lf1 + IZZ,4)—(m4L4sin(e(t)))2
. (ML + 1,4 )(MyL, coS(O(1)67 (1) + Ky, (1) KXy (1) + 0%, (1) — 0% (1))
(m, +m4)(m4Lf1 + Izzy4)—(m4L4sin(6’(t)))2
(m, + m4)(m49L4 cos(8(t)) + aﬁ(t)) N
(my+m,)(m,L5+1,,)-(m,L,sin(A(t)))’
| MLsin(o(®) (m,L, cos((1)0” (1) +KyX, (1) —kyXy (1) + 0%, (1) — o3% (1))
(m, +m4)(m4Lf1 + IZM)—(m4L4sin(e(t)))2

72,4

(5.274)

In addition, since the constraint matrix A(t) is a square matrix which has
full rank, it can be proved that the acceleration vector induced by the constraints
action a_(t) can be simply computed as follows:
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a,(t)=A"(t)b(t) -a(t) =

0
0

m, L, sin(6(t)) (m, gL, cos(o(t)) + o, 0(1))
(m, + m4)(m4Lf1 + IZM)—(leL4 sin(é(t)))’
(ML +1,,.,)(myL, cos(O()6” (t) + kX, (1) — KyX (1) + 03 %, (1) — 0%, (1) )
(my+m,)(m,L3+1,,,)-(m,L,sin(A(t))’
_ ML, cos(B(1)6” (1) + k¥, (1) — kX () + 034 (1) — 0¥ (1)
m,L, sin(6(t))
(m, + mll)(mélgL4 cos(A(t)) + aﬁ(t)) N
(m, +m4)(m4Lf1 + IZZ,4)—(m4L4sin(é?(t)))2
m, L, sin(0(t)) (M, L, cos(O(t)) 6% (t) + kyX, (1) — kyX, (1) + 03%, (1) = 5%, (1))
(my+m,)(m,L5 +1,,,)—(m,L,sin(o(t)))’
(5.275)

For the simulation purposes, consider a time span equal to T, =50 [s] and

a sampling time equal to At =1.10"[s]. Considering a worst-case scenario,

the external force is assumed as a superposition of three harmonic force whose
excitation frequencies are close to the first three system natural frequencies. In
addition, consider the following initial conditions:

x,(0) =107 [m] %(0) =10 :r%:
%,(0) =107 [m] %,(0)=10" M
X3(0) =107 [m] by or mA . (5.276)
3 %(0)=10"| A
0(0):§7r[rad] , e Trad
6(0) =10 [ré%]
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Moreover, the initial state is assumed as a stochastic process with the

following characteristics:

107 [m]
107 [m]
107 [m]
1[rad]
z,=| 10/ (5.277)

10 f%

Z,=2,+2Z, (5.278)

R, =diag(10*[m*],10°[m*],10° [ m* |, 1] rad® ],

[ a0 [0 1 o[

(5.279)

The measured output vector contains the acceleration relative to each floor
and the angular position of the pendulum. Consequently, the output influence
matrices referred respectively to system generalized displacement, velocity and
acceleration are assumed as follows:

(5.280)

o O o O
O O o o
= O O O
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0 00O

C, = (5.281)
0 00O
10 0 0 O]
1 0 0 O]
0100

C, = (5.282)
0010
10 0 0 O]

The process noise and the measurement noise are assumed zero mean
Gaussian white noise whose stochastic characteristics are the following:

W, = diag0™* [/, 10°[m/],10°[m/] 10 [rad/],
[ [0 o [ o[

(5.283)

V, = diag (10~ [%Z},los [%4,103 [%2}403 [rad]) (5.284)
R, =W, (5.285)
R.,=V¢ (5.286)

Where W, is the amplitude vector relative to the process noise, V, is the
amplitude vector relative to the measurement noise, R, is the process noise

covariance matrix and R, is the measurement noise covariance matrix. The
external input force acting on the first floor is the following:
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Even in this case, the controller has been designed to start after that half the
time span has elapsed and when the velocity of the third floor is relatively small
in order to evidence the difference of the system response to the external input
with and without the controller. Note that to satisfy the constraint equations the
controller must start when, in theory, the velocity of the third floor is zero. The
time evolution of the system displacement and of the estimated displacement

relative to each floor are the following:
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The time evolution of the system angular displacement and of the estimated
angular displacement relative to the pendulum are the following:
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On the other hand, the time evolution of the system velocity and of the
estimated velocity relative to each floor are the following:
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The time evolution of the system angular velocity and of the estimated
angular velocity relative to the pendulum are the following:
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Finally, the time evolution of the control force is the following:
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The time evolution of the estimation error relative to the system
displacement corresponding to each floor is the following:
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The time evolution of the estimation error relative to the pendulum angular
displacement is the following:
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The time evolution of the estimation error relative to the system velocity
corresponding to each floor is the following:
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The time evolution of the estimation error relative to the pendulum angular
velocity is the following:
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Note that the estimation rapidly converges in a relatively small range for
both system generalized displacement and velocity. Indeed, these plots show that
when the controller start working the third floor stops vibrating and its position
is hold approximately constant in time. In this case, the small deviation from the
reference configuration of the displacement relative to the third floor is due to
the presence of process and measurement noise. In addition, the displacement
and the velocity relative to the other degrees of freedom are drastically reduced
by the indirect action of the controller. It is worth to emphasize that even in this
case the control action is confined in an acceptable working range. Finally, the
percentage decrease of the maximum amplitude of the system response at the
steady state due to the action of the controller is the following:
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(5.287)

It is clear that the controller drastically reduces the amplitude of
displacement and velocity relative to each system floor even in the worst-case
scenario. Indeed, the extended Udwadia-Kalaba control method (EUK)
combined with the extended Kalman filter estimation method (EKF), compared
to the Linear Quadratic Gaussian control and estimation method (LQG), presents
remarkable performances. On the other hand, the main drawback of this
algorithm is that the numerical integration must be performed using a smaller
sampling time to get accurate results. Consequently, the performances
improvement require a greater computation time.
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6. CONCLUSIONS

This thesis represents an effort to demonstrate that Multibody Dynamics,
System ldentification and Control Theory are actually strongly linked matters.
Consequently, the study of one of these subjects cannot be separated from the
study of the other two. The structure of this works is an attempt to encompass
the essence of Multibody Dynamics, System Identification and Control Theory.
In the first chapter a synthesis of the most important principles and techniques to
derive the equations of motion of multibody systems is presented. In the second
chapter a synthesis of the most important methodologies to obtain modal
parameters of a dynamical system using force and vibration measurements is
presented. In the third chapter a synthesis of the most important algorithm to
design a feedback control system based on an observer is presented. The case
study examined is a three-story building model with a pendulum hinged on the

third floor [1], [2]. In particular, a lumped parameter model and a finite

element model of the three-story frame have been developed. Subsequently, a
data-driven model relative to the system under test has been developed. Indeed,
the Eigensystem Realization Algorithm with Data Correlation using

Observer/Kalman Filter Identification method (ERA/DC OKID) [3] and the

Numerical Algorithm for Subspace Identification (N4SID) [4] have been used

to determine two different state-space models of the structural system using
experimental input and output measurements. Moreover, the algorithm to
determine a physical model from the identified sate-space representation (MKR)

[5]. [6]. [7] has been used to obtain two different second-order mechanical

models of the three-story frame. Subsequently, the design of a Linear Quadratic
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Gaussian regulator (LQG) [8] has been performed using the previously

identified physical model of the system under test. The effectiveness of this
controller has been tested in the worst-case scenario in which the system is
excited by an external force whose harmonic content is close to the first three
system natural frequencies. From the simulation results it is clear that the Linear

Quadratic Gaussian controller (LQG) [8] drastically reduces the amplitude of
displacement and velocity relative to each system floor even in this worst-case
scenario. Finally, a new control algorithm for nonlinear underactuated
mechanical systems affected by uncertainties (EUK-EKF) is proposed. In
analogy with the Linear Quadratic Gaussian regulation method (LQG) [8], this
algorithm represents the extension of the Udwadia-Kalaba control method (UK)
[9]. [10] to underactuated mechanical systems disturbed by noise. This
extension is performed combining the extended Udwadia-Kalaba control method
(EUK), which is the extension of the Udwadia-Kalaba control method (UK) [9],

[10] to underactuated mechanical systems, with the well-known extended

Kalman filter estimation method (EKF) [8]. Even in this case, the effectiveness

of the combined algorithms (EUK-EKF) has been tested in the worst-case
scenario in which the system is excited by an external force whose harmonic
content is close to the first three system natural frequencies. From the simulation
results it is clear that the controller drastically reduces the amplitude of
displacement and velocity relative to each system floor even in the worst-case
scenario. Indeed, the extended Udwadia-Kalaba control method (EUK)
combined with the extended Kalman filter estimation method (EKF), compared

to the Linear Quadratic Gaussian control and estimation method (LQG) [8]

presents remarkable performances. On the other hand, the main drawback of this
algorithm is that the numerical integration must be performed using a smaller
sampling time to get accurate results. Consequently, the performances
improvement require a greater computation time.
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