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Introduction

This thesis is mainly devoted to the study of existence results for noncoercive
nonlinear Dirichlet problems in unbounded domains.
Let 2 be an open subset of RY, N > 2. Consider the classical linear Dirichlet

problem

—div(M (z)Vu) + pu = —div(u E(z)) + f(z) in Q,

u e Wy?(Q),

where M : Q — RM is a measurable matrix field such that there exist Q,

B € R, such that

alg? < M(z)¢-¢ [M(z)| <8, aexeQ, VEeRY,  (2)
pu >0, (3)
E:Q — RY is a vector field (4)



and

f:Q — Ris a real function. (5)

In the Sixties, Guido Stampacchia, in [27, 28], studies problem (1), assuming
that the set 2 is bounded.

He proves existence, uniqueness and regularity results for (1) considering that
the problem is coercive due to some particular assumptions on p and |E],
with |E| belonging to an opportune Sobolev space.

Namely, in [27], he shows, among other important results, that, if © > 0
is large enough, then problem (1) is coercive and that, if ||E|,vq) is small
enough, problem (1) still remains coercive, even if p is small or null. Under
hypotheses (2), (4), (5), with f € L%(Q), and if the problem is coercive,
he proves that (1) has a unique weak solution u. In particular, in order to
obtain these results, he uses the Lax-Milgram Lemma taking p large enough
or measure of {2 small enough.

Successively, in [3], Lucio Boccardo obtaines the same results, also con-
sidering the case p = 0, assuming Q bounded, |E| € LV (Q) and f € L™(Q),
1<m«< ﬁ

- 2
We point out that the main difficulty here is due to the noncoercivity of the
operator —div(M (z)Vu) 4 div(u E(z)). Indeed, on |[E| 1~ ) no smallness
assumptions are done, while, as already observed, in order to obtain the co-
ercivity in the case u = 0, one has to require that || E||~ ) is small enough.
The lack of the coercivity of the operator does not allow to use classical the-

orems to achieve the existence and uniqueness results.



Thus, in order to prove that there exists a unique solution u, Lucio Boccardo,
inspired from the papers [27, 28] by Guido Stampacchia and from [9, 10, 12],
follows a nonlinear approach. Namely, he approximates noncoercive linear
problem (1) by nonlinear coercive problems. By means of Schauder fixed
point Theorem, he shows that, for every fixed n, there exists a weak solu-
tion u, of the approximate problem. Later on, using the classical truncate
function introduced by Stampacchia, he obtaines the boundedness of u,, in
I/VO1 2(Q) Exploiting this result and passing to the limit in the variational
formulation of the problem, he firstly proves the existence and, later on, the
uniqueness result.

Few years later, in [4], Lucio Boccardo considers, always in the case of
bounded domains, a nonlinear version of the noncoercive boundary value
problem (1) with x4 = 0 studied in [3]. He proves existence and uniqueness
results assuming 1 < p < N, |E| € LP%(Q) and f € L™(Q) with m > (p*)’,
where by ( )* we denote the Sobolev conjugate of ( ) and by ()’ the Holder
conjugate of ().

In order to do this, the key point is to approximate his problem by co-
ercive nonlinear problems, following the same approach of linear case. In
particular, he obtaines the existence result for the approximate problems by
means of Schauder fixed point Theorem and, then, he proves the bounded-
ness in W, (Q) of these solutions using Stampacchia’s truncate functions.
Successively, he passes to the limit in the variational formulation proving the
existence of a weak solution of the original problem. Finally, he is able to

obtain also the uniqueness result for u, but only for 1 < p < 2.



The study of problem (1) is extended to the case of € unbounded for the
first time in [14] by Gianfranco Bottaro and Maria Erminia Marina. They
assume that the problem is coercive and give existence and uniqueness results
under opportune hypotheses on the coefficients. Successively, in [29], Maria
Transirico and Mario Troisi generalize the results of [14] proving, among
other important results, that problem (1) admits a unique weak solution w.
This is done always assuming the coercivity of the bilinear form associated
to the matrix M, but under assumptions on u, |E| and f weaker than those
of [14].

The main difficulties one has to deal with when working on unbounded sets

are the following well known ones:
o there are no natural decreasing inclusions among the L?()) spaces;
o there are no compactness results;

e the norm in W,”(Q) is not equivalent to the norm of gradient since

Poincaré inequality does not hold.

This has lead to consider the MP(§2) spaces, with p € [1,+oo[, introduced
for the firts time in [29] and recently recalled in [1].

We remind that, for p € [1, +o00[, MP(€2) denotes the space of all the functions
fin L} (Q) such that

1 fllazr @) = sup 1 fllzr@nBe,1) < +00,

endowed with the previous norm.



The importance of these Sobolev spaces derives from their special properties.
Indeed, for these spaces the natural decreasing inclusions are valid also in
the case of unbounded domains. Moreover, a compactness result holds (see
Theorem 1.10, Chapter 1).

The noncoercive linear problem, analysed by Lucio Boccardo in [3], is

generalized by Sara Monsurro and Maria Transirico in [24], to the case
when €2 is unbounded, with different hypotheses due to the unboundedness
of the domain. The authors suppose p > 0, |E| € L?*(Q) N MY (Q) and
fe LM Q)N LY (Q).
Under these assumptions, in [24], the authors obtain existence and uniqueness
results by approximating the noncoercive linear problem via coercive nonlin-
ear problems and, then, passing to the limit in the variational formulation
of approximate problems. Namely, by means of Schauder fixed point Theo-
rem, they prove that there exists a solution u,, of the approximate problem,
for every fixed n. Later on, using the classical truncate function introduced
by Stampacchia, the authors prove that the u, are bounded in Wy*(Q2), for
every fixed n. Thus, they can pass to the limit using the compactness re-
sult stated in Theorem 1.10, that applies in view of the assumption on the
coefficient appearing in the noncoercive term. This leads to the proof of the
existence of a weak solution of their problem. Successively, they also obtain
the uniqueness of the solution.

Inspired by the work [4], in [2], we consider a nonlinear version of the
noncoercive boundary value problem, in the case of unbounded domains.

Aim of the paper [2] is to extend the results of [24] to the nonlinear case,



when the set 2 is unbounded. We consider the problem

—div(b(z)|VulP2Vu) + plulPu =

—div(|ulP"*u E(x)) + f(x) in Q, (6)
u e Wy (),
assuming
1<p<N,
a<blx) <p, forsomel<a<f, ae x€
p >0,
. N
|E| € L7 (©2) N Mg~ ()
and

feL'(Q)nNL™), m>(p*).

We emphasize the presence of the noncoercive operator —div (b(z)|Vul[P~2Vu)+
div(|u[’~?u E(x)), where on the second term no smallness assumptions are
done. Due to the unboundedness of the domain, the hypothesis p > 0 is
necessary (see Section 3.1). Despite this, since p is not required to be large
enough, the operator in (6) still remains noncoercive.

The technique used to achieve the existence result follows by the ideas of
Lucio Boccardo used in [3] and in [4]. Hence, in order to prove the existence

of a solution of (6), our noncoercive nonlinear problem is approximated by
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coercive nonlinear problems, depending on n, and, then, we pass to the limit.
Differently from [4] and [24] where the existence of the solutions w,, of ap-
proximate problems is an immediate consequence of the Schauder fixed point
Theorem, here it must be explicitly proved by means of the Surjectivity The-
orem. Successively, we prove the boundedness in W, (Q) of these solutions,
using Stampacchia’s truncate functions. Later on, thanks to the hypothesis
on the coefficient of the noncoercive term and in view of the compactness
result in MYV (€), it is possible to pass to the limit obtaining the existence
of the solution of the initial problem (6). The proof of the uniqueness of the
solution is quite delicate and will be object of a forthcoming study. Also in
the case of bounded domains, in [4], only a partial result (1 < p < 2) has
been achieved.

This thesis is organized as follows.

In Chapter 1 we give an overview about the M?()) spaces. In particular,
we recall the definitions and the properties of some important subspaces of
MP(€2). One of the most relevant results of this Chapter is contained in
Theorem 1.10 that deals with some compactness results holding when the
coefficients of the operators belong to this class of suitable Sobolev spaces.

Chapter 2 is devoted to existence, uniqueness and regularity results for
coercive and noncoercive elliptic Dirichlet problems on bounded domains.
Firstly, we recall the papers [27, 28] by Guido Stampacchia about coercive
problems in the linear case and, later on, the main techniques introduced by
Lucio Boccardo, both in the linear case and in nonlinear one (see [3, 4]).

Chapter 3 opens with the analysis of the main difficulties one has to



deal with when working on unbounded sets. Then, preliminary results, that
are useful in the linear and nonlinear case, are recalled. Successively, the
existence, uniqueness and regularity results for noncoercive elliptic Dirichlet
problems on unbounded domains, treated in the paper [24] by Sara Monsurro
and Maria Transirico, are examined. In this thesis, we give the complete
proof of a regularity result, contained in Lemma 3.9, that was only outlined
by authors in [24].

Finally, in Chapter 4, we study the noncoercive nonlinear elliptic prob-
lem in unbounded domains. We consider some approximate problems, that
depend on n, and give the existence of these coercive nonlinear problems by
means of the Surjectivity Theorem. Later on, thanks to some boundedness
results of the solutions of the approximate problems, it is possible to pass to
the limit obtaining the existence of the solution of the initial problem. The
results of this section are contained in the paper [2] by Emilia Anna Alfano

and Sara Monsurro.



Chapter 1

A class of suitable Sobolev

spaces

In this chapter we recall the definition and some properties of a class of

functional spaces, suitable for our aim, introduced for the first time in [29].

1.1 Some notations

Let F be a subset of RV, N > 2. We define F(x,t) = F N B(x,t), for every
x € F and every t € Ry, where B(z,t) is the open ball with center x and
radius ¢, and F'(x) = F'N B(x,1). The o-algebra of all Lebesgue measurable
subset of F' is denoted by X(F).

Given A € X(F), |A| denotes the Lebesgue measure of A and x4 denotes
its characteristic function. We set by D(F') the class of restrictions to F of

functions ¢ € C°(RY) with F N supp ¢ C F and, for p € [1, +o00], we denote
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by L7 .(F) the class of all functions g : F' — R such that (g € LP(F) for any
¢ € D(F).

1.2 The space M?(QQ)

From now on, 2 is assumed to be an unbounded open subset of RY, N > 2.
For p € [1, 400 and for fixed t € R, MP(Q,t) denotes the space of all the

functions f in L () such that

loc
HfhmmeSgﬂmewm><+“% (1.1)

endowed with the norm defined in (1.1).

The properties of MP?(£2,t) spaces and of some of their subspaces, introduced
for the first time in [29], are studied in different works (see, for istance,
[1, 15, 30, 31]). Here we recall some results on these spaces, useful in the
sequel.

In the next proposition we prove that, for every t € R, the MP(,t) spaces

are isomorphic.

Proposition 1.1. For every t; and to € R, :
i) f e MP(Q,ty) is equivalent to f € MP(Q,ts);
i) if to > t1, we have

ta

N
t1> £ llar@nys  Vf € MP(Q 1)

£ lm@en) < I lsiesy < 8% (

10



ProoOF. [t is sufficient to prove ii).

Let t2 > tl. Then

[f a0y = sup [ fll oty < sup [ fll @) = [1flarp@.ea)-
e z€eQ
In order to prove the converse inequality, we observe that, for every z € 2,
Qn B(Qf,tg) can Q(.CL', 2t2)

where Q(z, 2t5) is the cube with center z, sides parallel to the axes and edges
with length 2t,.

Since ty > t;, there exists k € N such that

that implies

Therefore, every cube QN Q(x,2t;) can be diadically decomposed in 2V (*+2)

2t
cubes with sides 2T+22 and center z; € QNQ(x,2ty). Furthermore, each cube

t
is contained in the ball with center x; and radius 51 Thus

9N (k+2) 9N (k+2)

Q(z,2ty) = Zgl Q (xz,;i) C ZL:_Jl B (xl,t21>

11



Hence, for every fixed = € €1, one has

2N(k+2) 2N(k+2)
Ifllze@@eny < D0 Mlp@e.ay < 2 Iflm@ean
=1 =1
9N (k+2)
< Y @) =252 f @)
=1

In view of the choice of k£ and thanks to the arbitrariness of x € €2, we obtain

to

N
£l <8 () I lascr

From now on, we consider the space
MP(Q) = MP(Q,1). (1.2)

The following result shows that, also in the case of unbounded domains,
the natural inclusions are still valid for M?(Q2) spaces, differently from LP((2)

ones.

Proposition 1.2. For every p,q € [1,+o0],
(i) LP(Q2) C MP(QY) and L>(Q2) C MP(Q);
(it) M*(Q) € MP(Q) if p < q.

PROOF. We start proving (7).

12



If f e LP(Q), then

I fllaze(0) = sup I fllr @) < 1fllzr@)-

If fe L>(Q),since Q(x) C B(z, 1), then

1
[ fllazr ) = sup 1 fllr @) < 1]z Sup 1Qx)|? < C | fllze),

where C' = C(N, p). This gives (i).
Now, let us prove (ii).
Let p < q. For every fixed x € €, since Q(x) C B(z, 1), by Holder inequality

one gets

1_1
[ fllzr@) < | flla@e) - 1) P77 < C|[flla@e)y < C [ fllaa@),

where C' = C'(N, p, q). Thanks to the arbitrariness of z € (2, we obtain

| fllare(0) = sup | fllzr @) < Cllflaae)-

This gives (7). o

We observe that the previous inclusions are both algebraic and topologi-
cal. Moreover, in the case of {2 bounded, we point out that Propositions 1.1

and 1.2 show that f € MP(Q) is equivalent to f € LP(€). This justifies the

choice to consider €2 unbounded.

13



1.3 The space M"(()

For p € [1,400[, M?(Q) is the subspace of M?(2) made up of the functions
f € MP(Q) such that

I vy = 0. 1.3
pm, s 1 xzllam @) (1.3)

sup |E(z)|<1/h
TEN

This is equivalent to require that

1
Ve e Ry Fh e Ry :VE € X(Q), sup |E(x)| < g | fxellmr@) <e (1.4)

z€eQ
The next two propositions show that MP(Q) is a closed subspace of M?(£).

Proposition 1.3. For every p € [1, +o0],
L®() € MP(Q).

PROOF. Proposition 1.2 gives L>°(Q) C MP?(Q).
Let E € ¥(2) and f € L*>*(Q2). One has

1
I fxElrr@ = sup I fxEellr@@) < [1fllz=w sup |E(z)]P. (1.5)
e xTE

Fixed € > 0, let h. > 0 be such that

p
. <||f||mm) |
€

14



1
If we show that sup |F(z)| < —
e he

, we obtain
€
I xellar@ < [ fllee@ - 7——=¢
[Fll (o)
and hence f € M?(Q).
Proposition 1.4. For every p € [1,+o0],
MP(Q) is the closure of L=(Q) in MP(Q).
PROOF. Let f € M?(Q). For every k € N, we define
Fo={ze€Q:|f(x)| > k}.
Now, putting Fj(z) = Fi, N B(x,1) and since
1flae(2) = sup [ f [ e(e@)) 2 sup [ f e (mey) = ksup [Fi(z)]?,
€N z€eQ z€eQ

one has

sup | F(x)] < (HfH]];“(Q))p.

€N

Fixed € > 0, let h, such that (1.4) is verified, we put

ke = || fllaeo - he -

15
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By (1.7), one has

1
sup | Fy.(z)| < -,
ISy he

that implies

I fxE ) < e (1.8)

We put f. = f — fxr, . Observing that

0 ifJZGXFkG
fe:
fifreQ\xg,,

by (1.6), we obtain f. € L*(2). Furthermore, by (1.8),

\f— feHMP(Q) = HfXFkE Mp(Q) < €,

then f belongs to the closure of L>(€2) in MP(£2).
Conversely, let f € MP?(Q) the limit of a sequence (f5)nen of functions of
L>(€). Thus, thanks to Proposition 1.3, for every € > 0 there exists he > 0

1
such that, if £ € () with sup |E(x)| < o we have

e €
€
If = frcllae) < 3
and
€
HfheXEHMP(Q) < 5

16



Hence,

I fxellar = 1(f = fu)xellur@) + | frxell e @

<|\If = fn.

mr() + | frxellur@) <€

that gives [ € MP(Q). o

Remark 1. From Proposition 1.2 it easily follows that, for every p,q €
[1, +oo[ with p < g,
M9(Q) C MP(9). (1.9)

The following result improves (1.9) and (%) of Proposition 1.2.

Proposition 1.5. For every p,q € [1, +oo[ with p < q,
M9(Q) C MP(S).

PROOF. Proposition 1.2 gives M9(Q2) C MP(Q2). Now, let E € ¥(Q) and

f € M), by Holder inequality, one has

_1
q

1
| fxellmr@) = Slelg | fxellrr@@) < Slelg Il fllae)) - |2x) N E|?

11
< || fllassa(e) - sup | E(x)|» .
e

pq

q9—p

For € > 0, let h. > 0 such that h, = (HNW)
€

17



1
If sup |E(z)| < —, we obtain
x€eQ) he
1\ %
I#xelao) < Il - (57) ™ =
that implies [ € MP(Q). o

1.4 The space Mj ()

For p € [1, 400, M{ () is the subspace of MP(£2) made up of the functions
f € MP(Q) such that

lim [ £l zr @y = 0. (1.10)

|z|—=+o0

This is equivalent to require that
Ve e Ry Jk. € Ry sit. Ve € Q, |z| > ke = ||f||L;n(Q(x)) < €. (1.11)

Now, we recall the following important results.

Proposition 1.6. For every p € [1,+o0],

(i) £ € L@, lim f@)=0 = feMjQ);

(i) fe =@, Jim |floee =0 = feM@).

PROOF. We start proving (7).

18



Let f € L} .(Q) and | Ihrﬂ f(z) =0. Then
T|—+00
Vee Ry Jk. e Ry sit. Ve € Q, |z| > ke = |f(2)] <€
Hence, since Q(z) C B(x,1), for z € Q such that |z| > k.,

1
| fllzr@)) < €lQx)|r < C -,

where C'= C(N, p).
This implies that f € M§(Q) and, thus, (i) holds.
Now, we want to prove ().

Let f € L*™(Q2) and | |lim | f1l21 @)y = 0. Then
x| —+00
Ve € Ry dk. € R, s.t. Vo € Q, |IE| >k, = ||f||L1(Q($)) < €.

Hence, for x € Q such that |z| > k.,

1
P p—1 1 p—1
o = ( o, 107 11108) " < W1 U < 19120

This implies that f € MJ(Q2) and, thus, (i) holds.

Now, we introduce a class of functions useful in the sequel.

For h € R, we denote by (;, a function of class C§°(RY) such that

0< Ch < 1a Ch|7 = ]-7 supp gh - B(O, Qh)

19
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In order to prove that also M () is a closed subspace of MP(2), we focus

on the relationship between MZ(Q) and MP((2).

Proposition 1.7. For every p € [1,400[, one has that f € ME{(Q) if and
only if f € MP(Q) and

(1= Cn) fllar ) = 0. (1.13)

lim ||
h—+o00

PROOF. We start proving that, if f € MZ(Q), then f € M?(Q) and

(1= G) fllvr) = 0.

Observe that, by the properties of (;,, one has, for r > 2h,

lim ||
h——o00

(L= G) fllmr) < 11 = Gr)fllmr@) < 1 fxa\Bo2m) 1P ©)- (1.14)
If f € MP(9), then
Ve € R, dh, € R, s.t. Vo € Q, |$| > 2h, = ||f||LP(Q(m)) < €. (1.15)

Therefore, by (1.14) and (1.15), one has that for every € > 0 there exists

re > 2h, such that

(1 = G ) fllam@) < 1 fxa\Bo21) |17 ()

< sup || fllr@@nso2ng) < sup [[fllr@e) <é
zeQ) zeQ

|| >2he

20



that is
(1= Cn) fllary = 0. (1.16)

lim ||
h——4o00

Let € > 0 and E € X(f2). By (1.16), there exists h, > 0 such that

I fxellar@) < (1= Gh) xe fllar@) + [ICh XE fllar@)
< (L = Cn) fllae) + ICh. XE fllmr@) (1.17)

€
<5t 1Che XE fllare (@)

Observe that, by the properties of (,_, one has
ke X Fllase@) = SUD[IGh. X5 fllzr(my < SUP [fllzre@npo2n)- (118)
On the other hand, there exist m. € N and xy, ..., z,,. € {2 such that

E(z)N B(0,2h,) C Ej E N B(z;,1)

i=1
that implies
|E(x) N B(0,2h)] <Y |ENB(x;,1)| < me sup |E(z)). (1.19)
i=1 €N

Thanks to the absolute continuity in the spaces LP(£2), one has that there
exists 0. > 0 such that || f||1r(a) < g, if A e X(Q2) with |A| < 0. .
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Oc
Therefore, if sup |E(x)| < —, from (1.19), we have
e Me

| fller (@) BO2R0) <

DN

Thus, by (1.18),
€

5 (1.20)

1Che XE fllam@) <

From (1.17) and (1.20), it follows that f € MP(Q).
Now we prove that, if f € M?(2) and (1.13) holds, then f € MZ(Q).

From the hypotheses and from the properties of the functions (j, we have
Ve € R_;,_ Jh. > 1 s.t. H(l — <h€>fHMP(Q) < €.

For |xz| > 3h,, one has that, if y € B(z,1), then |y| > 2h.. Therefore, for

x € Q such that |z| > 3h., one has
[fllzr @) = (1 = ) fllzee) < 11 = Cu) fllae) <€
and, hence, f € M{(Q). o
Remark 2. The following algebraic and topological inclusions are valid:
MJ(Q) C MEQ) if 1<p<q<+oo, (1.21)

LP(Q) C MY(Q)) if 1<p<+o0. (1.22)

22



Remark 3. For the readers’ convenience, let us recall that, as proved in [30],

if f € MP(Q) the following properties are equivalent:

i) f e Mg(Q),

i1) for any ¢ € R there exist v.,0. € Ry such that
EeX(Q), |E0,0.)] < ve = || fxullmr) <&, (1.23)

iii) for any € € Ry there exist he, k. € Ry such that

1
(1= Cn) fllmr) <&, B € 5(Q), sup |[E(x)] < -
2eQ ke (1.24)

= |/ Xsllar@ <e
Now, we are able to prove the following closure result.

Proposition 1.8. For every p € [1,+o0],
ME(2) is the closure of CS°(Q) in MP().

PrOOF. Let f € M{(2). Fixed € > 0, from Proposition 1.7 there exists
he > 0 such that

(1 = Ch) fllarr ) < (1.25)

DO | ™

Observe that, from the properties of the functions (; and from Proposition

1.2, we have

1 fllae@) < [ fllae) S N fllze YV € LP(Q) and VA > 0. (1.26)

23



Moreover, since f € L (), we know that (o, f € LP(Q2). From the density
of C3°(Q) in LP(Q), there exists ¢, € C5°(£2) such that

€

HCzth — Pk, 9

Lr() < (1.27)

Since (o, ¢ = Cp, by (1.25), (1.26) and (1.27), one obtains

|f = ChoPr.

wmr@) < = G fllmr) + 1Che f — Chetr || v

= |(1 = Cn) fllarr@) + |Cone Cne f — Che P,

Mp(Q)

¢ € € €
<5t 16, (Gone f = er)arr() < 5T [Con f = brlLe@) < gt =¢

Namely, since (. r, € C5°(£2), f is in the closure of C5°(£2).
Now, we suppose that f € MP(Q) and that there exists a sequence @y €
Cy°(2) (k € N) such that

kginoo Ilf — ngHMp(Q) = 0. (1.28)

For every k € N, let hy, > 0 such that supp ¢ C B(0, hy).

From the properties of (3, , we have

I = G Fllaae) = (1= G )(f = i)l @) < 1F = erllvre),
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from which

Jim ([ = G fllare) < lim L = @illam@) = 0. (1.29)

Now, let £ € ¥(€2). One has

| fxEllmr@) < N(f = er)xellmr@ + |eex el @
(1.30)

< = erllarr@) + llrxellam ).

Observing that o), € C°(Q) and that C°(Q) € L=(Q) € MP(Q), by (1.28)
and (1.30) it follows that f € M?(f). Therefore, by (1.29) and Proposition
1.7, we obtain that f € M{(Q). o

1.5 Further results about the M?(Q}) spaces

In this section we recall some properties of the MP(2) spaces, that will be

useful in the study of our differential operators.

Firstly, we define the modulus of continuity of a function in M§(Q).

Namely, if g belongs to M§(€2), a modulus of continuity of g in M{(Q) is
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an application of[g] : R — R, such that

1(1=C)gllar) + sup g X, llam@) < aflgl(h),
Bex(Q)

sup |B(z)|<+
zeQ

(1.31)

with lim o2[g](h) =0.

h—+o0

This definition is well posed thanks to Proposition 1.7 and to the definition
of MP(Q).

Let us remind the following result proved in Lemma 3.1 of [30], see also
[15], adapted here to our needs, that allow us to approximate functions in

ME(Q2) by means of sequences of functions in L'(Q) N LP(Q).

Lemma 1.9. If g € MF(Q)), with p > 1, then there exists a sequence gy,
h € N, with g, € L*(Q2) N LP(Q), such that

gn — g in MP(Q), (1.32)
lgn(2)] < |g(z)|, a.e. in Q,VheN, (1.33)
ollgn] = ollg],Vh € N. (1.34)

Now, we recall the following results concerning the multiplication operator

ue WP (Q) — gu e LP(Q), (1.35)

where the function g belongs to M™ ().
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These results have been proved in [31] (see also [15]) in a more general case.

Here, we report only a specific one, required in the sequel.

Theorem 1.10. Let 1 <p < N. If g € MN(Q), then the operator in (1.35)

is bounded and there exists a positive constant ¢ such that
lgullzrioy < cllgllav lullwivgy  Vue WeP(9), (1.36)

with ¢ = ¢ (N, p).

Moreover, if g € M (), then the operator in (1.35) is also compact.
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Chapter 2

Elliptic equations in bounded

domains

This chapter is dedicated to recall the most important existence, uniqueness
and regularity results about coercive and noncoercive elliptic Dirichlet prob-
lems on bounded domains.

We start with the milestones results by Guido Stampacchia [27, 28] dealing
with coercive problems in the linear case and, later on, we recall those by
Lucio Boccardo concerning noncoercive problems in the linear and nonlinear

case, contained in his papers [3] and [4].
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2.1 Stampacchia’s results

From now on, let  be a bounded, open subset of RY, N > 2. In the Sixties,

Guido Stampacchia studies the following linear Dirichlet problem

—div(M(x)Vu) + pu = —div(u E(x)) + f(z) in Q,

u € Wy (@),

where M : Q — R is a measurable matrix field such that there exist «,

B € Ry such that

alfP<M(@)¢-§ M) <8, aezeQ, VEeRY, (2:2)
E:Q — RY is a vector field (2.3)

and
f: € — R is a real function such that f € L%(Q) (2.4)

In [27] Stampacchia proves that, if 4 > 0 is large enough, then problem (2.1)
is coercive. Moreover, he shows that, if || £||;~ ) is small enough, problem
(2.1) still remains coercive, even if 4 is small or null.

Under hypotheses (2.2), (2.3), (2.4) and if the problem is coercive, in
(27, 28], he proves that (2.1) has a unique weak solution u. Furthermore, he

also obtaines the following regularity results:
: N N . .
o if |[E| € LY(Q) and f € L™(2), m > 5 then the solution u of (2.1) is
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in Wy2(Q) N L>(Q);

2N
N +2
is in Wy *(Q) N L™ (Q), with m*™ =

o if |[E| € LY(Q) and f € L™(Q),

N
<m < 5 then the solution u

Nm
N —2m’

In [27, 28], Guido Stampacchia also proves the existence of a solution u of

2N
(2.1) even if the summability of f is less than N3 and further regularity

results, namely:

e if feL™Q),1l<m< then u € Wy (Q), m* = ——;

N
N+ 2’

o if f € LY(Q), then u € Wy(Q), Vg < ~ T

2.2 Boccardo’s results

In this section we report the main results obtained by Lucio Boccardo in
3, 4] for noncoercive problems in the linear and nonlinear cases. We focus
on the techniques used to obtain existence and uniqueness of the solution
in bounded domains that will be generalized to unbounded ones to get our

results.

2.2.1 The noncoercive linear case

In [3], Lucio Boccardo considers the following linear Dirichlet problem
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—div(M (2)Vu) = —=div(u E(z)) + f(x) in Q,
(2.5)
u e WoH(Q),

where M : Q — RY” is a measurable matrix field such that there exist a,

B € R, such that
aléP < M(z)E-¢, M) <B, aerxcQ VEERY, (2.6)
E : Q — RY is a vector field such that
|E| € LY (Q) (2.7)
and f: — R is a real function such that
(2.8)

The Dirichlet problem (2.5) is problem (2.1) studied by Stampacchia in the
case = 0. (The linear case in bounded domains has also been studied in
(16, 25], assuming |E| in classes wider than LY (£2)).

We observe that the main difficulty here is due to the presence of the differ-
ential operator —div(M (z)Vv) +div(v E(x)) bacause it is noncoercive, since
no smallness assumptions are done on || ||~ (q). While, as already observed,
in order to obtain the coercivity in the case 1 = 0, one has to require that

| B~ () is small enough.
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In order to obtain existence and uniqueness results for (2.5), Boccardo follows
a nonlinear approch. In particular, he approximates (2.5) by the following

nonlinear coercive problems

. e Up, E(z)
—div(M (z)Vu,) = d1v<1 ] T+ i]E(m)\) + fulz),
(2.9)
u, € Wy*(Q),
with f,(z) = T,(f(z)), where, for k € R,
¢, il <k
Ty (t) = (2.10)
kb, if |t > k,

[t]?

is the classical truncate function introduced by Stampacchia.

Thanks to the Schauder fixed point Theorem, he proves that, for every fixed
n, a weak solution u, of (2.9) exists.

The main idea to obtain this existence result is the following:

fixed n € N, let w, € Wy*(Q). He considers the problems

(. E(x)
1+ Lw,| 1+ L|E(x)|

—div(M(z)Vu,) = —div + ful),
( )

(2.11)

u, € Wy ()
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and proves that there exists a unique and bounded solution w,, of (2.11).

Later on, he considers the operator

P:w, € Wy?(Q) = P(w,) = u, € Wy*(Q)

and, by means of Schauder fixed point Theorem, he shows that P has a fixed

point. This gives the existence result for the solution of problem (2.9).

Successively, he shows that, if m = , the sequence u,, is bounded

in W,?(Q). Namely, for every k € R, ]}Ye—;foves that the sequence T} (u,)
is bounded in VVO1 2(Q) and later, for sufficiently large k, he gets that the
sequence Gy (up) := up, — Tj(uy) is bounded in W01’2(Q). This leads to the
boundedness of the sequence wu,,.

Later on, exploiting this result and passing to the limit, he obtains the exis-
2N

N+2
Indeed, since {u,} is bounded in W, (), up to a subsequence, wu, converges

tence of a weak solution u € Wy%(2) of problem (2.5), with m =

weakly in W, ”(Q) to a function u. Furthermore, wu, is a solution of (2.9)
and then, passing to the limit as n — +oco in the variational formulation and
thanks to the linearity of the problem, he obtains that u is a weak solution
of (2.5).

Now, by taking T, (u—w) as test function in the variational formulation of the
problem, where € > 0 and where u and w are weak solutions of (2.5), thanks
to the Holder inequality, Lucio Boccardo also proves that, under hypotheses

, the solution is unique.

2N
2. 2. d (2. ith = —
(2.6), (2.7) and (2.8) with m N3
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As in Stampacchia’s works, also in this case some regularity results are

obtained, namely:

N
< m < —, then there exists a

Nm ‘
N —2m’

o if |[E] € LY(Q) and f € L™(9), N3

solution u of (2.5), u € Wy*(Q) N L™ (Q), with m* =

o if |[E|] € L"(Q), r > N and f € L™(Q2), m > ];f, then there exists a
solution u of (2.5), u € Wy*(Q) N L®(Q).

Moreover, he also proves the existence of a distributional solution u of (2.5)

2N
and, even if the summability of f in less than N1 the following regularity

results:
. N 2N 1,m*
o if |[E] € LY(Q2) and f € L™(Q), 1<m<m, then u € Wy'™ (Q),
. Nm
TN
. N 1 1,1* * N
o if |[E| € LY(2) and f € L'(Q), then u € Wy (), where 1" = N1

2.2.2 The noncoercive nonlinear case

In this section we recall the main results obtained by Lucio Boccardo in [4],
where he considers, in the case of bounded domains, a nonlinear version of

the noncoercive boundary value problem studied in [3].

Let A be the differential operator defined as

A(v) = —div(a(x, Vv)),
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where a : Q x RY — R¥ is a Carathéodory function such that

a(x,§)§ > af¢f”,

la(z, )] < BIEPT, (2.12)

(a(z,&) —alx,n)) (€ —n) >0,

for a.e. z € Q, for every ¢ € RY and n € RY with £ # 7, and where a, 3 are
strictly positive costants.
In [4], Lucio Boccardo proves the existence and uniqueness of the weak so-

lution of the following nonlinear Dirichlet problem

A(u) = =div(g(u) E(x)) + f(z) in Q,

(2.13)
u € WoP(9),
where
1<p<N, (2.14)
|E| € Li1(Q), (2.15)
fermQ),m= @), (2.16)

where p* denotes the Sobolev conjugate of p and p’ the Holder conjugate of
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D,

g(s) is a real continuous function such that |g(s)| < ~|s[P, (2.17)

for some v > 0.
We observe that, thanks to (2.12), the operator A is monotone and coercive,
therefore the Surjectivity Theorem applies and thus A is surjective. As in the

linear case studied in [3], the main difficulty here is due to the noncoercivity

on W, ?(Q) of problem (2.13).

Following the same approach of the linear case (cfr. [3]), inspired by the
papers of Guido Stampacchia [28, 27], Lucio Boccardo in [4] approximates
the noncoercive nonlinear problem by coercive nonlinear problems and then
passes to the limit. In particular, he considers the following approximate

problems

—div(a(x, Vu,)) =

div [ 9(un) E(x) f(2)
d <1+71L’un’p1 1+3L!E($)\>+1+}L!f(x)!’ (2.18)

u, € Wy*(Q).

Thanks to (2.12) and under the hypotheses (2.14), (2.15), (2.16) and (2.17),

the Schauder fixed point Theorem immediately applies and then he obtaines
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the existence of a weak solution u, of (2.18), for every fixed n.

Exploiting Stampacchia’s truncates (2.10) and remembering that Gy (u,) ==
uy, — Tg(uy,), by the boundedness of the sequences Ty(u,) and Gg(u,) in
VVO1 P(Q2), for sufficiently large k, he obtains that also the sequence u,, is
bounded in W, ().

Later on, passing to the limit, he obtains the existence of a weak solution
u € WyP(Q) of (2.13). Namely, since {u,} is bounded in W,"(Q), up to a
subsequence, u, converges weakly in Wol () to a function u. Furthermore,
he proves that wu, converges strongly to u in W,?(Q). This allows him to
pass to the limit, as n — +o0, in the variational formulation of (2.18), and
thus he obtains the existence of a weak solution u € Wy (Q) of (2.13).

To achieve the uniqueness of the solution, under the same hypotheses of

(2.13), he considers the problem

—div(b(z)|Vu[P?Vu) = —div(g(u) E(z)) + f(z) in Q,
(2.19)

u e Wy(),

where

a <b(zx) <p, forsome 0 < a<f

and where the function g is required to be such that |¢'(s)| < p|s[P~! + u for
some [ > 0.
Obviously for this problem, that is a special case of (2.13), all the results

obtained previously are valid. Differently from linear case analysed in [3],
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where the uniqueness result can be achieved for p = 2, in the nonlinear case
it can be obtained, for problem (2.19), only for p: 1 < p < 2. In particular,
Lucio Boccardo proves the uniqueness of the solution taking Tj,(u — w)™ as
test function in the variational formulation of the problem, where h > 0 and

where u and w are weak solutions of (2.19) and proving that u is equal to w.
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Chapter 3

Noncoercive elliptic equations
in unbounded domains: the

linear case

In this chapter we consider the Dirichlet problem for noncoercive linear el-
liptic equations in unbounded domains studied in the paper [24], by Sara
Monsurro and Maria Transirico. First of all, we remark the main difficul-
ties one has to deal with when working on unbounded sets. Later on, we
introduce some preliminary tools, useful both in the linear case and in the
nonlinear one. Finally, we focus on the existence, uniqueness and regularity

results.
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3.1 Main difficulties in unbounded domains

The main difficulties one has to afford when working on unbounded sets are

the following;:
1) There are no natural decreasing inclusions among the LP()) spaces;
2) There are no compactness results;

3) The norm in Wy *(2) is not equivalent to the norm of gradient (Poincaré

inequality does not hold).
How can we overcome these problems?

1) For the first problem, we use the MP(Q2) spaces defined in Chapter 1
for which the natural inclusions are valid also in unbounded domains.
In particular, we suppose that the coefficients of our problem belong

to the intersections of these spaces with L*(€2) ones, for a suitable ¢.

2) In order to solve the second problem, we exploit a compactenss result
on ME(Q) spaces, stated in Theorem 1.10 of Chapter 1, proved in [31]

by Maria Transirico, Mario Troisi and Antonio Vitolo.

3) Since the norm in Wy*(2) is not equivalent to the norm of gradient
when (2 is unbounded, it is necessary to take p > 0 in the equation of
problem (2.1). Nevertheless, since p is not required to be large enough,

the problem remains noncoercive.
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3.2 Preliminary results

Let us recall some important results useful in the sequel. Let 2 be an un-
bounded, open subset of RY, N > 2.
Let k € Ry and T(t), defined in (2.10), be Stampacchia’s truncate functions.
Put

Gr(t) =t — Tk(t). (3.1)

Given u € Wy *(), define
Ay ={z € Q : |u(x)| > k}. (3.2)

The following lemma contains some useful properties of the composition

of the functions T}, and G} with u € Wy*(2), needed in the sequel.

Lemma 3.1. Let p > 1. For every u € Wy ?(Q) and k € R, one has

Ti(w) = Thow € WH(@), (33)
|VulP~2VuV T (u) = VT (u)|P, a.e. inQ, (3.4)
|u]p_2u Ti(u) > |Tk(uw)?, a.e. in Q, (3.5)
[uP~?u VTi(u) = | T (w) PV Ti(w), a.e. in Q, (3.6)
Gr(u) = G ou € Wo™(€), (3.7)
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|Gr(uw)] < u|, a.e. in §, (3.8)

lu| <|Gr(u)|+ k, a.e. in €, (3.9)

lulP~t < 2P72(|Gr(u) [Pt + KPTY), ae. in Q, (3.10)
|VulP2VuVGyi(u) = [VGr(u)|P, a.e. inQ, (3.11)
[ulP~?u Gp(u) > |Grp(u)P, a.e. inQ, (3.12)
supp Gi(u) C A4y, (3.13)

Uy,  G.€. in Ap,
(Gr(u))e, = (3.14)
0 ae inQ\ A i=1...n.

Let us mention a generalization to unbounded sets of a result proved in
28], in the case of bounded domains, and already showed, for the case p = 2,

in [14].

Lemma 3.2. Let p > 1, G be a uniformly Lipschitz function such that
G(0) =0 and u € WyP(Q). Then Gou e WyP(Q).

PROOF. The proof is obtained following the same arguments of [14], with

opportune modifications. o

Now, we recall Lemma 4.1 of [28] by Stampacchia. This is useful to prove
an important summability result that can lead us to the existence of a weak

solution for the problem.

Lemma 3.3. Let ky > 0 and ¢ : [ko, +oo[— R be a non negative and non
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increasing function such that

olh) < = k)y[so(k‘)]‘s Vh> k> ko, (3.15)

where C', v and § are positive constants, with 6 > 1. Then, for

d =27 1CY (ko)) T (3.16)
one has
o(ko +d) =0. (3.17)
Proor. We consider
d
ks - ko + d — ?
By (3.15), we obtain
C 2(s+1)'y s
because
ol < (o) = ~C (o) = S (k)
s >~ P\ Rg - P\ Rg - P\ Rs
+1 (ks-H _ ks)w (2;1“)7 d”

(3.19)
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where p = T

1-46
The case s = 0 is trivially true.
Now, we suppose the inequality (3.19) true for s and let us prove it for s+ 1.

By (3.18) and hypothesis of induction,

€ 2+ € 2607 (p(ky))’
plher) S o (p(k)’ < =250

Thanks to hypotesis (3.16), we obtain

and hence (3.19) holds for every s.

Now, passing to the limit, as s — +o0,

o(ks) =@ <k0+d— 2d> — (ko +d)

and then the proof is done. o

For sake of completeness, we recall now two important theorems, useful
in the sequel: the Schauder fixed point Theorem in its formulation given, for
instance, in Theorem 1.11 of [6], and the Vitali Theorem (see, for instance,

26]).

Theorem 3.4 (Schauder). Let X be a Banach space. If F is a function
completely continuous and F' admits a bounded and closed invariant convex

subset K of X, then F has a fized point on K.
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Theorem 3.5 (Vitali). Let u,, C LP(2) be a sequence such that u, — u a.e.
in Q. Then u € LP(Q) and u, — u in LP(Q) if and only if

(i) for each ¢ > 0 there exists a set A. C Q such that |A.| < 400 and
/ lunlP <2 VneN;
O\A.

(ii) for each € > 0 these exists 6 > 0 such that
/ lun|P <2 VneN,
A

for every A C Q with |A| < 6.

3.3 Existence, Uniqueness and Regularity re-

sults

Let us now recall the existence, uniqueness and regularity results, obtained
in [24], in the case when (2 is unbounded.

Consider the following noncoercive linear Dirichlet problem

—div(M (z)Vu) + pu = —div(u E(z)) + f(z) in Q,
(3.20)
u e Wy (),
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where M : Q — RM is a measurable matrix field such that there exist Q,

B € R, such that

aléP < M(x)€-€, [M(2)|<f3, aex€Q, VEERY, (3.21)

>0, (3.22)

E : Q — RY is a vector field such that

|E| € L*(Q) n MY (Q) (3.23)
and f : ) — R is a real function such that

fe LY Q) N L¥(Q), (3.24)

where M (Q) is the functional space strictly containing LY (Q), described in
Section 1.4 of Chapter 1.

The techniques used to obtain these results issue from an idea of [3], inspired
by the papers of Guido Stampacchia [27, 28], and by [9, 10, 12], where non-
linear problems are treated.

In particular, as already mentioned, in [3]|, the noncoercive problem is ap-
proximated by coercive nonlinear problems and then the author passes to
the limit. Here, it is possible to pass to the limit, thanks to the compactness
result in M{¥(2) (see Theorem 1.10) that applies in view of the assumption

(3.23) on the coefficient appearing in the noncoercive term, as showed in the
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next section.

3.3.1 Existence and uniqueness results

In order to obtain the existence and uniqueness results, the authors, inspired
by the technique of Lucio Boccardo in [3], approximate noncoercive linear

problem (3.20) by the following coercive nonlinear problems

—div(M (z)Vu,) + pu, =

_dlv<1+i|un| 1+i|E(;L-)’> + 1+%‘f" (3.25)

u, € Wy?(Q).

To prove that a bounded weak solution of (3.25) exists, for every fixed n, a

previous result is needed (proved in Lemma 3.4 of [24]).

Lemma 3.6. Assume (3.21), (3.22), |F| € L*(Q) and f € L~+2(Q). Then

there exists a unique solution u of the problem

—div(M (2)Vu) + pu = —div(F(z)) + f(x) in §,
(3.26)

u € Wy (Q).

If in addition |F| € LP(Q) and f € L%(Q), p > N, then the solution u is of
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class L>(92).

Let us give an idea of the proof.
Thanks to the Lax-Milgram Lemma, one obtains the existence and unique-
ness of the solution. In order to prove the boundedness, one takes G (u) as
test function in the variational formulation of (3.26), in view of (3.7) with
p = 2. Using (3.21), the definition of Ay (3.2), properties (3.11), (3.12),

(3.13) in the case p = 2 and Holder and Sobolev inequalities, one gets
11 1-1_2
Gkl @) < CUARF + A7),

with C' = C(a, S, || F||r 0, HfHL%(Q)) and where S is the Sobolev constant
(cfr. Theorem 3.17 of [6]).

Now, since |Ax| — 0, as k — +oo, it is possible to assume that there exists
ko € Ry such that |Ax| < 1, for k > kg. Thanks to (3.2) and (3.9) (where

p = 2), one gets the following inequality

P
N
|Ah| S C//m’ Yh > k 2 k();

with " = C"(a, 8. | Fllsa. 1] 5 )
Finally, since N < p, one gets that % — % > 1, hence Lemma 3.3 applies

and therefore there exists d € R such that |Ag,+q| = 0, thus u € L*(Q).

We are now in a position to show, by means of the Schauder fixed point

Theorem, the existence and boundedness of a solution of approximate prob-
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lem (3.25). This is done for n = 1 and it can be analogously obtained for

n > 2.

Theorem 3.7. Assume (5.21), (3.22), |E| € L*(Q)NMY () and f € L*(9).

Then there ezists a weak solution u of class L™ () of the following problem

-ﬂMM®WW+w:—®< v Ba) ) i

1+ Ju|l 1+ |E(x)] L+ |f|
(3.27)

ue Wy(Q).

PROOF. Let w € Wy*(Q). Thanks to Lemma 3.6, there exists a unique

and bounded solution u of the problem

~ﬂMM@W@+W—_@( w__ E) ) i

T+ lo 1+ 1E@)]) T1+ /]
(3.28)

u € Wy?(Q).

In order to apply the Schauder fixed point Theorem, one considers the oper-

ator

P:we W,?(Q) = u=Pwe W,*(Q) (3.29)

and shows that the following two hypotheses are satisfied:

1. P admits a bounded and closed invariant convex set.

2. P is completely continuous.

In order to prove point 1, one takes u as test function in the variational
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formulation of (3.28), obtaining

Q/M(:L’)Vu-Vu%—Q/uuz—/1+‘w‘1+|E -Vu +/1+m

Thus, by hypotheses (3.21), (3.22) and thanks to the Holder and Sobolev
inequalities, one has that there exist two positive constants Cy = Co(a, )

and C' = C(a, i, [| E|| 20 S) such that

Hl-i—\f|HLN+2(Q)
el ) < Colll Bzl Vel sz m+H1+| 7718 g Il @) < Cllullwnaco

Hence, if one considers the closed ball ||w|ly12@) < C, one obtains that
| Pw|lw2(q) = [|[u|lwi2() < C. This concludes the proof of the first point.
In order to prove the point 2, one has to show that if w, — w weakly in
Wy*(Q), then Pw, — Pw in W,?(Q).

Let w, = Pw, and u = Pw. One takes u, — u as test function in the
variational formulations of (3.28) written in correspondence of w = w,, and

w = w, respectively, and subtracts member from member obtaining

[ M@V =0 + [, -2

w («) )
/(1+|wn| 1+\w\>1+E|E(x)"v(“n—u)-

Thanks to hypotheses (3.21), (3.22) and by the Hélder inequality, one gets
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the following inequality

W, w
(o~ )
1+ |w,| 14wl

Now, thanks to the compactness result of the operator u € Wy?(Q) —

[un — ullwr2) < ‘ .
12(9)

|E|lu € L?(2), stated in Theorem 1.10 used in the case p = 2, since w, — @
weakly in W, "(2), one has |E|w, — |E|w in L*(Q), and hence, up to a
subsequence, w,, converges to w a.e. in ). Thus, it is possible to apply the

Lebesgue dominated convergence Theorem obtaining

Wy, w
(5~ )
1+ |w,| 14 |w

This concludes the proof. o

— 0.
L2(Q)

Successively, in [24], the authors show that the sequence w, of the so-
lutions of problems (3.25) is bounded in W,”(Q) thanks to some prelim-
inary estimates on the sequence T (u,) and Gg(u,). Namely, assuming
IE| € L2(Q) N MY(Q) and f € LY(Q) N L¥2(Q), one gets that the se-
quence T} (uy) is bounded in W, *(Q), for any k € R,. This is done taking
Ty (uy,) as test function in the variational formulation of (3.25), that can be
done in view of (3.3) for p = 2. Then, to obtain that the sequence Gy(u,)
is bounded in Wy*(Q2) too, for sufficiently large k, one uses Gy (u,) as test
function in the variational formulation of (3.25), that can be done in view
of (3.7) for p = 2. This allows to obtain the boundedness of u, in W,*(Q),

fixed k sufficiently large, in view of (3.1). Moreover, by the estimates on
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T (uy,) and Gg(uy,), one gets the following a priori bound on {u,}

ltnlfiraey < C (1B 1oy + Wl + 171 gy ) - (3:30)

where C' = C (N,oz,,u, S, UON[ED.
Finally, in Theorem 3.8 below, by approximation, S. Monsurro and M. Tran-

sirico get the existence result of a weak solution of problem (3.20).

Theorem 3.8. Assume (3.21), (3.22), |E| € L*(Q) N MY (Q) and f €
L'()n L%(Q) Then there exists u € Wy>(Q) weak solution of (3.20),
that is

/M($>VU-VU—|—[L/U’U:/uE([B)-VU—I—/fU, YV ove Wy?(Q). (3.31)
0 QO ) 0

Moreover, there exists a positive constant C = C(N,a, u, S, oM [E]) such that
[ullfrio@) < CUIEZ2 @) + 1 f @) + HfHZwa(Q))- (3.32)

PROOF. Since u, is a solution of (3.25) and the sequence {u,} is bounded

in Wy(2), one has that

/M(x)Vun-Vv—iruﬂ/unv

(3.33)

_ E(z) f
/1+1|un|1+1|E( VUJF!lJr;jﬂv’
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for every v € Wy*(€2). Now, let us to pass to the limit, as n — +o0, in
(3.33).

Clearly the first, the second and the last integral do not give problems by
the weak convergence u,, — u in Wy*(Q). Let us now analyse the following

integral

- V.
Q/ 1+ Lu,| 1+ 2E(2)|
Since u, converges weakly to u in W,?(Q), by Lemma 1.10 one has that
| E|u,, converges strongly to |E|u in L*(2). Hence, it is possible to use the

Vitali Theorem (cfr. Theorem 3.5) obtaining that for any € > 0 there exists

Q. C Q with |Q.| < 400 such that
/Q\Qg lu,|?| E|* < e, uniformly with respect to n,
and that there exists 0 > 0 such that for every A C 2 with |A| < ¢, one has
/A lu,[*|E|? < e, uniformly with respect to n.

Now,

1 Y P
< u,|“|E|* < e,
l&ka+;mmal+mEmm2—amJ FIE|

and

|Un|2 |E($)|2 / 2 112
< u,|“|F|* < e,
IR e e A

uniformly with respect to n and furthermore, since u,, converges a.e. to u,
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one gets
Un, |E(x)]
1+ Lu,| 1+ L BE(2)]

— u|E] a.e. in Q.

Hence, using again the Vitali Theorem (cfr. Theorem 3.5), in the reverse

sense, we obtain that

Un |E(2)|
1+ Lu,| 1+ 2|E(2)]

— u|B|in L*().

Passing to the limit, as n — 400, in (3.33) one obtains (3.31).
Estimate (3.32) follows then by (3.30). o

In order to achieve the uniqueness result, the authors follow some ideas
of [3, 11]. In particular, they prove that, if (3.21) and (3.22) hold, |E| €
LA Q)N MYN(Q) and f € LY(Q) HL%(Q), then the weak solution u of (3.20)
is unique.

The idea is to consider u and w weak solutions of (3.20) and to obtain w
equal to w almost everywhere. This is done assuming 6 € R, and € €]0,J[
and using T, (u—w) as test function in the variational formulation of problem
(3.20), written in correspondence of the solutions u and w respectively. Then,

subtracting, one has

/M(x)V(u —w)VT.(u—w)+ ,u/(u —w)T.(u — w)

= /(u —w)E(x)VT.(u— w).
o)
Finally, thanks to some inequalities and to hypotheses, it is simple to show
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that u(x) = w(x) almost everywhere, getting the uniqueness.

3.3.2 Regularity results

This section is devoted to prove two regularity results for the weak solution

u € Wy(Q) of problem (3.20). More precisely,

2N N

- Nm
the soluti f(3.20) is in L™ (2), with m™ = (m™)" = ;
e solution u of (3.20) is in (), with m (m™) N o

(ii) if one requires stronger assumptions on E and f, namely if |E| €
N
L*Q)NL(Q), r > N,and f € L'(Q) N L™(Q), m > 5 then the
solution u of (3.20) is in L>®(Q).

To show (i), some preliminary results for the sequences T (u,) and Gy (uy,)
are needed.
Firstly, assuming (3.21) and (3.22), |E| € L*(Q) N MY () and f € L'(2) N

L%(Q), for any k € R, one gets that the sequence T (u,) is bounded in

* % 2N
L™ (Q), for every N2 <m< 5 More precisely, there exists a positive

constant C' = C' (N, m, «, S) such that

2
27* * %k * %
[ mar| " <o(6F [lmpeeE [in). e
) ) )
Ty (u, 2()\—1)T " ok
To prove (3.34), one takes [T )2|)\ . (u ), with A = 77;* , as test

function in the variational formulation of problem (3.25). This can be done

in view of Lemma 3.2, for p = 2, and of Theorem 3.7. Thus, estimate (3.34)
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is obtained using some properties and Young and Sobolev inequalities.

For the sequence Gg(u,), it is not possible to obtain an analogous result
with |E| € L*(Q) N MY (). But, as we see in Lemma 3.9, under the stronger
assumption |E| € L2(Q2) N LY(Q) and if f € L'(2) N L™(), with N2+N2 <
m < ];[, it is possible to prove the boundedness of Gy (u,) in L™ (Q), for
sufficiently large k. We explicitly give the complete proof of Lemma 3.9, that

was only outlined in [24].

Lemma 3.9. Assume (4.3), (4.4), |E| € L*(Q) N LY (Q) and f € L} () N
2N N -

m ) <« - ;

Lm(Q). If Ny =™ < 5 then there exists a k € ~R+ such that the

sequence {Gy(u,)} is bounded in L™ (), for every k > k. More precisely,

there exists a positive constant C' = C'(N, m,«, S) such that

1

2
53 7

| / Getunt| "

PROOF. Since the function [t|**~V#, with A > 1, satisfies the hypotheses of

< C(K + o) (3.35)

Lemma 3.2, provided that |t| < M, for some M > 0, and since u,, € L*(2)

G " 2()\71)G " sk
G ()| k(u ), with A = mn , as test
2A —1 2%

function in the variational formulation of (3.25).

by Theorem 3.7, we can take

Observe that

2(A—1)
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By (3.11), (3.21), one obtains

o [ G2V G ()
Q

< / nd (G ()M E) (1G () PV Gt )+ 55— / 711Gl !

Now, Young and Holder inequalities imply that

o [[1Gx () PO~V G ()

1
< e [1GLu) POV )P+ 1= [ [ IGu(u) POV B
Q An(k)

1
1 fllzm o @A=1)m &
T 1 /'G’“ tn)|

where, for £ € R and n € N,
Ap(k) ={z € Q: k < |u,(x)]}.

Taking € = %, by (3.9) and thanks to Sobolev inequality, we have

o(por)

Q

<G [ 1GHu) P |EP+ Cok? [ |Galun) PV |BP
An (k) An(k)

o7



1

 Wlminy (/|G @ )

where C; and (5 are positive constants indipendent on n such that C; =
Ci(N,m,«,S) and Cy = C3(N, m,«, S), where S is the Sobolev constant as

in Theorem 3.17 of [6]. Using Holder inequality again, we obtain

o(por)’

o (fo) ([ o)
Q n (k)

2(A—1)
+Cy K (meas A, (k)7 ( / erwn)P’“) (4 / EN)

L

O] '

L"L 2)\ 1 "
oN— 1 (/'G tn)| ) ’

Since |E| € LN(Q), (45) of [24] implies that there exists k such that

2

Notice, now, that

A= 2\ — 1)m' = m™,
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and

2 1
> if and only if m < 5} (as in our case).

Then, we deduce that, for k > k,

Cl m** >
Q

2(x—1) %
where C3 = C3(N, m, «, S).

S Cg k? (/ ’Gk(un) m**) ”gﬂLj‘l (/ ) 7
~ 2 1

)
Thus, for k > k, since > 7 , the sequence {Gj(u,)} is bounded in

m
L (Q).

Now, putting together (3.34) and (3.35), in view of (3.1), if |[E| € L*(2)N
2N N

LY(Q) and f € LY(Q) N L™(Q), with ) <m< 5 fixed k sufficiently

large, one gets the boundedness of u,, in L™ (), i. e. there exists a positive

constant C' = C' (N,m, a, S, a(])V[E]) such that

o*

2 z
Ty Iy + 1) (3.36)

o) < O(

This allows to obtain that, under the same hypotheses, the weak solution

u of problem (3.20) is in L™ (2). Indeed, there exists a positive constant
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C =C(N,m,«,S,oN[E]) such that

2

L2 IS

(@) < O Fo I +1). (3.37)

Finally, by approximation, one gets the regularity result (i) for u. Namely,

assuming (3.21), (3.22), |E| € L*(Q) N MY (Q) and f € LY(Q) N L™(Q),
2N N
N2 <m<— 5 , the weak solution u of (3.20) belongs to Wy *(Q2) N L™ ().

More precisely, there exists a positive constant C' = C' (N ,m,a, S, 0, [E])

such that

*% l* * I/
lullzni @) < CUEZ @ + 1115 ) + 115 26 +1). (338)

To show (ii), the authors follow Stampacchia’s method ([27], see also [3])
based on the boundedness of the function log(1+|u|). In particular, assuming
(3.21), (3.22), if |E| € L*(Q)NL" (), r > N, and f € L"(Q)NL™(Q), m > ];[,
then the weak solution u of (3.20) belongs to Wy(Q) N L=(Q).

The proof is done defining the function

0, if 1] < 1,
¢ I

Gt)y=4_"" " ifr>

®) 11t 140 "tPoh
¢ l
N P
R T L

with I € R,. Namely, let u € Wy*(R2) be the solution of (3.20). In view

of Lemma 3.2 for p = 2, one takes G(u) as test function in the variational



formulation of (3.20) and gets that

/M(x)vu'v(liu)+ / M(x)vu'v(ﬁu)

u>l u<—l

o) o f o )
u - — u —
“>l l+u 1+1) 7 H 1—u 141

u<—l
= [ uB(@) -v<1iu)+ wE(z) -v(lﬁu)
u>l u<—l
+u£f<1iu_1l+z>+u</ f(lﬁuﬂlﬂ)'

They obtain the result thanks to some known inequalities and to Lemma 3.3.
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Chapter 4

Existence results for
noncoercive elliptic equations
in unbounded domains: the

nonlinear case

In this chapter we consider a nonlinear version of the noncoercive bound-
ary value problem analysed by Sara Monsurro and Maria Transirico in [24],
where the domain 2 is still supposed to be unbounded. These results are

contained in the recent paper by Emilia Anna Alfano and Sara Monsurro [2].
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Let € be an unbounded open subset of RV, N > 2. We consider the

following Dirichlet problem

—div(b(2)|VulP?Vu) + plulP?u =

—div(|u|P"?u E(x)) + f(x) in Q,

ue Wy (),
where
1<p<N,
a<b(x) <p, forsomel<a<f, ae x€ll
p >0,
) N
|E| € LP () N Mg~ ()

and

e (@QNL™Q), m > (p"),

(4.2)
(4.3)
(4.4)

(4.5)

(4.6)

where by ()* we denote the Sobolev conjugate of () and by ( )’ the Holder

conjugate of (). Therefore, one has:

. p/: p
p—1
. Np
p _N—p’
. Np
[ ) (p)/: .
Np—N+p
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We emphasize the presence of the noncoercive operator —div(b(x)|Vu[P~2Vu)+
div(|u[’~?u E(x)) where on the second term no smallness assumptions are
done. Due to the unboundedness of the domain, the hypothesis (4.4) is nec-
essary (as we see in Section 3.1). Despite this, since p is not required to be
large enough, the operator in (4.1) still remains noncoercive.

The idea is to extend the results of [24] to the nonlinear case and to general-
ize the existence result of [4] to the case when € is unbounded. In order to
obtain the existence of a solution of our problem, inspired by an idea of [3],
we approximate noncoercive nonlinear problem (4.1) by coercive nonlinear
problems and then we pass to the limit. Differently from [4] where the exis-
tence of the solutions of the approximate problems is immediately obtained
thanks to the Schauder fixed point Theorem, here it is done by means of the
Surjectivity Theorem. Due to the assumption (4.5) on the coefficient appear-
ing in the noncoercive term and thanks to a compactness result in MY ()
proved in [30] (see Theorem 1.10), it is finally possible to pass to the limit.
For related problems on bounded domains we quote here [5, 7, 8, 13, 25, 32]
while for linear coercive problems on unbounded domains we refer the reader

to [18, 19, 20, 21, 22, 23].

4.1 A coercive approximate problem

Let us start by proving a useful property, needed in the sequel.
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Proposition 4.1. Let p > 2. Then
(P26 =P 2n) (6=m) >0 VEmeRY with #n. (4.7
PROOF. Let & # n. If |£] = |n|, then
(lefP=2¢ = [nF=2n) (€ =) = €72 = m)? > 0.

Hence (4.7) holds.

Let us now consider the case |£| # |n].
(IEP=2¢ = nPP~n) (€ =)

=[P —1glP? < & > =P <, &>+l
= 1€+ P = (1P~ + nlP™2) < &m >

1 1
Since by Young inequality | < &n > | < €] In] < 3 €)? + 3 In> and

_<€777>2_|<€777>|7
P+ Il = (1P + ™) < &m >

> leP + ol — (16 + o) (5 I + 5 1al?)

(I = l?) (IglP=2 = [P=2) > 0.

N | —

This gives (4.7). o
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We will prove the existence of a weak solution of problem (4.1) following
an idea of [3] and [4], inspired from the papers [27, 28] by Guido Stampacchia
and from [9, 10, 12].

We consider the following class of nonlinear coercive approximate problems

—div(b(2)|Vu, [P > Vu,) + plu, [P, =

_ [t P2, E(x) f
—d 4.
(e ) 0

u, € Wy ().

We start proving, in Theorem 4.5, that a weak solution u,, of (4.8) exists,
for every fixed n € N. Then, we show, in Theorem 4.6, that this solution of
(4.8) is also bounded. The proofs are done for n = 1, but they are analogous

for n > 2.

The existence of a solution of approximate problems (4.8) will be proved

by means of the following Surjectivity Theorem (see also [6]).

Theorem 4.2 (Surjectivity). Let V' be a reflexive and separable Banach

space. Let the operator A:V — V' be

1. coercive, i.e.
< A(u),u >

i

— +o0, ||lul]| = +oc;

2. pseudomonotone, i.e.
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i) A is bounded (it trasforms bounded sets of V in bounded sets of

V'),
it) if up, — u weakly in V' and limsup < A(uy,),u, —u >< 0, then
n—-+o0o
liminf < A(up),u, — v >>< A(u),u —v > for allv in V.

n—-+0o0o

Then A is surjective, i.e. for every f in V' there exists u in V such that

Au) = f.

To our aim, some further preliminary results are needed. In particular,
we recall the next lemma, proved in [6] in the case of bounded domains, that

remains valid also in the case of unbounded sets (cfr. Theorem 2.1 of [6]).

Lemma 4.3. Let p > 1, {f,} be a sequence of functions in LP(Q2) and f be

a function in LP(S2). Assume that
1. {fn} is uniformly bounded in LP(2);
2. fn— [ a.e in Q.
Then f, — f weakly in LP($2).
Now, we prove a preliminary lemma, useful in the sequel.
Lemma 4.4. Let p > 1 and u,, u € WyP(Q). Under hypotheses (4.3) and
(4.4) and if

b(x) (V" 2V, — [VulP V) V(u, — u)

+p (lun|p_2un - |u|p_2u> (up —u) =0 a.e. inQ,
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then
Vu, = Vu a.e. in ) (4.9)

and

Up = u a.e. in §D. (4.10)

PROOF. Let us start observing that (4.7) holds. Now, since
b(x) (|Vun P>V, — [VulP V) V(u, — u)

+1 (|un]p_2un — |u|p_2u) (up, —u) — 0 a.e. in Q,

by (4.3), (4.4) and (4.7), one gets
b(x) (|Vun|p_2Vun - |Vu|p_2Vu> V(u, —u) =0 ae. in Q, (4.11)

I (|un|p_2un - |u|p_2u) (up, —u) — 0 a.e. in Q. (4.12)

By (4.11) there exists ¢(z) such that
’b(x) (1Yl 2V, — [Vl =2V ¥ (1, — u)’ < ofx), (4.13)

up to a set of null measure Z.

We want to show that there exists a function C' such that, in 2\ Z, one has

Vo (2)] < C(a). (4.14)
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Indeed, by (4.3) and (4.7), from (4.13) we get
c(x) > b(z) <|Vun|p_2Vun — |Vu|p_2Vu) V(u, — u)

> a|Vug [P — B|Vu, [P Vu| — BIVulP~ [ Vu,| + o VulP.

Hence, since on the right-hand side we have a polynomial in |Vu,|, we get
(4.14).

Let us now prove (4.9). By contradiction, assume that there exists o € Q\ Z
such that Vu,(zq) does not converge to Vu(zy).

In view of (4.14) and the Bolzano-Weierstrass Theorem, up to a subsequence,
one has Vu,, (z¢) — ¢ € RY.

Then, passing to the limit in (4.11), we get
b(wo) (ISP72¢ = [Vu(ao) P2 Vu(z0) ) (¢ = Vu(zo)) = 0.

Therefore, by (4.3) and (4.7), ¢ = Vu(xg). This gives (4.9).

Following a similar argument, by (4.12) one gets (4.10). o

We are now in a position to prove the existence of a weak solution of the
approximate problems. We give the proof just for n = 1, the cases n > 2

being completely analogous.

Theorem 4.5. Assume (4.2), (4.3), (4.4), (4.5) and f € L*(Q). Then there
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exists a weak solution u of the following problem

—div(b(z)|VulP2Vu) + plulP~u =

o lu|P~2u E(x) f
d”<1 FluT 1+ |E(g:)|> TR (4.15)

u € Wy (Q).
Proor. We want to apply Theorem 4.2 to the following operator:

A e WyP(Q) = —div (b(@)|Vul2Vu) + pluf’~?u

(e B@ N f
i (e ~ o €

Therefore we have to prove that A is coercive and pseudomonotone.

Step 1. A is a coercive opearator. Indeed,

< A(u),u >
Wt B 1l
>/bx Vul|? + /up— Vul —
= Ol = o @ Y 1
Q Q Q 9]
> el — 1l o llullwroey - H / lllwr oo
1‘|’|f| LY (Q)
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f
- (cuu| e~ 1B - |2

where the constant ¢ = min{a, p}.

Step 2. A is a bounded operator. Indeed,

< Au),v >= /b(x)|Vu|p_2Vqu +,u/ |ulP~?uw
Q o)

(5 v [t
) 1+ |ulp- 11+|E

Q

< BIV Ul VUl o) + ullullfog ol o)

f
L+ 7|

[v]]o(e)

HIE o oy [IVVl 20 (0) + H
Lv'(@)

f
L+ |f]

(CIIUwa +||E||Lpf(m+“

where C' = max{, u}.

Step 3. Let
u, — u weakly in Wy(Q)

and

limsup < A(uy,), u, —u > < 0,

n——+oo

71
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we must show that

liminf < A(up), up —w > > < Au),u—w > Ywe WyP(Q). (4.18)

n—-+o0o

To this aim, we start proving that

ngrfw {/b(a:) <|Vun|p_2Vun - |Vu|p_2Vu) V(un — u)
)
(4.19)

—HL/ (|un|p_2un — |u|p_2u> (u, — u)] =0.

Q

Observe that

limsup < A(uy,), u, —u >

n—-+o0o

= lim sup {/b(m)|Vun|p_2VunV(un —u) + ,u/ | [P 200, (1, — 10)
Q 0

n—-+00

[un|P2u,  E(x) ) — / Up — U
_!1+‘un|p11—|—]E(l‘)\v(un ) !1+|f’( ! )}

Now, by (4.16)

n—-+00

lim [/b(x)|Vu|p_2VuV(un —u) + ,u/ P~ 2u(uy, — u)} =0. (4.20)
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Therefore

limsup < A(uy,), u, —u >

n—-+o0o

= lim sup [/b (|Vun P 2Vu, — |VulP2Vu)V (u, — u)

n—+oo O
(4.21)
i (a2 = a0 = )
Q
] E(x) / f
/1+|un|P11+|E() V{un =) J T+ u)|
Let us prove that
|un [P Uy, E(z)
li V(up, —u) =0. 4.22
niinoo R T=E e o R (422)
Indeed, arguing as before, by (4.16) one has
: uf~*u E(x)
1 V(u, —u) = 0. 4.23
notoe ) T up= 1T+ [ B (o) (tn =) (4.23)
Thus
. |unl?u,  E(2)
1 n—
S T T B
(4.24)

p— 2 p—2 E
"*+°0 1+ Iunlp Pl [upt ) 1+ [E(o)]
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Now, by the compactness result stated in Theorem 1.10, |E(x)|ﬁun —

]E(x)\p%lu in LP(Q2) and u, — u a.e., up to a subsequence, hence

unP"?u,  E(x) jufPu E(z)
1+ |u, P71 1+ |E(x)] L+ |ulP~11+ |E(x)]

a.e. in €.

Furthermore
lu. P71 |E(2)]
L+ up[P~t 1+ [E(2)

< 1B@)] € /().
Thus the Lebesgue dominated convergence Theorem applies and we get that

|un|" 1 E(x) e E(x)

N in L” (). 4.25
L+ [upP ' 1+ |E(z)| 14 [ulp~'1+]|E(z) (€) (4.25)

Thus, thanks to (4.16), (4.24) and (4.25), we get (4.22).
By (4.16), (4.17), (4.21) and (4.22) we obtain

lim sup ( / b(2) (| Vn P2V, — |VulP"2Va) V (4, — u)

e
n (o9} Q

+u/(|un|p—2un P2 — u)) <0.
Q

Furthermore, by (4.3), (4.4) and (4.7),

/ b(2)(|Vtn P2V, — | VulP~2Va) V (1 — u)

Q

it [ laal?2u = ul~20) (0 — ) 2 0
Q
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and hence (4.19) holds.
By (4.3), (4.4), (4.7) and (4.19), we deduce that

b(x) (V" 2V, — [VulP V) V(uy — u)

(4.26)
+p (|un]p_2un — |u|p_2u) (u, —u) — 0 in L'(Q).
Now, we want to prove (4.18).
Let u,, be the subsequence of w,, such that
liminf < A(u,), v, —w >= lm < A(uy, ), Un, —w > . (4.27)

n—+00 k—+o00

Let us observe that (4.26) clearly holds with u,, in place of u,, hence there

exists uy, ~such that
b(x) |Vt 172V, — [VulP2Vu) V(uy,, —u)

+p (!unkm Py, — \u|p’2u> (Un, —u)—0 ae. in Q.

Hence, by Lemma 4.4

Up,, ~— U a.e. in ()

(4.28)

Vi, — Vuae. in Q.

75



By (4.27)

liminf < A(up), up —w >= lim < A(uy, ), U, —w >

n—-+00 m—r—+00

. [tng,, "~ thn,,,  E(2)
— p P _ m m
m1—1>q-loo (h/ b(l’) |Vunkm | + 'uh/ |unkm | 2 1+ |unkm |p71 1+ |E(,§E)| vunkm

o~ [T P20, V0= [ 0
Q Q Q

|unk |p—2 Uny,
+ i w + /
o 1+ fun,, [P~ 1+|E T+
Passing to the limit as m — o0 in the right-hand side, by (4.16), (4.25),
(4.28), the Fatou Lemma, the Lebesgue dominated convergence Theorem and
Theorem 4.3 give

uf~*u E(x)

Vu
) L+ |ulP~11+ |E(x)]

n—-+o0o

liminf < A(uy,), up—w >> /b(x)\Vu\p—iru/\u]p—
0 0

/b )| VulP2VuVw — ,u/|u|p 2uw
o)

uPu B()
A
+!1+\u|p11+\E<x>vw+/1+m“’ =< Alupu—w>,

hence (4.18) holds.

This concludes our proof. o

The last theorem of this section is an essential tool to prove our main

result, obtained following some techniques of [17, 27].
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Theorem 4.6. Assume (4.2), (4.3), (4.4), (4.5) and (4.6). Then every
solution u of problem (4.15) is of class L>(€2).

PROOF. In order to prove the boundedness of u, take G (u) as test function
in the variational formulation of (4.15) (this is allowed by (3.7)). Then, by
(4.3), (3.2), (3.11), (3.12), (3.13), Holder and Sobolev inequalities, one gets

o [IVG I + 1 [ 1Gu(w)

Q

< [l wen+ [, [ 16w
|'1+E|E’ L' (Ay) HVGk(U)HLP(Q) i Hlf’ﬂ L") (Ag) H Gk(umm*(m
= (||1+E!E| L7 (A +; 1+f|f! L(p*)’(Ak)) Vel
< (H1+E|E| Lq(m|Ak|3f—q+; L AT ) VG 150

N
and where, to our aim, we take ¢ > 7 (>p > (p*)) and with S =
p E—
S(N,p) Sobolev constant as in Theorem 3.17 of [6].

Whence, using again Sobolev inequalities and (4.4), one has

1GR3 ) < CUARIT ™7 + [ A&7 77),

Lq(ﬂ))'

Observe that since |Ax| — 0, as k — +00, we can assume that there exists

f

WithC:C(N,p,oz 7

_FE_
V| 14| E|

Li(Q)’
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1 1 1 1
ko € Ry such that |Ag| < 1, for k > ko. Moreover, since - == -,

< —_
P q (@) «q

we get
(B2
|Gr(u)]| e ) < C'J AN 9/ P71 VE > ko, (4.29)
: 1 v E f
with C' = C (N,p,a,’1+E| Loy I TH7T Lq(9)>'

Now, by (3.2) and (3.9),

- ()

1
«\ PF 1
P <l ayy < 1GR0) omayy + LA

1
*

(h = K)[An[7" < [Gr(u)ll o 4, (4.30)

Putting together (4.29) and (4.30), we obtain

(%7l) Iljl
|Ak| P a)p

A | < " h kE>k
| h|_C (h—k)p* v > = R0,
. " 1! L L
with C - C <Nap7 a, 1+|E| L1(Q) ) ’ 1+|f] Lq(Q)>.

N

Finally, as a consequence of the fact that ¢ > ——, one has (—/ ——
p—1 P oq
1, therefore Lemma 3.3 applies and there exists d € Ry such that | Ay, 4| = 0,

thus u € L>(Q). o
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4.2 Existence result

In this section we finally achieve the existence of a weak solution of problem

(4.1).

Lemma 4.7. Assume (4.2), (4.3), (4-4), (4.5) and f € L*(Q), and let u,, be
a solution of (4.8). Then, for any k € Ry, the sequence {Tj(u,)} is bounded

in Wy P(Q). More precisely we have:
S [ 19T+ [ 1Twa)? < C k2 [IBF 4k 17, (4.31)
0 Q 0 0

where C' = C(p, «).

PROOF. Let us take Tj(u,) as test function in the variational formulation

of (4.8), this can be done in view of (3.3). We have

/ b(2) [ Vtn P2Vt VT (1) + p1 / (|2 T (1)
Q Q

‘un‘p_Qun E(x)

- J 1+ Hunp 1 1+ ()]

f
VT () + Q/ T T )
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In view of (4.3), (3.4), (3.5), (3.6) and by Young inequality we get

o [ IVT ()l + 1 [ T3

< [ D) | B@)] [9T(wn)] + [ 171 1Ti(un)
Q Q

« _p_
< 5 [ IVl +C. ) [T 1E@)T + [ 1f] [Te(un)]
Q Q Q
Therefore, in view of (2.10), (4.31) follows. o

Lemma 4.8. Assume (4.2), (4.3), (4.4), (4.5) and f € L*(2). Then every
solution u, of (4.8) satisfies

P
3

"< c( J1Er + | |f|), (432)

[ ioa(1-+

Q

where C'= C(N,p,a).

1
-
p—1 (1 + |u,|)P—1

PROOF. Inview of Lemma 3.2, we can take ] sign(uy,)

as test function in (4.8).

1 [un [P~ 1 1
Now, observe that T T <1, T <1, T 1E5@) <1, Y <1
and
1
1-— ] sign(u,)| < 1, hence, using (4.3) and (4.4), we have
) e g (43) and (4.4)

| un|p | (CU)H Un| 1
Ay s N
(14 |uy,|)P 1+ |y p—1
Q Q Q
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Hence, in view of Young inequality, we get

| Vu P / 1
2] Gty C'(p.a) [ |E()” _1Q|f|

which implies, by Sobolev inequality,

P
3

SPo o P Q@
[/rlog<1+ | <% [ 910801 + ua P
Q Q

Pl ) [ @Y+ 2 [
Q p Q

2 (1 + |uy|)P

which gives (4.32). o

Remark 4. Remark that, thanks to the estimate (4.32), one has

= |log(1 + k)| 1—|—k (/‘E‘p +/|f‘> (4:33)

Thus, for any € > 0, it is possible to choose k. such that

*

p/p
meas{x € Q: |up(z)| > k}

*

p/p
meas{x € Q: fu,(z)| > k} <e Vk>k,¥YneN. (4.34)

O

Lemma 4.9. Assume (4.2), (4.3), (4-4), (4.5) and (4.6), and let u, be a
solution of (4.8). Then there exists k* € Ry, with k* = k*(N,p, T T [E]),

such that the sequence {Gy(uy)} is bounded in Wy (Q), for every k > k*.
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More precisely we have:

[IVG )l + [ 1Gulwn)? < € (RIEI, ) + 1oy gy) » (4:35)
Q Q

where C' = C(N,p,a, ).

PrROOF. Let k € Ry and n € N, define
Apy(k) ={z € Q: k < |u,(x)]}.

The use of Gi(u,) as test function in the variational formulation of (4.8)

(that can be done in view of (3.7)), (4.3), (3.10), (3.11) and (3.12) give that

o [ VG + [ |Gelwn)I”

( [16u 1BV Gi ) (4.30

Q

T Rp! L1E@)[[VG(un)| +§12’1Gk(un)Hf!>a

with ¢ = (p).
By (4.5), (3.13), Hélder inequality and (1.36) of Theorem 1.10, we get that
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By (4.5), (3.13), Hélder inequality and (1.36) of Lemma 1.10, we get that

[ 1Gaw) P E@) IV ()]

=
|—

< ([ lE@r 1catr) " ( [196000p)

(4.37)

< IEN 2 HGk(un)|W1p IV Gr(un)lLro

/! p
< UBN 2y o |G By

with ¢ = ¢'(N,p).
Therefore, by (4.36), (4.37) and Young, Holder and Sobolev inequalities, one

has that, for € > 0,

o [ VG + [ |Gelwn)I”
Q Q

< Bl [19GP + [ 1Gute)P)
. Q Q
vy kP
+e [ VG + —=—I| B,
¢ (ep) 7=/
LS a—— ]
/ SV (ep)7p

with ¢ = ¢"(N, p).
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Thus it results

_N_
MP=T(An(

(6]
_ _ p
[c/// ||E|| k) QE]Q/|VG7€(UTL)|

L
+lc’” — B0, (k))] /‘Gk(u”)‘p

Q

R 1
B : ’H HLFI(Q)JrSp’(ep)pilp’

p/
(ep)Tp Moo

Fix € so that 2e = %. Then (1.23) and (4.34) imply that there exists
c

k* € Ry such that

. « 1% *
< - = ) )
HEHMTJL(An(k)) = min {40///’ 20///}7 Vk >k (4 38)

Let us explicitly observe that, in view of (1.23), (1.24) and by the definition
(1.31) of oFT [E], one has k* = k*(N, p, oFT [E]). This concludes our proof.

m}

Theorem 4.10. Assume (4.2), (4.3), (4.4), (4.5) and (4.6). Then the se-
quence {u,} of the solutions of problems (4.8) is bounded in Wy ().

PROOF. Let k* be given by Lemma 4.9. Definition (3.1) together with the

estimates (4.31) and (4.35) imply that for any k& > k* there exists a positive
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constant C' = C'(N, p, a, i) such that

[Vl + [ fual?
Q Q

) (4.39)
+5
<c'|w [1B@F +k [171+ ( AL W)
Q Q Q
This concludes the proof. o

Finally, let us prove the existence result.

Theorem 4.11. Assume (4.2), (4.3), (4.4), (4.5) and (4.6). Then there
exists u € WyP(Q) weak solution of (4.1), that is

/b(:v)|Vu|p_2Vqu+ /,u|u|p_2uv
0 Q
(4.40)

:/]u\p’QuE(x)Vv—l—/ffu, Yo € Wyt (Q).
Q 0

Let us explicitly observe that the right hand side of formula (4.40) makes

sense. In particular, for the term
/ \u|P~2u E(x)Vov (4.41)
Q

one has that, in view of hypothesis (4.5), by Lemma 1.10 it follows that
|E(x)|v%1u is in LP(QY), thus |E(z)||u[P~?u belongs to LP'(Q). Therefore by

Holder inequality the integral in (4.41) is bounded.
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PROOF OF THEOREM 4.11. The sequence {u,} is bounded in Wy*(Q) by

Theorem 4.10. Then, up to a subsequence,
u, — u weakly in Wy (Q). (4.42)
Let us start proving that if u, solves (4.8), then, up to a subsequence,

b(x) (V" 2V, — [VulP V) V(u, — u)

(4.43)
+1 (|un]p_2un — |u|p_2u) (up, —u) = 0 a.e. in Q.
To this aim, we firstly show that
nglfoo {/b(:c) (|Vun]p’2Vun — |Vu\p’2Vu) V(un — u)
Q
(4.44)

i / (ltn P21 = JulPu) (un _u>] -

Q

Indeed, if we take u,, — u as test function in the variational formulation of

(4.8) we get

/ b() |Vt P2Vt V (11 — 1) + / [t [P~ 220 (11 — )
Q Q
(4.45)

‘unlp_Qun E(I)

:Q 1+ u, 114 L|E

/
Gy Yl =+ ! me" — ).
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Now, let us show that

. |, [P~ 2y, E(x)
lim 1 — T
norteo ] L+ ClupPt 14 ~[E(z)

V(u, —u) =0. (4.46)

By (4.42) and by the compactness result in Lemma 1.10, we obtain that, up

to subsequences,
|E(2)|7 Ty — |E(z)|7Tu in LP(Q)

and

U, — u a.e. in Q.

Thus, in view of the Vitali Theorem (cfr., for istance, [26]), we get that for

any € > 0 there exists 2. C 2 with || < 400 such that
/Q\QE u,|P|E(z)|7T < €, uniformly with respect to n
and there exists § > 0 such that for every A C Q with |A| < J, one has
/A |, |P|E(z)|7T < €, uniformly with respect to n.

On the other hand,

P24 Yool E Py
/ (Jun [P~ *un) - |E(x)|? < |un]p|E(x)|% <¢
N (L ) (L L B@))
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and

p_2 ﬁ P% p
/ (’un’ un) - !E(JE)‘ 1 . S/ |un|p|E(x)|ﬁ <,
A1+ Hu ) (14 L E@))TT A

uniformly with respect to n.
Furthermore, since |u,|P~%u, converges a.e. to |u|P~2u in Q, we obtain

|, [P~y |E(x)|

= |ufP~?ulE e in Q.
T4 a1 14 1B 1 E@] e in

Hence, by using in the reverse sense the Vitali Theorem, we get

|, [Py, |E(x)|

T+ Mt 1+ | E()

— |uP~2u|E(z)| in L¥'(Q). (4.47)

Putting together (4.42) and (4.47) we obtain (4.46).
Furthermore, by (4.6) and (4.42), one has

lim / fl
noteo ) 1+ | f]

(up —u) =0. (4.48)
Thus, by (4.46) and (4.48), identity (4.45) gives

lim [/b(m)]Vun\”QVunV(un —u) + u/ |t |~ 20, (0, — U)] = 0.
0

n—-+o0o
Q

(4.49)
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Moreover, always in view of (4.42) and of (4.3) and (4.4)

n—-+oo
Q

Therefore, subtracting (4.50) from (4.49) we obtain (4.44).
Hence, in view of (4.3), (4.4) and (4.7)

b(x) (|Vun P2V, — [VulP=2Vu) V(u, — u)

+u (Jun [P 2uy, — |ulP~2u) (u, —u) — 0 in L1(Q)

and this gives (4.43) up to a subsequence.

Convergence (4.43) together with Lemma 4.4 yield then

Vu, - Vu a.e. in

and

U, — u a.e. in €.

lim [/b(a:)\Vu\p2VuV(un —u) + ,u/ ulP~2u(u, — u)] = 0.

(4.50)

(4.51)

(4.52)

(4.53)

We are now able to pass to the limit, as n — +o0, in the variational

formulation of (4.8)

/Qb(x)Wun]p_QVuan—l—/Qu\unlp_2unv

|un|p_2un E(x) f
_ o+ | |
/szl+;|un|p—11+g|E<x>| Tty g’
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e WyP(Q).
By (4.3), Theorem 4.10, (4.52), (4.53) and the Lebesgue dominated conver-

gence Theorem, we get
/ b(2) |Vt P2Vt Vo — / )| VulP~2Vuvu (4.55)
Q

and

/Qu|un|p_2unv—>/gy|u|p_2uv. (4.56)

Moreover, by (4.47)

N R 21 C)) P2
E . 4.
/Ql+1|u”|p11+1|E<)vU%/\u| uE(x)Vo (4.57)

On the other hand,

f

Tl‘flv — fU a.e. in €2

and

’fv < |fv| € L}().

Thus, again in view of the Lebesgue dominated convergence Theorem, we

have

/91+1|f| /fv (4.58)

Taking into account (4.55), (4.56), (4.57) and (4.58) and passing to the limit,

as n — 400, in (4.54), we conclude the proof.
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The uniqueness of the solution will be object of a forthcoming study;
probably this can be obtained for 1 < p < 2 as in the case of bounded
domains (cfr. [4]). In order to prove this, the following last result can be

useful.
Corollary 4.12. If f(x) > 0 then u(x) > 0.

PROOF. We use Tj(u~) as test function in (4.1). We have

/ b(x) | VP2V uV T (u”) + p / P~ 2Ty (u")
Q

Q
(4.59)
_ / P~ 2uE(2)V Th(u~) + / FT(u).
) Q
We obtain that
0, ifu>0
Th(u™) = —u, if —h<u<0 (4.60)
h, ifu<—h.
Thus
=0, ifu>0
ulPuTy (u™) § = —|Th(u )P, if —h <u<0 (4.61)
< —|Tp(u™)P, ifu< —h.

Hence, by (4.59), (4.60) and (4.61)

~ M@V T @Ol = [ TP

Q
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> = [b@) VT ) + o [ Jul 2Ty ()

Q
_ / P~ 2uB () VT (u”) + / FTh(u
Q

Therefore,
o [ IVT)P +p [ TP < /w E@)|IV T ()] - /fTh
Q Q
Hence
/WTh rp+/m \p<c/|ur“\E< V()|

with C' = C(a, p).
Let 0 < h < §. Then

1

/|VTh |p+/|Th P < ¢ hl ( / E(:p)p,) IV T () | e

—h<u<0

1

1T ) ey < € hl( / E<fﬂ>”’) 170 ) w2,

—h<u<0

1

T3 () ey < C R [ G
—h<u<0
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and
1

Th<u>ip3m<0hp1< / E<x>p') .
—h<u<0

The previous inequality gives

1

h¥ meas{u < —6} < C hP~! ( / E(x)p’)

—h<u<0

namely
1

meas{u < —0} < C ( / E(a:)p,) .

Then, in view of (4.5), the right hand side goes to 0, as h — 0. This means

that meas{u < —0} = 0, for every d > 0, which concludes our proof.
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